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lpeaucnosue

., KHHra cogepxur noapoGHOe MINOXEHHe BCeX BOTIPOCOB IPO-
TpaMME Kypca OOHKHOBEHHHX AU OepeHUMANBHEYX YDABHCHHA 1A
MEXAHHKO-MATEMATHYCCKUX M (PHIAKO-MATEMATHYCCKUX CHEHAND-
HOCTEH YHHBEPCHTETOB, & TAKKE HEKOTOPHE APYTHE BOMPOCH, AKTY-
aNbHBIE M COBPEMEHHOH Teopun anddepeHIHANLHLX YPABHEHWH
H NpHAOXeHH!: KpaeBble 3anayn, JHHEHHbBIe YPABHCHMA ¢ NEPHO-
OHICCKHMH KoMDDMICHTAMN, ACHMITTOTHIECKHE MCTORBL PeLicHUA
midbdepeHUMaNbHEX YpaBHEHMI, PaclliMpeH MaTepHal 1O TEoDHH
YCTOHIHBOCTH.

HoBHii MATEpHAN H HEKOTOPHE BOTIPOCH, TPARHLIHOHHO BKIIO-
ygjoniMecst B Kype (HAaNpuMep, TeopeMH O KONEGMIOWMXCA pele-
HHSIX), HO He OGA3aTeNbHBIE WIS MEPPOTO 3HAKOMCTBA C TeopHel
AudwbepeHUMANBHEX YpaBHEHMH, JaHH MeAKMM mpudbTOoM, HaYano
H KOHEll KOTOPOTo OTASNEHE TOPHIOHTANEHRIMHY CTPenKaMH, B 3asn-
CHMOCTH OT npodHnd BY3a M HanpaBneHHH MOATOTOBKH CTYACHTOB
Ha Kadenpe ocTacTca BHGOD, YTO M3 ITHX BONPOCOB BKAKYATS B KYPC
BeKUMH M NPOTPAMMY 3K3aMEHa.

O0beM KHUTH CYINECTBEHHO MEHBiNe o0BheMa HIBECTHHX yael-
HHKOB 110 JAHHOMY KYPCY 33 CYET COKpAWeHMA RONONHHTENBHOIo
(e Bxopsmero B oGA3aTENBHYI0 NPOrPaMMy) MATEpHANA W 33 CYET
BeGOpa Gonee NMPOCTHIX AOKA3ATENHCTB M3 MMElIHHXCS B yueOHoH

_ JAUTCPaTYpE.

Martepnan Hanaraercs noApoGHO H AOCTYIHO AIA CTYACHTOR CO
CpefHMM YpPOBHEM NIOIroToBKH. MCTonn3yi0TCA ML XIACCHYSCKHE




fipeducnosue

MOHATHA MAaTeMAaTU4eCKOro aHAnu33a M OCHOBHHE CBEACHMA W3 AM-
HeltHoll anre6pH, Bxm0Yas xopaaHosy dopuy MaTpuunl. Beoaurces
MHBHMANBHOE YHCAO HOBHX onpenencHuii. Ilocne HinoxeHHA Teo-
PETHYECKOTO MATEPHANA NPHPOEATCA ¢ NOIPOSHEIMH MOACHEHRAMK
MPHMEPH €10 NPUMEHEHHsI. YKashBalOTCA HOMEpPa 3a1a4 AN ynpax-
HeHnlt W3 «COopHMKA 33134 1o aubdepeHIMANPHEM YDABHEHUAMSY
A. ®. Dumnnosa.

B KoHIIe TOYTH KAaXAOoro Naparpacdha nepedncisioTcs HeCKONEKD
HANpaBNeHHH, B KOTODHX Pa3BMBANMCH HCCACHOBAKKA MO RAHHOMY
BOMPOCY, -— HAanpaBneHull, KOTOpHE MOXHO HA3BaTh, MOMR3YACH
yX& MIBECTHRIMM MOHATHAMIM, M MO KOTODHM MMEETCH JIHTEpaTypa
Ha PYCCKOM S3BIKE.

B xaxpoit riape KHAMN NPHHATA CBOA HYMEPaUMA TEOpeM, NpH-
sMepos, dopmyn, CCHAKM Ha MATEPHAJ APYIHX INAB pEAKH H AaKTCH
¢ yKa3aHWeM HOMepa TNasK WK naparpada,




__[JIABA | 1

RAuddepeHumanbHble
ypaBHeHus
W 1X pelieHun

§ 1. MoxaTye 0 auddepeHUNaNLHOM
ypPaBHeHHUM

EI Huddepenuuaivinm ypasnenies Ka3HBICTCH COOTHOLIEHHE

F(z,y.9,... ,y(")) =C, (1)

CBA3LIBRIOUICE IHAYCHHUSA HEIABHCHMOIO NMEPEMEHHONO 2, MCKOMOM
dyKIM ¥ = y(r) u ee NPOM3BOAHHX A0 HEKOTOPOIO NOpsAAKa
n 2 1. Ilopagok n crapweit npoussoxHo#, sxoasuiel B ypasHe-
HHE, HA3BIBAETCH nopadiom ypaenerus, Tlonpasymesaerca, uto B (1)
3HAuCHHA ¥, ¥, ..., ¥ GepyTCA NpPH OXHOM H TOM Xe Z.

Pesenuem ypasrenns (1) nasusaerca dyHKUNSA, onpeAeeHHA
HA HEKOTOPOM MHTepBane (MM OTpe3Ke), HMEOIAS MPOHIBOAHEE
IO TIOPAKKA ® W YEOBNETBODPSIOWAS JTOMY YPABHEHMIO, TO €CTh NPH




faaea 1. Quippepenijuansisie ypasHeHuR u UX pewieHun

TIONCTAHOBKE €€ B YpaBHEeHHe 00paLIAIOLIAS 610 B TOXAESCTBO HA ITOM
MHTEpBAE,

Ecau uckoMas GyHKIMA SABKCHT OT HECKOMBKMX NEPeMEHHBIX,
M B YpaBHEHHE BXONAT ¢€¢ MaCTHHE NMPOU3IBONHLIE, TO YpaBHEHHE
HA3HBACTCA YPUGHEHUEM C HacCmHuMu npouseodntimu, Taxwe ypas-
HEHMA 3[ECh HE PACCMATPHBAIOICA, KPOME [IOCACAHEro maparpada,
B otnMuKe oT HHX ypaBHeHHe (1) HA3HBACTCH OGHMKHOBSHHLIM AHGD-

depeHUMANLHREM YPABHEHHCM.
) HpuMepu nokaswpalor, 410 AuddepeHUMANLHOS ypaBHEHMe,
BoOG1IIE TOBOpA, HMEET MHOTO pemenHil, Tax, ypasHeHuo ¢ — 2z = 0
yHOBNETBOpAeT QYHKIMSA §¥ = T + ¢ NPH MOGOM MOCTOSAHHOM ¢.
Fcam xe B 3ana4¢, KOTOpas npHsena K sudupepeHHANLHOMY YpapHe-
HHMI0, HIIETCA SAMHCTBCHHOS PELlICHNME, TO BOMKHO GHITH 3ANAHO U #g-
“aabHOe YCaoaue, TO £CTh SHAYCHNE HCKOMOI GYHKIINM PH KAXOM-TO
sHayeHnuw . Hanpumep, 3ananue Havanssoro ycaosusa y(l) = 5
NO3BONSET HANTH €, MPH KOTOPOM: DEMIEHNE Y = &° + € ypaBHe-
AHA ' — 22 = 0 yHORIETBOPAET ITOMY YCIOBHIO: ¥y = S npu = 1,
roects 12 +e=5,e=4,

B rnase 2 Symer mokasaHo, uro ecau f{z,y) u 8f/08y ne-
npepuBH B ofnactH D, To ans moboii Touxu (zg, y) € D cy-
IIECTBYET CAKHCTBCHHOE pelliekMe ypasHenus ¥ = f(z.y) ¢ Ha-
YAbHMM YCNOBHEM y(:co‘) = 4. And ypabHeHMA %n-T0 NOPAA-
xka y™ = fz, 9. ¢/,..., 4™ ") Hyxus n navamHux yerosuit

vz =y YE@)=th -y 3" Nao)=yI

EMm,mmmxmwmmmw. Mep-
BHE NpUMEpH NpuMeHeHus MudbdepeHINANLHEX ypaBHEHUR mns
pellicHAsA TreoMeTpHdeckux B Gu3HYecKux 3amay aanu HporoH H
JetGonu.




§ 1. Nosamue o dugpdepenyuanshom ypaswenuu

PaccMOTpHM HECKOJIBKO 32834 TAKOTO POIA.

l 3apa%a 1. Haittw kpueywo, noban Kacarenbhas k kotopoR nepe- |
: cexaer och abcuuce B mue, abcuncca XOTOPOA BABOE MeHbwe :

| aGCuUMCCH TOMKM KacaHua. 1

Pewenue 30dayy, 3anwwem ypaenenwe Kpueod B Buge y = y(z).
Kacarenshaa 8 Touxe M(z,y) nepecexaer ocb alcumcc 8 ToM-
ke K. B npAMOYronuHOM Tpeyronb- v

ke MPK (puc. 1) uasecreH Ka-

ver PM =y ntga = ¢ (reome- Miz,y)
TPHYECHUHA CMBICA aﬁouasonuoﬁ). Mo-

womy KP = PM/iga =y/y. No

yenosuo KP = OK = OP/2, 1o = P =z
ecn y/y = 22, 29 = 2. | |
PewMTS 3T0 ypaBHEHUE MOXHO Me- Puc. 1

TOAOM, HinOXKeHHsIM B N, 1 § 2. Ivo pa-
eTy= cz?, ¢ — nwboe. Npu ¢ = 0 noayvaerca npamas y=0,0Ha
He ABAAETCA peweHKes 3aauu. MoIToMy HCKOMEE KpHBME ¥ = o2

(¢ # 0) — napaGonu. «

:- 3anava 2, Hanucam andpdepentiuancioe ypasHeHHe ABHMEHHA |
! tena c maccoit m no ock Oz nop pelicswen chaul f(¢, =, '), !
: uanpaaneuuoﬁ no svoit ocw. 3peck £ = z(f) — abeumcea |
i wa' =2'(t) — ckopocts Tena B momenT &. o
L

Pewenue 308ayy. Comacno sTOPOMY 3aKoHy HuioTona nueen mz” =
J(t, 2, 2"}, 310 — pudepeHuuansHoe ypasHeHwe 2-r0 NOPAAKA,




fnusa 1. Juddeperyuansisie ypasHenun u ux pedienun

NO3TOMY HY)XHH ABA HAYANBHLIX YCNOBHR: Nonoxenwe Tena () =
xp u ero ckopocts 2'(to) = =) B Kakoi-nubo MOMenT &y,
Paccmotpum noppoGHee wacTHu# cayuvail, korna f — ynpyran
CHN3, NO 3aKoHy [yKa NPONOPUMOHANLHAR OTKNOHEHMIO Tena OT no-
AOWenus paBHOBECHA = = 0 U HANPABAEHHAA 8 CTOPOHY NOMONEHHUA
pasHosecws, 10 ectb f = —kz. Torga ypasHenue ABHNCHHA NPHHH-
Maer g ma” = —kz u UneeT pewenne = ¢; cos at + ¢; sin af,
me @ = \/k/m, a ¢, u ¢ — NpPOM3BONLHME ROCTORHHWE, KO-
TOpHE MOMHO HAATH, 3HAA HayasbHule YCNOBMA (HENOCPEACTSEHHO
NPOBEPALTCH, YTO ITO ~ PEMHHE; METOA €10 OTHICKIHHA WANArAETCR
8 §11). S |

Ecan ABMDXYTCA © eI, CUAH B3aNMOISHCTBHS KOTOPHX 3aBHCAT

OT TIONOXEHHUA TEA U UX CKOPOCTet, TO HANHCAB YPABHEHMS ABMXE-
HUA U KAKOOIO Teja, MoAydacM CHcTeMy 1 aHdbdbepeHIMANBHEX
ypaBHeHHii. Ecoiu Tena xpixyrea He mo npamoft, 2 B MPOCTPAHCTBE,
TO NonoGHBIE YPaBHEHNA THIYTCA I KOKAOH KOOPAWHATH KaXAOIO
TeNa, W NMONYSAETCA CHCTEMA U3 3n ypasHeHui,

r |
: 3agaua 3. B anexTpuueckyio yenb no- :
| CNEeOBATEALHO BIMIOUEHS MCTONHHK RO- I~ |
| croanuoro Toka ¢ wanpaweunen V', Ka- :
| Tywka camommpykiumu L, conporwene- v Rl|
: Hue R n SHKMOYaTeNns, KOTOPSIH 3aMbi- T :
| I
) !
) I
L J

Kaetr yent npu ¢ = . Hailtw cuny Toka
& uenu npu t > 0 (puc. 2). Pne, 2

Pewenue 2adavy. Comnacuo guanveckum 3axounam ([7], § 13) npu no-
CNENOBATENLHOM COBAMHEHUH BO BCOX INEMENTaX uenu cuna Toxa I(t)
OAHa W T2 we. CyMmMa NafeHnit HaNPAKENHUA HA BCeX INeMeHTaX yenu

10




§ 1. NMousmue o dugbdepenytiansHom ypagrenuu

PaBHa HANPANMEHWIO UCTOYHMKA TOK3, TO &CTh

L%+mé v I(0)=0.

Pewsrr ypashenue MOMHO Metogom n,1 §2, C yueToMm YCROBMR
I(0) = 0 umeen

I(t) = %(_1 - ) (¢>0).

CneposarentHo, CHAZ TOKA MOHOTONHO Bo3pacTaeTor I = Onpu ¢ = 0
W cTpenutcea (Ha npaKkTMke oveHb GHICTPO) K nNpepenbHOMY 3Have-
w0 I(00) = V/R — & TOMy 3HaueHHK), KOTOpO@ ROAYYMAOCH Gk
NG 32KoHy OMa NPM OTCYTCTBHH CAMOMHAYKUMM, 4

Hexoropue obnmacry npuMeHeHns nndpepeHITHANBHEX YpaB-
HeHUHl: CHCTEMEI ARTOMATMYECKOTO YMPAKICHWA; pacyueTr HBHKCHMA
PaKeT, CHYTHHKOB H HeGECHBIX Tell; pacYeT TOKOB B CNOXHEIX IeK~
TPHYECKHX LENAX, AHHAMHKA MEXaHW4ECKUX H GHINISCKHX TIpoLec-
COB B TCXHHKE; KHHCTHKA XHMHYECKHX peakUHii; OTHeABHEIC BONPOCH
Gronormm.

@ TeomeTprrecknil cvmica ypasheHus ¢ £ f(z,y). Jna xaxnolt
TOuKK (2, y) u3 obnactu D, rae onpenenena dynxuma f, ypasse-
uue y = f(z,y) onpeaender sHaveHue nmpoussoaHoN ¥’ pemenns,
NpOXORAMEro Yepes a1y Touky. Ho ¢ = tg a, rae & — yron Haknosa
. KacaTeNbHOM X KpHBO#t, npoxonduedt yepes aty Touky (puc. 1). Ta-
XM 0Bpasom, ypasHenne y' = f{z, y) onpenensier B o6nactu D nose
ranpaenenuii: B KAXKHON TOMKE YPABHEHHE ONPEHEGNNCT HATIPABNCHME
KacaTeNnbHON K pemIeHHIO, NMPOXONIIeMY Yepe3 3TY TOYKY. MoxHo
HATAAAHO M306PA3UTS 3T0 ToNe, e B 06AacTH D B3ATH AOCTATOYHO
«IYCTOS» MHOXECTBO H3 KOHEYHOIO YACA TOYEK M Yepe3 KAKAYIO ero
Touxy (2, §) NPOBECTH KOPOTKHIt OTPE3IOK NOA YIMOM & K ocH Oz,

11



fraea 1. Juipdeperyuanvrsie ypasHenuRr u ux peuieHun

roe iga = f(z,y). llposonsa B oGnactu D kpuBsie, MAYIIHE Beane
NpHGANIUTENLHO MO HANPABACHHIO GAHKAHIIMX OTPE3KOB, NTOAYIACM
MPEACTARNCHHKE O XOAE PeiliCHHH AaHHOTO YpaBHEHHS,

Meron m30K)mH NOMOTACT HOCTPOUTE NONe HanpameHHit. Hzo-
Kaunoii (MMHUEH PaBHONO HAKIOHA) AnA ypasHenus y' = f(z, y) ua-
3EIBACTCA TEOMETPHYECKOE MECTO TOYeK, rae f(z, y) = &k, k = const.
A HeCKONBKKX k& 13 MHOXECTRA SHAYCHHH GYHKUMM [, B TOM HHCHe
s k= 0nk = oo (ecnu f(z, y) NPHHHMAET 3TH IHAYECHMS), CTPOHM
u3oknMHH f(2, y) = k, cTapasch He OCTABHTL Ha uepreXe GOMbimx
obnacTett 663 HIOKNMH WM XOTA Gbi Ge3 OMETOK TN «afiech i > 2».
Yepes MHOrHE TOMKH KOKIOH M30KITHHH f{2, ¥) = k NPOBOAMM KO-
pOTXMe OTpe3ku nox ymoM & (tga = k) x ocu Oz, Tlo stomy
NOmO HanpapneHuit CTPOMM unmezpanbibie Kpueskie — TpaduKu pe-
nieHit TAHHOrO YpaBHEHMA, DTH KpHMBLIE B TOYKAX TiepecedeHHs
¢ Xaxaofl HIOKAMHOM AOKHH HMETh KACATENLHLE, MApaNNeNBHEE
OTpe3KaM, NOCTPOSHHEIM Ha 2Toit M3oknuHe, HHoraa nonesHo npo-
BOAMTB HE TONBKO M3OKMHHBI, HO M ADYINE KPHEBRE — TaKHe, KOTOphie
NepecexaloTes MOIeM HanpasieHHH TOMBKO B OMHY CTOPOHY.

¢ Mpumep 1. C NOMOLILIO METOAA HIOKAHH upuﬁnmnenuo nocTpo- |
| MTb HECKONBKO WHTErpanbHbix KPHBLIX ypasHewns y =z — 7. |

Pewenue npumepa. [Ins HECKOAbKHX 3HAYEHWA K, Hanpumep, pis
k=0,x£1, £2 nposeneM HIOKNUHH = — y* = k. 310 — napabonu.
Kawaye wiowmny = — y’ = k& nepeceyem KOPOTKHMM OTPE3KAMH
noa ymom «, tga = Kk, k otk Oz, He QOXOAAIKMH RO ADYIHX
u3ownuy. NpoBeeM WHTErpantHee KPHMEHE, HANPUMED, YEPEed TONKU
(1, 1), (0,0), {1, —1), (~1,—1), comacyacb, KaK yKasaHo Bblise,
€ HaNpaBReHMAMM OTPRIKOR HA u3oKnuHax, Nonyuennuiid puc. 3 paer
obuee npepcTapneHke O pewenuax ypasuenna ' =2 —y>. -

12




§ 1. Nowsmue o duddepenyuansiom ypasHenuu

P
Xota pucyHox npHGIKXeHHaH, N3 HENO MOXHO NOAYYHTD HEKOTOPHE TOU-
HHC CHEACHHMS ¢ pelieHuAX. B obaacTu z<y’ nveem y' < 0, w TaM
pellicHHA TOALKO YOMBAIOT, & B OGNACTH 2 > ¢ — TONLKO BOIPACTAIOT.
Ha napabone z = y* nme-
eM ¥ =0 W BHYCrpANLHEE
KPHBHIE MOTYT TNIEPECEKATH
e¢ TOIBKO C/ACEA HAMPABOD,
ZOCTHTEA MUHHMYM2 B TOY-
ke nepeceucHud. Tlosromy
u3 obnac™ 2 > ¢ peme-
HHA HE BLIXOAAT. B 3aMKkuy-
Toh ofnactk z > ¢ + 1
umeem y =z -9 2 1, ne-
ITOMY BCE NPOXOARIIHE TAM
PELIEHMK, POIPAcTat, BXO-
AST B NOAOCY MEXIY H30-
xiHaME 2 —y' = 1 1 2~¢® = 0 4 OCTAIOTCK TAM, TAK KAK MO
HANDARACHHH HA FPAHHLAX 70N NONOCH NPH ¥ > 1/2 He aaeT WM BBITTH,
il

MeTon H3OKAMH OBLNHO RAeT NPEACTARNCHME O NMOBEACHHH BCEX
peweHuit gaHHONO ypasHenna. Ho oH ofnagaer mManoil TOYHOCTHIO
W NMPUMEHKM TONBKO K Y3KHM KnaccaM ypaBHeHMH: X ypaBHEHMAM
nepeoro nopsanka y' = f(x, y), X cucTeMaM BUAA

% = p(2, ), ‘—g— = g(z, y)

(crcrema cpoawTes K ypannennio dy/dz = gq(z, y)/p(x, y)) v x ypas-
Henuam suma y¥ = f(y, ') (amena ¢ = z npuBomMT KX CHcTEME
¥ =2z, 2’ = f(y, z), orciona dz/dy = f(y, 2)/z). Kpome Toro, eciu
GyHkuma f{z,y) coxHas, TO TPYAHO CTPOMTH HIOKAHHEL
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faasa 1. Jupdrepenuuantiibie ypasHeRus u ux petuesun

§ 2. MpocTeiiune METORLI OTLICKAHMA PeLlleHUMH

PaccMaTpHBAIOTCH OCHOBHEIC KMaccH IMMpepeHIMANBHEX ypabHe-
HU# 11epBOro NMOPAAKE, KIS KOTOPBIX PEIIEHUS MOTYT GHITL HalimeH
¢ MOMOBI0 TOXKASCTBEHHEX NpeoGpPasoBAHHI JAHHOTO YpaBHEHHA
H 3aMeH NepeMeHHED. Ypasuenns suga F(z,y,y’) = 0 tpebylor
TEOPETHYECKOIO HCCASKOBAHHKA M OYAYT paccMaTpHBaTsca b 8 8.

IEYpamenmcpammmcnnepmm.Oﬂuuomﬁm

JanHcaHM B BHAC
¥ = 1(=)9(y). 2)

IIpennonaraeM, 4T0 GYHKUMM f M § HENpPEpPHIBHHE,
Ecmy(y)""ﬂ NpH § = Y1, Y = §2, - .., TO OyHKUHH y(2) =3,
y(z) = ¢, ... ABAAIOTCH PELICHHAMH., '
B oxpec'rﬂoc'm Kaxuoii Touxy, rae g(y) # 0, paanenum oGe
4acTH ypaBHeHus (2) Ma g(y) ¥ NpoMKTErpHpyeM no = ofe YacTH
YPABHEHUA :
Y

o~ 1@
g(y) jf(z)d:c+c, j%:f}(z)dz+c.

HeonpeneneHHMN HHTerpan aneck o30avaeT Mobyio nepeooGpasHyo
GYHKUHIO, TO €CTB TAKYIO QYHKLUMIO, NPOM3BOAHAS OT KOTOPOH pPaBHa
noasiHTerpansHol dynxauu. Ecnu ape GyHKUMH PaBHE], TO HHTe-
Ipans OT HHX MOIYT OTIHYATECA Ha MIOGYI0 NOCTOAHHYIO, TO €CTh
B (3) ¢ — npon3BonbHaA nocToAHKHan. OG03HAYMB MHTErpant B (3)
uepes H(y) u F(z), nonysaeM pemcHue ypapHeHust (2) B Hess-
HoM Buae: H(y) = F(z) + ¢. Ha moGoM uHrepeane, rae gly) # 0,
dysxung g(y) coxpaHger 3HaK, 3Ha4uT, dyHxuus H(y) crporo Mo-
HOTOHHA, HENpepHBHA K MMeeT obpaTHyIo dyHxumo H ', Moatomy
pelIEHHE MOXHO 3aNMcaTh U B Buae ¥ = H~'(F(z) + o).

()
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§ 2. Mpocmeliwue NemodL ombicKanunr petienull

3adayu dns ynpaxuenudi:
{12], §2, Ne51-59,

PeuleHue, YRORNETBOPAIOLIEE HAYATLHOMY YCNOBHIO H{(Zg) = Yo,
B caygae g(y) = 0 ects y(z) = Y. B cayuae g(yo) # 0 Ha mHTEpBANe,
rue g(y) # 0, u3 (3) nonmyyaem pemenue y(z) B BUAS

" ,
= j feye. @

3amevanne, Mpepnononum, 410 g(3p) = 0, f(2o) # 0 n uto Ha
HeKoTOpoM uuTeppane g < ¥ < y1 (W 1 < y < go) Hueen
9(y) # 0 w nesuit unterpan b (4) WMEET KOHEuHOE 3HaueHue, TO

" @CTb CXORMTCA, TOAA MONHO NOKa3aTh, YTO HA HEKOTOPOM OTPeIKe
Ty LK 2 (wm 2y < =< Zo) popuyna (4) raixe onpenens-
eT pewenne ypasvenus (2). Yenoemo y(zo) = 1y YAOBAETBOPAIOT
u pewenue (4), u pewenue y(z) = .

Pewenue npumepa. FIpaBan 4acTb pabHa Hymo apu ¥ == 0, noatomy
y(z) = 0 — pewenne. Yrobes nailT Apyrwe pewenmus, fiesum obe
“acTH ypasnemqa Ha 3y*/* n wirerpupyen:

3:#/3 L [5m=[raete )
y'”=m+c, y=(z+¢c)’

Yepea nobyio Touky (29, 0) ock Oz npoxoawt pewenue y(z) =0
K pewenne y = (2 —~ 2,)°, nonyuennoe u3 (5) (puc. ). Wmewrcs
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frasa 1. Juddepenyuansiiie ypasrerus u ux peuienus

TAKXe PeWeHHA, COCTABNRHHLIC U3 ABYX WM TPEX KYCKOB HAIBAHHBIX
Bule pewennid, Hanpumep, ABz, NByC;, ABB>Cy n1.n.

Takue cocTasHbie GyHKUUK ABRAIOTCA PEWEHHAMMN, TAK KAK OHW
BCIOAY MMRIOT NPOM3IBOAHYIO (B TOMKE CTBIKA NpPapas NPOMIBOAHAR
paBHa nesoi) W BCOAY yaoBAE-
TBOPAIOT AAHHOMY YPABHEHHIO. «

YpaBHeHKS BHUAA
Y = flaz +by +)

APUBORATCA K YPABHEHMAM C
Pa3AENAIOMUMHCA NEPEMEHHH-
MH 3ameHOl z = az + by + ¢,
z = z(x). Torna z' = a+ by, caenaoparensio, 2' = a+bf(z). Dro —
YDABHEHHE € PAMIEATIOIMMHCH NEPEMEHHBIMH.

Puc. 4

3adavu Onn ynpaxuenuil:
[12], § 2, Ne60-65.

E 3amuch ypapienna » majupepenupansx — 3T0 3AMKCH
M(z,y)dz+ N(z,y)dy =0, ) (6)

me M u N — uspecTHHe DYHKIUMH. 30eCh CUMTaeTCH, YTO ROGYI0
H3 BeIMYMH £ U ¥ MOXHO Ha3BaTh HCKOMON dyHKuMel, a aApyTyio —
HE3aBHCHMEIM NepeMeHHEM. PemeHusaMu ypaBHeHHd (6) Ha3nBalOT-
CA pemeHua xo1q GH OAHOTO M3 YpABHEHMHA

dy __M{z.y) dz_ Ny

dzr  N(z,9)° dy M(zy)
Hanpumep, ypashenne y dz + @ dy = 0 MoxHO npeo6pa3osars
K TI00OMY W3 BHIOB
dy dz

_=—% (a)9 - ==

2
dx dy ; ©).
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§ 2. NMpocmedutue Memods omeckanus petienud

PeleruaMy ypasHeHHA (a) SRADIOTCSH q}'mo.mu y = /z (¢ — mo-
Goe YMCAO, BKIIOYAA HYNL), 4 ypasHernd (6) — dyHKuumn z = ¢ /y
(cz — moGoe). ®yrxuna y = 0 yIOBICTBOPAET TOALKO YPHBHE-
Ao (a), TAK KaK AN Hee CHMBON dx/dy He KMeeT CMHCAA, a HyHK-
A 2 = 0 — ToAsko ypapsenmio (6). Bee aru dyuxunu (y = ¢1/2,
y = 0 ¥ z = 0) HASHBAIOTCA PEIICHHAMY ypaBHeHKs y dz+z dy =0,

Oneoponmaie ypapseEns, D710 YDaBHEHHSA, KOTOPEIE MOXHO 3a-
nucats B Beae ¢ = f(y/z) wm B suge (6), rre M(z,y) u N(z,y) —
onHopoaHEe GyHKIHMU OfHONK H TOi Xe crenenn, Oyuxuns M(z, y)
Ha3bIBAETCA 00NOpodnol ynxyueil crenieHN p, ecau Ina mobux 2, y
u moGoro k > 0

M(kz, ky) = K M(z, y).

IIpuMepsl onHOPOMHKEX GyHKuMiL:

az+by, az’+bry+ey’, 2z+ V2 -5, %, z’sin%.

OnHOPOIHHE YDABHEHHA CBOIATCA K YPABHEHHAM C pa3Iesifio-
LIMMHCA TIepeMEHHBIMMU 3aMeHON § = 2z, 2 = z(2); CleNOBATENBHO,
v = z2' + z. TpuMep peieHNsI OMHOPOIHONO ypapHeHus cM. B [12],
C§4,n.1.

ONHOPOIHOE YPAaBHEHHUE HE MEHACTCH TPH OMHOBPEMEHHOMN 3a-
MeHe ¢ Ha kz, ¥ Ka ky (k = const > 0), 910 ceayeT H3 onpeneneHus
ozHOponHOro ypasHeHud. ITosToMy Kaxuoe pelieHHe ORHOPOSHOIO
YDaBHEHHA NMPH TaKo#l 3aMEHE TICPEXOUHT B PELICHHE TOIO XKe ypaR-
HerHA. H3 31010 cneayer reoMeTpHaIccKoe cBOHCTBO: mono6roe npe-
oGpasopanne x ~ kz, ¥ — ky ¢ uenTpoM noxobus (0, 0) nepesonut
BCE HHTETPANBHbIC KPUBHE OJHOPONHOTO YPaBHEHHA B MHTEIpaNbHHE
KpMBHE TOIO X¢ YPaBHEHMS.

3adauy Ana ynpaxuenuli:
[12), §4, Ne102-112,
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fnasa 1. Juidepenyuanshsie ypagsenus u ux peuienus

e——

OG ypaBHeHWAX, NPHBOAMIIMXCA X OAHOPOAHMM, cM. [12], §4, n.2 u n. 3.
3agayn TaM xe, N 113120 x .2 u N0 121-129 ¢ . 3.
el

ﬂmeﬁnymmm—mu,nmmpueyny’nmmm
nuHeHO, TO €CTh B Nepsoit creneHH. OHU NPHBOIATCA K BHAY

¥ = a(z)y + b(z). ™
YToGH pewIUTh 3TO ypaBHeHUE, CHAYANA PENIacM YPABHEHHE
¥ = a(z)y. (8)

Paanenss nepeMeHHbIe, Kak B (3), nonytaem

y;'fa(x), f%:fa(z)dz+cn,

mm=f«ﬂa+% Iyl = e(z),

rae (&) = ¢/ % 3paumr, y = e®p(x) = cp(z) — pemenne
ypasHeHus (8). 3meck ¢ — moboe. 3nauekne ¢ = 0 AaeT pemieHue
y = 0, KoTopoe GHN0 NOTEPHHO NPH NENCHHK HA Y.

Tenepr umeM peuiehne ypapHeHMA (7) memodom eapuatuit no-
cmosnnox. 3aMEHAEM NOCTOAHKYIO ¢ HA NOKA HEHIBECTHYIO (yHK-
unio o(z). Noncrasnsa g = o{z)e(z) B (7),nonyuaenm

dp+ op' = a(z)ep + b(z). ©
Tak kak y = @(x) — pewenne ypasuenus (8), 10 ¢’ = a(z)op,
u 13 (9) umeem ' = b(z). Haxomum ¢(z), 2atem ¢(x), n nonysaem
pemenne y = o{z)po(x) ypasHennn (7).
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§ 2. NMpocmediuue nemods! OMbICKANUA peutetui

Pewenue npumepa. Pewaen cnavana ypasuenwe zy' = 2y. Pasnenss
nepeMeHHLe ¥ WHTETPUPYA, Nonyvaem

y _2 dy 2 _
il /y"/xdz‘Fcls Inlyl=2niel +a.

Orciofia uMeen ¥ = ke z? = cx?. Tenepb KUEM peURHHE HCXOAHOMD
ypaBHenus 8 suge y = c(x)z?. NOACTBRAN B HCXOAHOR YPaBHEHME,
nonysaem

23 +¢-22% = 2ex? - 22, d = 2z,
Orcopa olz) = —22 + ¢ u y = e(z)2? = —2* + 2° — uckomoe
peluenne. ' «
06 ypaBHeHMSAX, MMHEHHBIX OTHOCHTENBHO Z, CM. [12]), §5, n.2.

Jadayu dnn ynpaxuesuii:
[12], § 5, N* 136-150.

@ Yparnenun Bepuyasm — 370 Te, KOTOpPHE MOXHO 3aMHCATHL B BUAC

vV =a@)y+uzhy® (e#0,a#1) (10)

lNpn a =0 v a@ = | 310 ypasHeHHe — auHeHHoe, Yrobul pemums
ypaesenue (10}, Hano obe ero yacT pastenurs Ha y*

y°Y = a(z)y' ™" + b(z)

M BPECTH HOBYIO HCKOMYIO QyHKUMIO 2 = y"‘". Toraa

Z=(1-a)y™,

M YpasHEHHE CBOOMTCA K NHHEeHHOMY

zf

l1-a

= a(z)z + b(x).
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faaea 1. Juddrepenuuonbuuie ypasHenus u ux peurenus

D10 ypaBHEHME pElIaeTCs METOAOM, MINOXEHHHM B n. 4. Hamo
NOMHMTS, YTO MPH JAeieHHH Ha y* B caydae a > 0 Tepsercs peitie-
HHe y = 0.

3adaqu dna ynpaxxenuil:
[12], §5, Ne 151160,

Wenmm@ﬁmun—mmmmnne-
fue BuAa (6), nenas 9acTL KOTOPOIO ecTh NOAHKI mudibepeHLMan
or Hexoropoi#t dywxuvm F(z,y). Ipeanonaraem, uro dHyHxkumMu
M, N, M, N. nenpepsisaut.

Jna cymecrsopaius Tako#t dbyHkuun F(z, y) HeoBXomMMo, IT0-
6u M, = N;. B camom nenc, dF(z,y) = F; dz + F, dy; 9ro6H
ato pasHaAnoceE Mdx + Ndy, Bano, YToGhl BHIONHATACE PABCHCTBA
M =F,, N = F;. Hororma M, = F;, = F;, = N;.

B Kypce MATeMaTHYECKONO AHANM3A JOKA3KIBAETCA, 9TO B CAy-
yae, Korga dyHxumn M M N paccMAaTpHBAIOTCH B OTHOCBISHOM
0671aCTH, TO €CTH B.OGNACTH Ge3 «nuips, yonopHe My = N, smna-
eTCs ¥ JOCTATOYHHEIM, N GyHKuMA F(2, ) BHpaXaeTcs ¢ MOMOIEIO
KPHBOMHHEHOIO MHTETpANa. )

HManaraemuiit Huxe Gonee mpocroit cnoco6 orTnickaHWA (yHK-
mu F(z,y) MOXHO NPUMEHATH B AloGoll oflacTH, HO MHOTAA OH
AAET HeNnpepupHyo GynkuHo Fz, y) ammb B yacty obGnacTu.

Mposepsem, yro M, = N;. Y3 ypastenus F, = M nonyyaem

P9 = [ Mie.)dz+ o). (1)

Tpoussonsas Fi; — uacTHad, oHa Gepercst NMpH TOCTOSHHOM ¥,
TI03TOMY ¢ CYMTAETCA NOCTOSHHBIM TIPH UHTEIPHPOBAHHH 1O .
®ynxuns (11) ynoenersopaer ypasHewmio F; = M npu moboii
dyuxumu @(y). Haltnem (y), noacrasnsas seipaxenue (11) B ypas-
nente Fy = N. (Ecom npu otsickakun ¢{y) okaxercd, w10 ¢'(v)
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§2. fpocmelitiue memoOw omuICKONURA pewenul

SABHCHT H OT &, TO WM ycnoBHe My = N, He BHNONHEHO, WIH
JIOTyIIeHa HHaf OWnKa.)

C watinensolt dyuxkumedt ¢(y) dopmyna (11) maer dynk-
umo F(z, y). Mannoe ypassenwue (6) sannmercs b suae dFP(z,y) =0.
dyHxuva y(z) Oyner pemenme ypasHenns (6), ecnw M(z,y) +
Nz, g} =0, 10 ¢cts (Tak xax M = F}, N = F}), ecan

2 FE.3E) =0, Fley(e) == const.

Auanormyuo, ¢yHxkuMa z(y) — pemeHue ypasHenmna (6), ecam
F(z(y),y) =c.

Taxum 06pa3oM, pelieHHa ypaBHeHHS (6) — 310 yHKuMH Y(z)
wm x(y), onpenensiemule paseHcTBOM F(2, §) = ¢! )

Hanpumep, Ans pacCMOTPEHHOTO B 11, 2 ypapHeHUS ydz +xdy=:0
umeeM F(z, y) = 2y, u pemenus ypasHennss — Gyukumn y(z) wim
z(y), onpenensnembic hopmynol zy = c.

TipuMep penieHUs YPABHEHHMA MANOXCHHBIM METOROM oM, {12],
§6,n.1.

3adavyu Ons ynparenuil:
[12], §6, N 186-196.

HIATerpHpyiomMM MHOXHTEAM IS AAHHOTO YpaBHeHus Buja (6)
HasuBaeTcs dyHxuma m(z, ), nocie yMHOXEHUS HAa KOTOPYIO HaH-
HOE YpABHECHME NPCBPAINACTCA B YPAaBHEHHE B MONHBIX AudxbepeH-
uManax. 3agavya OTHCKAHHS HHTErPHPYIOLIENO MHOXUTEAA B obmeM
CAy9ae CTONIb e TPYAHAs, KAK M 3a5aua pemieHMs AaHHONO ypas-
HeHmst. O npMeMax, NO3BOIIIOUIMX B HEKOTOPHIX CIYYASX OTHICKATH
Takoi MHOXMWTENs, cM. {9), .2, §3, n.3 u [12], §6, n. 2.

HHoraa B 3anuck A3aHHOrO middepeHUMANEHONO YpaBHEHMSR
MOXHO BEIIEAINTS TAKyI0 GyHKuMIO (2, y), KOTOpas BXOAHT B ypaB-
HeHUE HECKOMBKO pa3, HANpUMED, BXOAMT H (2, y), u anddepeHny-
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frosa 1. Juipbepenyuansroie ypasHerus U ux pelieHun

an dip(x, ¥). Torna B ypaBHEHHH MOXHO CHAEJIATL 3aMeHyY (2, ¥) = z,
NpU ITOM OAHY M3 CTAPHIX MEPEMEHHLX & M Y HAO0 BHPASHTh Yepes
ApYIyio M 4epe3 z. B psfie cnyuaes 310 NO3BOMAET YNPOCTHTH WM
pemuTs ypaskeHne. [pumeps oM. [12], §6, n. 3.

Jadavu Ins ynpaxnerud:
[12}, §6, Ne 195-220,

e——

PaccMOTpeHHbS BRI THNH YPABHEHHN HE OXBATHIBAXIT BCEX YPaB-
HeHwit BHma ¥ = f(z,y), PELIAEMEIX JICMENTADHEIMH METONAMHK. Msoro
ypaBHeHHS, BOTMYCKAIOIINX 3MeMEHTAPHLE PEIIEHMA, KMEECTCA B CIIPABOA-
HHke [29], wactb 3, masa 1. BOALIIMMCTBO M3 HHX WAH NPHHAAIEKUT
K PacCMOTPEHHEM BHIINE THINAM YPABHEHHIH, HIH CBONKTCA K HUM 38MEHAMH
NEPeMEHHBLX.

OnHAaKo POK3BONBHO HANKCAHHKOE ypaBHeHne Buna ¥ = f(z, y), ecom
OHO HE M3 CAMBIX MPOCTHIX, YAINE BCETO HE YAACTCA PEHINTH ¢ MOMOLILI
SNMEMEHTADHHX npHeMoB. JIMYBWINE MOXazal, YTO JaXe Cpead NPOCTHX
ypasHeHu#t HMEIOTCA TAKHe, KAK HANpUMED ¥ = 37 + &, HK OfHO pelueHHe
KOTOPHX H¢ BHPAXACTCA 9€Pe3 WIEMEHTADHEE DYHKIIWH ¢ NOMOWMEI0 KOHEY-
HOMO YHCIA WICMEHTAPHMX AcHcTBHA H onepaudil BIITHA HeONpeReneHHOMo
HHTETpana.

COBPEMCHHEIES BRMHCAHTENLHEE MAITHHH NO3BONAIOT BHYKCANTD pe-
II€HHE KOHKPETHOTO ypaBHeRMA ¢ Gonswofi Tounoctsio. Ho npexae, uyem
HX NPHMEHATH, HANO IHATS, YTO PEIICHHE CYINECTBYET, # 3HATH T¢ CRONCTRA
pen¢Huli, KOTOPHIC HATO YYMTHBATh NPH BHYKHCACHHAX HA MallkHe.

A

§ 3. MeToAibl NOHKXEHHA NOPAAKA YpPaBHEHUN

Bag NMHeHHKX ypaBHeHHit BHICLIMX MOPSAKOR METOAR pPeLICHHS
paccMatpuBaores B § 10 u § 11, ana anHedHbIX cucreM — B § 14,
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§3. Memodu nowuwerus nopsdka ypassenuls

Jnd HEKOTOPHX KAACCOB HeMMHeHHHX ypaBHEHMiI NpHMEHAIOTCH
METONH NOHWXEHHA NOPAAKA, NOIPOAAICIIUE YTIPOCTUTE YPABHEHHE,
a B HEKOTOPHIX CliyyasX — pemuTh ero. HuxXe paccMaTpusalorcs
OCHOBHHIC KNACCH YpaBHEHMH, AONMYCKAIOIMX IOHKXEHIE NOpAIKa,

El B ypaBHCHMe He¢ BXOAMT McKoMas GyHKUHMA (M, BOIMOXKHO,
TAKKe ee MPOM3BOIHEIE A0 HEKOTOPOTO NOPAAKA). YpaBHEHHE HMeeT

Plz, ™, ....s™) =0 =>k>1).
Toraa 3a HOBYIO HCKOMYIO (GYHKLIMIO z(z) GepeM HM3MIYIO U3 NPOU3-
BOZHHIX, BXOASIUMX B YpaBHEHHe, TO ecb ¥ = 2. Torma
g+ = y® = o),

IMopanoK ypaBHEHHA NIOHMXAETCA Ha K eIMHHL,.

@ B ypaBHeHHE HE BXOIHT SBHO HE3aBUCHMOE NIEPEMEHHOE. Ypas-
HeHHe MMeeT BUI

Fly.y.¢".....s™) =0.

Torna GepeM 3a HOBYI0 HCKOMYIO ByHKTIHIO §' = P, a 33 He3aBUCHMOe
nepeMenHoe ¥. [TepecunTEIBAEM NPON3BOAHHE:

v=p0), Ye=p:=py ¥:=py'p,

Yro6H 3aMEHHTD yf.'), Hago npoandepeHUHPOBATE MO ¥ BHpaXe-
HHE yg"l) Yepes P, Py .- p?"’. Jixa 3T0ro Hago ero mpomudape-
PEHLIMPOBATS MO § M 3aTeM YMHOXHTD Ha ¢}, TO eCTh Ka p. ITomyunm
BHPAXEHHE yg’) 4epe3 P, Py, -+ s p?_”. TopasoK ypapHeHHS FIOHH-

3UTCA Ha emMHMLy. CM. ipuMep B [12], § 10, n. 2.

3adavu Ons ynpaxwenuil:
[12], § 10, Ne 421-450.
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Taaea 1. Jupdepenyuantivie ypasHenus u Ux pelweHun

IZ‘ YpasHeHHe ONHOPOAHO OTHOCHTENBLHO HCKOMOH QyHKUMH ¥
M e¢ NPOMIPOAKHX, TO €CTh Heé MEHZeTCH, eC/IH KAaXIylo M3 9THX
BENMMYHH YMHOXKMTH Ha OHO M TO Xe uncio k > 0. Torua mena-
eM 3aMeHy ' = yz, e z = z{x) — HoBas MCKOMas GyHKuu.
ITpoM3BoaHEE 3aAMEHAIONCA NO GOPMYNaM
V=yz, V=) =9 +y2=9+9d, ....

3mech BCe MpoM3BONMBE Gepyres no 2. BupaxeHue ana kaxno# npo-
H3BOIHOM! y("’ nony4yaercd nyreM gHddepeHIHPOBAHUSA BHPAKSHHS
mma y®~1 u samenn ¢ Ha yz. Tocae MOACTAHOBKY 3THX BHIPAXe-

HUlt B YpaBHEHHS MPOM3BOAMTCH COKPALICHME HA Y M MOMYMaeTcs
YPABHEHME NOPAAKA 7 — 1 OTHOCHUTENBHO 2,

3adauu OnA ynpaxuenuii:
[12], § 10, N2 463-472.

T—ly

¥YpasneHue oHOPOAHO B OGODUICHHOM CMEICHE, TO 6CTh HE MEHALTCH
orT 3amenn = wa kz, y Ha K%y, k — uucno. TTps stom ¢ = dy/dz
samenserca Ha k°~'y’, v — na k°~%y" u T.a. YToSu yanaT, obmanaeT mu
DAHHOE YPABHEHME PTHM CBOHCTBOM, M HAllTH YHCAO &, HANO MPHPABHATS
BPYT APYFY MOKAIATEIR CTeneHel, B KOTOpbiX GyaeT EXOANTE k B KEABM wieH
YPaBHEHHA Noca¢ ykasaunoil 3amenn. Ecan Haflmercs takoe a, npu xmopou
BCE ITH MOKA3STEAIM PABHH, TO BSNACM 38MEHY NEPEMEHHHX & = €' (npn
x> 0), ¥ = ze*, e 2 = 2(t). Monyzaem ypasHeHme, HE conepXauiee ABHO
He3aHCHMOro nepemennoro ¢, Mopaaox Takoro ypaBHEHHS MOHHXACTCH
ONTHHM W3 MPeARAYRHX CRocobos,

Pewenue npumepa. Myctb = ymHowaetcs Ha k, y — Ha k®, y — wa k™,
y' — wa k%2, Toraa B ypasHenwn wnew zy® ymnowaevcr wa k',
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§ 3. MemoOu nonuxenus nopaoxa ypasnenuil

unen zyy' — wa %, ' — wa k¥, 2 — wa k*'. Mpupaennsan
nokasavenu creneneil Gywsw K, nonydaem a — 1 = 2a, & = -1, flenaen

sameny z = ¢, y = z¢”™, 2 = 2(t). Torma
det —ze -
== % = ——;'-——— o Z(zl - z)

0603Hauan 370 suipameHne vepes A, Haxonm
Al "‘(z" =278 - z)
= e ¥(2" - 32" + 22).
MoactaBnag 370 B AAHHOE YPABHRHKE, NOMYICM
e =37 +22) —e Rt - ) =X - 267H(F - 2),
-z =0
B ypasneWne He BxopuT He3aBuCuMoe nepemennoe £. (fopaaox RoHuxaerca
KaK B 1. 2, TO ecTh 3amenoil £ = p(2), 2" = p'p. Nonyvaem p'p—p—2p =0,
PP’ — 2z — 1) = 0. Haiiga pewenne 3TOrc ypasHeHHA K Nepeiina OT HOBBIX

NEPEMEHHLIX K CTAPLIK, NOAYHHM PEUICHHE WCXOOHOTO YPABHEHNS, -
3adayu dna ynpawtenud:
[12], § 10, Ne 473480,

' sl

E TlopsnoK ypaBHEHHMs! JIETKO TIOHUKAETCH, eCTH 0Ge YacTH ypas-
HeBHA ABNANTCA MOMHEIMM NMPOMIBOAHHIMM OT HEKOTODHX (yHK-
umit, Hanpumep, ypastienme ¢ = xy + y MOXHO 3anmMcaTs B BHAie
() = (zy)'. Mpoussonssie ABYX GYHKUMH PABHH, 3HAYNT, ITH
GDYHKIMHM MOTYT OTIMYATECA TONBKO HA TMOCTOAHHYIO: ¢ = 2y + ¢.
ITopanox ypagHeHHs NOKHXEH.

Yame GuisaeT, 4TO YpaBHEHHE HATO NPeobpazosaTh, NPEXIE YeM

00¢ YacTH YpaBHEHHA CTAHYT MOAHKIMH NPON3IBONHLIMH,




fraea 1. Juidepenyuancnbic ypasienun u ux’pewenun

Pewenue npumepa, flena ofe 4actu Ha yy', noayvaem

L il = iyl

y
nll=myl+mnld, ¥ =cy. <

Pewenue npumepa. Nepenoca 22y’ eaeso, nonyvaem
2y +2y =2y, (@) =0, FY=r+c <

3adavu dns ynpamnenud:
[12), § 10, N2 455~462.

e
B [9], ta. 4, § 4, npupenexo mpuHaznexatee Dfinepy neobxomumoe H A0-
CTATONHOE YCHIOBHE MU TOTO, TT06H Bupaxeste F(z,y,v, ..., y™) Guo
nonHoit nponaponHOH Mo ® oT HEKeTOpoH GYHKIHH, H NpUMep OTHCKAHHA
310H GYHKITHH JUIA NOHIDKSHHA NOPANKA YpaBHeHna F' (a:,y,y’ or .,y(")) =0.
O noHmmeHHH mopaaka cucTeMsl IHGGEPSHUHATENHX YPRBHEHNI ¢
NOMOIIBIC OTRICKAHHA HHTETPUPYSMEX KOMORHALMIY H fiepBBX HHI¢Panos
oM. [12], §19 wn [9), . 7, § 5.
el



[TABA 2

CyuecrBoBanue n obuue
’ CBOWCTBA pelueHun

B a10lt tape paccMaTpusaioTes obinve cpoficTea pemeit audpde-
_ PEHUMANBHBIX YPaBHEHNH M MX CHCTCM, HE 3aBHCANIHE OT KOHKpeT-
Horo a3 Qyuxumil, axopammx B gudubepeHUNANBHEEG YPABHSCHHA,

§ 4. HopmanbHbiit BUA cUCTeMBI
AnpdepeHimansHbIX yPaBHEHHHA
M ee BEKTOPHAA 3anKcb

[zl Cucmemoli hOpMansHozo 6UGa HA3HIBACTCA CHCTEMA

%=fi(t,zl,-n,$n), i=1’¢oo » e (l)

B Taxolt cHcTeMe YHCNO YpaBHEHME PABHO YHCAY HCKOMEIX (GyHKLIHH
zi(®) (§ =1,...,n). B nepoit 4aCTH KaXINOro YpaBHEHHA CHCTEMSI
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fnasa 2. Cywiecmsosanue u obujue csolcmaa petuenuli

CTOMT NEpBasd NPOHIBOAHAN OMHON M3 HCKOMBIX DYHKUMIA, B NIpaBLX
YACTAX NPON3IBOMHKIX HET.

OnHo ypasueHue dz/di = f(¢, %) ABRAETCA YaCTHHM CAy4aeM
Takoit cucremnl. K Takum cucremam ceoparcsa auddepeBLHANEHES
YPaBHEHHA N-I0 NOpANKa

yWW=rityy..... 9",

(nonpoGree 06 amoM cM. § 5, 1. 3), MHOTHE 60JIee CHOXHBE CHCTEMB
M CHCTCMH, BOSHMKAKIINE B MEXAHHKE, (PHIHKE, TEXHHKE.

Jna uHccnenosaHHA oOBWIMX CROHCTB TakoH cHcTeMH ynobHO
HCTIONB30BATh BEKTOPHEE 0003HAYCHHA

2= (2.0, 25), L =(Lisee s Sn)

Torga cHcTeMa 3aNHCHBACTCA B BHAC ONHOTO BEKTOPHOIO YPABHEHMS

\ & fito). )

Dra 3aMHCH HO3BOMAET IOKa3HBATE MHOIHE TEOPEMBL AN cHeTeMst (1)
MOMTH TAK X€ KOPOTKO, KaK JUIl ofHOro ypaBHeHud. Heobxomvmue
IAsl ITOTO CBOACTBA BEKTOP-(DYHKIMHA HINOXKEHH B 1. 2,

Pewenue cucrems (1) ectb COBOKYNHOCTD 1 dyHKuMit 24(¢E), ...,
z,(l), onpenencHHan Ha HEKOTOPOM HHTepBane (WM 3Ke) u
yRorneTsopAlomang cucreMe. Ipahux kaxmoro pemeHia x AMHUA
B {1+ 1)-MepPHOM MPOCTPAHCTBE C KOOPAHHATAMH £, 2y, ... , Zy. B Ka-
*a0l ee Touxe yrnosbie KoahduLmeHT KacaTeAsHOl K 3Tl THHHN
B cuny (1) pasum fi(L, 21,...,2,),..., fult, 21,...,2,). Taxum
oGpasom, cuctema (1) onpenenser nose ranpaasenui; (HanpaBneHUI
€ 3THMH YTIOBBIMH KOXDGMIMEHTAME) B IPOCTPAHCTBE £, 2y, ... , &y
HMM B To# 007ACTH 2TOT0 MPOCTPAHCTER, TAS ONPeACHCHH PYHKILHMK
f1s.++s In, 8 pemieHHe cHCTEMH M306pakaeTcs AHHHel, KoTopas
B Kaxnmoit ceBoell TOYKe KacaeTcs HanmpaBNEHHA, 3aHAHHOTO B 3TOH
TOUKE,




§ 4. Hopmansupiil sud cucmeMs! U 8eKMOPRAR 3aNUCH

Cuctema (1), xax ¥ onHo AuddepeBUNaNBEOES YpaBHEHHE, BO-
ofie ropopa, MMeer Muoro pemermit. [Tosromy Ins BHAEMEHMA
CAMHCTBEHHONO pPEeliCHHA HAIO 3AHABATH NMOMHMO CHCTEMB TAKKE
uavassnvie yesosus zi(le) = 2w, ..., Talto) = Zno Ana (1) wm
2(tg) = zo ans (2). 3amaya OTHCKAKNA PEICHHS JAHHOIO YPABHEHHA
B CHCTeMH ¢ TAKHMH HAYANBHEIMH YCAOBHAMH HASNBACTCA HaOYaAb-
Holl 3adaveii, 3anavelt ¢ HAYANBHEIMH YCIOBHAME WK 3adaveil Kowiu,

@ Caoiicrsa pexrop-dynxmmii. B bopmynax n.2 Sykst f, 9,2, ¥, 2
03HAYA0T BeKTopH M3 R®, a Apyrue GYKBH OZHAMAIOT YMCAA, €CAM |
He CKA3AHO WHAYe.

W3 nuneitHOi anreGpal HIBECTHHE CACAYIOUING ASHCTBHUA ¢ BeK-
TODAMK: T+ Y, T— ¥, @Y, T Y = Z1% + ... + Tu¥s — CKANAPHOES
npousseacHue, || = 1/9:} +..o+22 — AnuHA (MMM MOAYAIE)- BEK-
Topa. HssectHo, 4ro |2+y| < |@|-+ |yl (HepaseHcTBO TPEyrONBHNKA),
|z-yl < |2 |yl, Toecrs !

119t + ... + 2ol < [ ... +22)@T ... + D] 5
(nepaBencrso Komn), - K
I BEXTOPOB ¢ KOMILICKCHHMH KOODAWHATAMM '
2l = V12 +... + lzal?,

B HepaseHcTse KoM Bee 7 u gy 3ameHmoTea Ha |z o |wil’;
2-y=F19 +...+Tpyn (WMCAQ T; KOMINEKCHO CONPAXESHHKIE C 2;).

MoOXHO AATH ABa PABHOCMABHEIX ONMPEAENCHHA MPEACILHOIO
nepexoaa ans sekTop-dyHxumu 2(2) = (21(t), ..., 24(t)):

a) }En:z(t):zo,ecm Ve > 0348 > 0 Taxoe, yro Vi,
|t~ a] < 5= |2(t) — 2] <€
6) 1in:w(t)=(wm,...,wno), rae o =£_u;n¢:c¢(t), i=1,...,n.
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Tnasa 2. Cywecmeosanue u obujue caolicmea peurenuil

PapHOCHIBHOCTD 3THX ONpeacieHui CNeayeT H3 TOTo, YTO JNIHHA
BekTopa 2(¢) — 2y CTPEMUTCA K HYJIIO TOLAA M TOALKO TOTAAa, KOrma
KAXAasl ero KOOPIMHATA CTPEMHTCA K HYMIO.

AHQNOTHYHO, ONpeAcNeHHA NPOKIBOTHON BeXTOp-DYHKLHH KaK
npefiena Bupaxenus (z(t + h) — 2(t))/h npu A — 0 u onpeaenen-
HOIO MHTeIpaia Kak Mpeacia WHTCTPANbHOU CYMMH DPABHOCHALHH
MIOKOOPAMHATHHM oOfipeseNcHHAM. MHOrve cpoiicrea NPOH3BOIHBIX
H MHTErpajoB COXPAHMIOTCA st BeKTop-PyHKUMM 1 NeTKo 1oKasHBa-
IOTCH € MOMONILI0 NTOKOOPAMHATHOTO ORpencsieHHs. OMHAKO TeOpeMbE
0 CYIIECTBOBAHWH NMPOMEXYTOUHOM Touku (reopema Pomns, Teopema
Jlarpanka 0 KOHEUHOM MPUPAIICHHH, TEOPEMA O CpeHEM I/ WHTe-
rpana) He oGobialoTca Ha pexrop-byHkumn. Hanpumep, aist Bek-
rop-bynkumn o(f) = (1 — cosi, sint) nmeem 2(0) = 2(2x) = (0,0),
HO He cyIecTByeT Takolt Touk £ € (0, 2x), to 2'(t) = (0, 0), Tak xax

2'(t) = (sin, cost), [2'(f)| = v/sinft+cosit=1.

BMecTo 3TRX TeopeM i BekTop-GyHKUMH GyaeM NonL3oBaTeCH
OLICHKaMM.

Quenxka mrerpana. Ecnau sexrop-byHKuna y(t) HenpepsBHa Ha

[.3], TO |
b > ,
| [0 dt| < | / |y(t>|at|. | )

Hoxazamenscmeo. Tlycts @ < b. Hurerpan or y(t) ects npegen
uHTerpaneHoit cymme Y, y(t]) (& — ti-1). OT sameHn y(t}) Ha
ly(£})] momyns cymMMEI He YMEHBLIAETCH M TNOAYYAETCH HHTE-
rpankHas cymma s dyekuun |¢(t)| no orpesky [a, b]. B npe-
nene npu max(t; — £;—;) — 0 moaydaerca uHrerpan or ly(¢)l.
Cnyuait a > b cBOOMTCA K AOKA3AHHOMY. |
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' § 4. Hopmanmsiiil 8ud cucmembl U 8eNMOPHAR 30MUCH

Ouenxa NpupaimenAns BeKTop-dyuktuy. Ecau 2(8) u y(t) = 2/(2)
HENpepHBLH U |2'(£)| < m, To B cuay (3)

l2(3) — 2(a)| < mlb ~ . @

Jlo cux nop Geino Ge3paznMyHO, 3aNMKCHBATL TW BEKTOPH B Buae
cTPOK WM B Buue croabuoB, B dopmynax um paccyxmeHusax, co-
JEPAALIKX BEKTOPH BMECTE ¢ MATpMUAMH, OYIeM CUHTATh BEKTODH

cToAGIAMH, €CIH He CKA3aHO MHavye, 2

Eciu A = (¢4)ij=1,...n — MaTpuua, 2= | : | — BexTop, TO
&p
y = Ax — BEKTOp-CToAbCL ¢ KOODAMHATAMM ¥ = G128 +... +GinZy
(i=1,...,n), Torma |Ax| < l|A}} - j2|, rne

P \2
IIAII=(ZIG¢1I2) » lel=VimP +. +lzal (5)

i§=1

(umcna a;; M 2; MOTYT GHITB KOMMIEKCHEHMH).

Hokasamenscmso, B cuny HepabeHcTea Konrm umeem

Wil < (laal? +... +lawl) (l24 + ... + |2al?) =
= (laaf® +... + lawl)l2l,

n
2P =l < 3 (Iaal +... + lowl)lel? = lAIP - 1.«

i=1

Yucno || Al nasnBaerca nopmoii mampurie A. Jipymme nisecTHule
HODMBI MATPHLIH, KpoMe (5), B 9TOl KHHIE He HCTIONB3YIOTCA.,

Mycrs 2(t) v f(2) — BexTophl-cTONGULL, Bee z;(t) u 8f;/0x;
HenipepuiBEH. [To npaswty pudidbepeHIIMPOBAHNA CROXHBIX GyHKIMH
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faasa 2. Cywecmsosanue u obuyue ceoiicmea pewenui

OT 1 NCPEMCHHEBIX

dfs(:t(f)) - g:il z| B ‘:c,,(t). (6)

Mpumenas 31y dopMyny K Kaxao# xoopmunare f; pextopa [,

' TomydaeM, uto df(z(t))/dt — pexrop-cronben ¢ xoopauHaramu (6).

CnenonarensHo,

¥=®) 84
dt

= AZ'(t), rne Matpuua A=(E)mT L ™
ST

EI Yenosne Jiwnmwma, OyHkuus (Wi Bextop-byHkuma) f(2, z)
ynoBneTBopsicr yeaoguio Junuiiya N0 Ha MHoxecrse D, ecnu
CYIIECTBYET TAKad IOCTOAHHAA k, mmxamnnyxmex
(t.z) € D, (t,y) € D umeem

|7 =) ~ £, 9)| < Rkl -yl )

Remma 3. Ecru sexmop-gynnyus f(t,z) (x€R*, fERn 2 1)
umeem 8 ssinyinoil no x obnacmu D vacmusie npoussodnsie 81;/8z;
ul0f;/02;1 <1 (i, j=1,...,n) e D, mo f(t, z) ydosnemsoprem
8 D ycrosuwo Nunuuya (8) ¢ k = nl.

(OGnacte D HAIHBACTCH GWAYKAOH NO X, CCIN WNSI KAXAOH Napht
ee Touex puna (¢, z) M (2, 2*) coeaMHAOMMIL X OTPE30K CONEPKUTCA
B D)

Joxazamenscmeo. Tlonaraa 2(8) = y+s-(z—y) u g(a)=
1(t,2(s)), nomyyaem

1
16,2) - 1(¢,9) = 9(1) - 9(0) = j de)ds. O
a
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§ 4. Hopmansuorll Bud cucmemsl u 8eKIMOpHAn 3GNUCH
Hono6Ho (7)

8
(8) = A2 (8) = Az ~ y), A=(—-—-) .
g(s) (8) = Az - 9) 9% )y
Korna s meHsercs or 0 10 1, To z(8) npoGeract oTpesoK, coemn-
HTOWM ¥ ¥ 2; Ha 9TOM orpe3ke ¢ = const, TTo ycnosmo, oH co-
aepxurca B D, 3uaunr, Ha HeM [8);/0z;1 <1 (3,5 =1,...,7),
Al < ni, 1g'(s)| < nllz — yl, 1 us (9) cnexyer (8) c k=nl. M

Jiemma 2 {0 pvipdepeHuuansHoM HepapencTae). ECny Ha ompesKe
I, codepmatyen moyky &y, uneen 2(t) € R", |2'(t)] < klz(t)| + m,
k20, lz(to)] < ro. mo na I 8 cayvae k = 0 umeen |2(f)| <
1o+ mit — &), a 8 caywoe k > 0

2 < roeHt =t 4 22 (Ml 1), (10)

HAoxazamensemeo. Tlyers £y €1, ) >4, 2(t;)#0, Ecan 2(2) #£0
Ha (fy,%,), 10 BoseMem &' = t;, B nporuBHOM ciyuae * —
BepXHAS rpaub Takux £ € [, ], wro z(t) = 0. Torna 2(*) =0,
uHaue &' He 6mno OW PepxHel rpaHbo. B oGoMX caydasx
|2(#*)} < ro v mpu * < £ <' t; nmeem z(t) # 0 u cymecrsyer
[z@)I = (1/2.,2 +ot+d).

Judxbepenimpys no ¢ obe uacTn paseHcrea |22 = z - z,
uMeeM 2|z| - |z’ = 22+ 2’ < 2jz|- |2'|. Cokpamas Ha 2|z|, no-
nyuaeM |z|' < |2], ecnu z # 0. O6osuauas (z(t)| = »(t), umeem
r@)SrnurY =z <|Z|<kr+mnpu £ <t <y
B cayuae k = 0 orciona caepyer TpeGyeMoe HEpaBCHCTBO,
B caysae k > 0 ana dynxumn p(f) = e *(r(t) + m/k) no-
nyaexm ¢'(t) = e ®(r' — kr — m) < 0. Moaromy dbynxunsa (t)
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faasa 2. (ywecmsosanue u obujue caolicmaa pewenuil

He Bo3pacTaeT ¥ ¢(t;) < p(t*), To ects

e kh (r(tl) + 1:7-) ge ™ (r(t') + %) .
Tak xax »(t*) £ 19, 10

f(tl) < foet(tl—r) + E;—(ek“l-“) - l).

Yucno £, € I moboe, Gonwlliee 1, u i — 1* < &) — &y, nosromy
HepageHrctso {10) npn mobom ¢ € I, ¢ 2 ¢y noxasano. Cyvait
t < t) cBomMTCR K pacCMOTpPEHHOMY 3aMeHoli ¢ va —¢&, &), Ha —1),
Tora B hopMynuponke neMmut |2'(£)] u |t — 2} He mensiorcs, B

§ 5. CyutecTBOBaHME U eMHCTBEHHOCTD
peweHun

B § 5 maorcs TeopeMa eAMHCTBEHHOCTH PEIICHHAS CHCTEMBl HOPMANE-
HOTI'O BHIIA C HAYANBHEM ychoBneM Z(fg) = zp ¥ ABa JOKA3aTENBCTRA
CYIISCTBOBAHMA PEIICHHA: METOIOM TMOCHCAOBATEABHEIX NPHGIHKE-
Huit {moxasarenscTso [Tukapa) U Gonee KOPOTKOE — IyTeM nepexosna
K YPABHEHHIO C 3ana3gnBaHieM (BapHaHT aokasarentcrea ToHHeNH).
JocTaroMHOo NPOMKTATS MOOOS W3 ITHX TOKAATEALCTE,

Teopema 1 (0 eauucTBeHHOCTH pewennn). flycms 8 obracmu D
sexmop-gynxuun f (L, x) u ee npouseoduse 81;/9z; (i,j=1,...,n)
nenpepsienst, Tozda dns moboll mouku (ty, Zp) € D Mowem cyuse-
cmsosams Ke Bonee 00HO20 pewenus 300avu

% = f(t,z), (o)== (11)
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§ 5. Cyujecmeosanue u eDUHCMBEHHOCMS pewerus

Tounee, nmobsie dga pewenus 3mod 3adavu cosnadawm Ka obujeil
4aCmU UX UNMEPBAAOS CYLLeCMB0BaHUS.

Hoxazamenscmso, [peaAnOROXKNM, YTO CYIISCTBYIOT ABA PELLICHNS
z(t) n y(2) sanauu (11), 2(%) = y(to), z(4) # y(t1) npu Heko-
TopoM &y > &. (Cnyuali §) < #) cBORMTCS K pacCMaTpHBacMOMY
saMeHoi ¢ Ha ~1.)

Myers 2(t) = z(t) — y(t), a t* — pepxuas rpaHp TaKux
t € [, 1], npn xoroprx z(t) = 0. Torma 2(t*) =0 un 2(2) # 0
ana seex ¢ € (2,¢] (umave umcno ¢* He G6mino 6w Bepxueit
[PaHEIO).

Ilyete § — comepxaiuitica B D map

-V +|z—2@")? <h?, h>0.

B 3roM mape Bee 8f;/02; HeNpEpHBHEL, 3HAYHT, OFPAKHYEHH,
U dynxuus § TaM ynonnersopseT ycnosuio (8). Toaromy

1] =2’ - /| = 1£(t, 2) - £(&, )| < K|z — gl = Kj2|.
Torna us nemMut 2 cnepyer z(t) = 0 npu #" < t £ &, Dro
NIPOTHBOPEYHT NpeAnonoxeHUio, uto x(2)) # y(t)). |

[2]

Nemma 3. Ecru gynryus f(t, x) wenpepsisna, mo nwoboe pewenve

sadavu (11) ydosnemeopsem unmezpansHomy YPOBHEHUR oo pafh .0

¢ o vm?y. wharadiiporal
s =e+ [ 102D ds, i ()

b PW .
u niofoe wenpepbisoe wa unmepeane (unu ompeswe) I (tg € I)
pewenue ypaawenun (12) ssasemcs pewenuen sadavu (11). {Ecau
I — ompesox, mo npoussodusie 8 e20 KoHYax — OBHOCMOpPONKKLeE.)

—
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77

naeo 2. (ywecmsaosanue u obuue ceolicmea pewenud

Hoxazamensemao. Tlyeth z(t) — pewenwe sapaun (11). Un-
Terpupyst obe wactH pasencrsa da(t)/dt = f(t,z(t)) or &
no &, nomydaeM, wro unrerpan B (12) pasen z(t) — 2(¢). Ho
z(to) = =9, noaTOMy yHKuMa 2(t) ynomrersopser (12).
INycrs HempepsipHas ¢yaxkuus z(f) ynosnersopser (12)
Ha I, & € I. Torna Ha I cnoxHas dynxuma f(s, 2(s)) ue-
TNpephiBHA, [I02TOMY NPOM3BoAHaA no ¢ or npasoft yactu (12),
3HauuT, H OT NEBOH, To ecth or (), cymecrayer (ommocro-
POHHAA [IPOM3BOAHAA B KOHLAx otpeska I) u paska f(t, 2(t)).
CnenoBarensHo, z(t) ynopnersopser ypasHenuo (11), M3 (12)
v mpH ¢ = &) nonyuaem z(ty) = =. |

Teopema 2 (0 CYIHECTBOBAHHM W EAHHCTBRHHOCTI PeIIeHMA).
flyems 8 obnacmu D C R™* gexmop-yniuun (1, ©) u ee npous-
sodusie 8f;/0z; (i, = 1,...,n) nenpepvisnst. Toada dnn awoboil
mounu (&, 2o) € D 308aun (11) umeem eBuncmesennoe peuserue
na ompeswe Ity ~d <t <+ d), ded=r//m*+1>0, r
mMaKoso, Ymo wap

S(t - k)’ +lz - =zl < 77)
codepwumes 8 D; m = max |f] 8 S.

[lo TeopeMe 1 MOXET CYIIECTBOBATH HE Gojee OHOTO peme- |
uug sanauu (11), & cornacHo AemMMe 3 JIOCTATOMHO NOKA3ATH Cymie-
CTBOBAHHE HETIPEPHBHOTO PEILCHHS HHTETPANHHOTO ypapseHus (12).
IpuBeseM XBA W3 MHOTHX H3BECTHHX CIOCOGOB AOKA3ATENBCTBA
3TOTO.

Hoxazamenscmeo fukapa ([9], .2, §1, m.4, §1 uan [6), § 14). [To-
CTPOHM NIOCNIENOBaTeTEHbIE npubmnkenna 27 (8) (p=0,1,2,...
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§ 5. Cyujecmeosanue u eQUNCMBENHOCMS pellienun

1

— HoMep npubitiokeHNs) K peleruio ypasueHus (12). Boasmenm
2'(t) = 2o,

. t
z'(t)=30+_/f(8,z"l(s))da, p=12.... (‘13)
t

‘ ITokaxeM, 910 Ha oTpeske I nee npubmkeHuna z°(£) onpe-
fieNeHH, HeMpepLBHH | [2P(2) — g < md., Dna 2°(f) 310 Bep-
uo. Tpexrionoxum, uro dyukuma zP~'(f) ua I ompenenena,
Henpepibua 1 [2*~'(£) — 2] < md. Torma npu s € I Touxa
(s,27"'(s)) € S, B (13) dynuxunus f(s,z(s)) onpencnena, He-
npepipHa 1 |f(s, 27 (s))| < m. 3uauwt, npu ¢ € I wwrerpan
B (13) — HenpepuBHas GyHKUMA OT {, MO MOAYMO He Mpe-
socxomsiman md. Ilosromy Ha I ¢ynkums zP(t) onpenenena,
' HenpepiBHa M |2P(£) — 29| < md. [To mHAYKUMK 3TO BepHO 1A
seexp=1,213,....

MokaxeM, 910 nocaeaosarenstocts z°(t) (p=0,1,2,...)
PABHOMEPHO CXOIMTCSH Ha J. DT0 PABHOCHABHO PABHOMEPHOM
CXOHUMMOCTH pSfia

20 + (=) - @) + (F*®) -2 @) +.... (14
TAK KAK €10 aCTHHE CyMMH siBsiorca dynxumaun 2°(2), 2'(2),

" 22(t),... . OLEHHM N0 MHAYKLMM YACHH psja Ha otpeske [.
M3 (13) nonyuaem cornacHo (4)

|=! (&) - 2°(®)] < mit — tol. (15)
Hoxakenm, yro Ha I npu HekotopoM k ams moGoro p > 0
kP|E — P+l
|27 (¥) - 2(t)] < -’f"-(—j"-;-f!)‘-:#. (16)

Jnst p = 0 210 gokasawo B (15). Iycrs 310 BepHO st p = g — 1.
HoxaxeM, ITO 3TO BepHO U AnA p = ¢. Hanumem pasenctso (13)
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Inasa 2. Cywecmsosanue u obujue ceolicmea peienud

s p=quayap=q+1 unumuuampom'paaencma
neppoe. ITonyuum

2) - 210 = [ (2o - S0, (o) ds. (1)
] .

Hna peex p rouxu (¢, 2P(¢)) € S npu t € I. B S nce 8f;/8z;
HeNpepHBHH, 3HAYAT, OTPAHUYERH, H 1o nemme | GyHKuMs J
B § yEOBAETBOPAET YCAOBHIO JInnunua (8). Mosromy 5 (17)
|£(s, 2%(8)) — £(3,27 ' (8))] <
I g — $.19

< klz¥(s) - 277 \(s)| < W. (18)
Tocnemnee HepaBeHcTBO BHTeKaer u3 (16) mpu p = ¢ — L.
HoarHTerpansHas GyHxuma B (17) umeer oueHky (18), noaromy
Beuny (3)mpu t € I

H
/‘mk"ls —tolf | _ mkfe ~ tolt*!

i

et () - =) < z @+ 1!

]

3HauuT, HepabeHcTsO (16) BepHO U npu p = ¢q. ITo MHAYKLMU
OHO BEpHO ana seex p = 0,1,2.... Takum oGpazom, WieHb
psaa (14), xpome nepsoro wieHa, ApH | — &l < d mo monymo
He Gonnille YASHOB YMCAOBOIO pspA Go + 6] + 42 + ..., IAe
Gpy1 = mk’@’+‘/(p+ l)!.

Kaxnan xoopmunata wf+'(#) sexropa zP*'(f) — 2°(f) me
Gosbiie €ro ANMMKE, TOITOMY TOXE MMeeT oLeHKy (16), To ects

mkP P!

T (It -t < d, s’=l,...;n).

65" @] < apie =
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§ 5. Cyuiecmaosanue u eDuHCMBENHOCMb PellieHun

Pan J apy cxonures no npusHaxy Hanambepa, Tak Kak

tim 2244 = fim e =0 < 1.

o a  popitl
Caenoparensho, ans kaxmoro § pan of +u} +uf +... w3
f-x xoopmuuar pana (14) cxomurces abCOMOTHO W PABHOMEPHO
Ha oTpeske J no npuiHaky Befiepirrpacca. A Tak KaX WieHH
psina — HenpepbiBHEIE GYHKLNH, TO €10 CYMMa — TOXe, JHAYHT,
# BexTOopHHM paa (14) Ha orpeske I paBHOMEPHO CXOHHTCH
K HelpepHBHON BeKTOp-dyHKUMH, KoTopyIo o6osnaunM 2(t). To
€CTH MOC/EAOBATENLHOCTE NpUGAKenult 2P(), p = 0,1,2,...
Ha I paBHOMepHO cxomutcs X 2(t).

Tlokaxes, 410 x(t) yRORnETBOpAET MHTEIPANBHOMY YPaB-
nenmio (12). ina sroro nepetinem x npeaeny s pasescrse (13).
PasuocTs npaseix yacteit pasencts (13) u (12) umeer B cuny (8)
OLEHKY

t t
| f [£(s.277 (2)) - f(5.%(5))| ds sl f k|2?"!(8) ~ z(s)| ds|.
() ()

Opu p ~ 0o noaviHTerpanbHas GyHKuMS Ha I paBHOMEPHO
CTpeMHUTCA K Hymio. TOra METETpan CTPEMUTCA K HYAI0, W npa-
Bas vactb (13) crpemutcs K npapo#t wacru (12). Jlesas wacTs
ToXe, 3HAYMT, NpeneasHas GyHkumsa z(t) Ha otpeske I yaorne-
TROpsieT ypapHenHio (12). TTo reMMe 3 OHa ABAACTCA pellICHHEM
sanaum (11). CymecrsopaHue penieHust A0Ka3aHo, ExuHCTREH-
HOCTE IOKa’aHa B TeopeMe 1. [ |

-Jlanee KINATACTCS APYIoe AOKA3ATEALCTRO TEOPEMH 2 NPH TeX Xe
NPEANOIOKEHHAX.
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faaea 2. Cywecmeosanue u obuue caoilicmea pewenuil

JBoxasamenscmeo Townenu ([37), 1.1, m.1, §6, n.3) (6naroma-
pA TIPSANONOXEHHIO O HeNpepuBHocTH 8 f;/0z; He TpeGyerca
NPUMEHATH TeOpeMy ApLiena),

BoaeMeM Takue r, m, d, §, xax B GOpMYIHPOBKE TEOPEMHI,
Torga B wape S§ uMeeM (f| < m u cnpapemmuso (8). Jna
moGoro uenoro p > 2 sostMeM h = h, = dfp B nocTponM
NpUGIMXeHHBE peeHns ypasterua (12). Monoxum y,(f) = 24
npu 2o — by, < ¢ < ), a Ha o1pesrax [¢ + (£ — hy, to + ihy),
i=1,2,...,p, NOCNCAOBATENLHO ONPEACNHM Y,(t) paBeHCTBOM

t
W) =20+ j fome-tNas.  (9)

Ecm i 2 1 u npu & — h € t € t + (i - 1)h, dynxuns
y¥p(t) onpemencra, HempeptiBHa K |y, (t) — zo| < md, 10 310 X€
BepHO W npH Y € ¢ < {p + $hy, TaKk KaK NpH Takux ¢ TOYKa

@ yt—hy)) €S,
%) = 1% = k), I <m, )
lyp(E) — %] < mit — to] < md.

TIo MHAYKLMH noxy4aeM, 110 Ka otpeske J (f < ¢ < #p+d)
dyxumu y,(¢) 1 y5(t) HenpepHBHK | cnpasemiHBo (20).

OuernM pasHocTs z(f) = y,(t) — ye(t) MpuGmxeHHBIX
pewenutt ¢ b = hy u ¢ b= hy. B cuny (20) u (8)

|2 (8] = 11 (&, 3p(t — Rp)) — £ (L3t — )] <
<klgpt—hy) -yt —ho)| =
= k| (4 (t—Rp) 35 ) — (0a(t— o)~ ) + (3(8) - 32(®)) |
Tak KaK |ghl S m, g}l <m,Tonpu t€J
['(£)] < kmhy + kmhy + kl2()];  2(to) = 0.
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§ 5. Quuyecmeoeanue u eGuHCMBEHHOCMS petilenun

B cuny nemmH 2 monyqaem npu £ € J

2D < mhy + he) (¢ — 1) < m(ky + h) (e - 1). (21)

Jins moGoro & > 0 HaltneTcs Takoe py, YTO NPU p > Py, ¢ > Py,
npasast 4acTh (21) meHswe &, Torna |yp(t) — y,(t)| < € Ha J,
TO €CThb NMOCJIENOBATENSHOCTL HenpepuibHbX dynkunit {y,(t)},
p =2,3,4,..., yaosnersopsaer kpurepuww Kowm pasHOMEepHOR
CXOUMMOCTH Ha J. 3HAYHT, OHA CXOENTCA PABHOMEPHO K HEHpe-
peiBHON DYHKIMH, KOTOPYI0 obosHaunm 2(t).

Moxaxem, 9o z(!) — pemenne ypasuernus (12). Ilpn
P > p*(6) umeem Ha J

lop(t—h) - 3pO) <y <3, Igp(t)-20)] <5,
|£.35(¢— 1)) — 12, 2(E))| < K|ty (t— p) — 2(2) | < 5.

TMpasas 4acTL CKOJB YTOMHO MANa NPU MANLX 6. 3Ha‘ll}1', B (19)
J(s,9(8 — hp)) = f(s,2(s)) npu p — oo. B mpezene pa-
Becrso (19) mpespamaercst B (12). Mrtak, z(t) — pemenne
ypasHeHns (12), snaunr, n 3amawm (11) npu ¢ < ¢ < & +d.
Cnyuatt £y — d < ¢ < £y CBOAMTCH K PACCMOTPEHHOMY 3aMeHoH ¢
Ha —t. CylecTBOBAHUE pelIeHMA A0KA3aHO, 8 SAHHCTBEKHOCTD
CNeRyeT M3 TeOpeMHl 1, , |

3adaqu ons ynpamwenud:
[12]}, Ne 223, 225, 226, 228 p, e.

(22)

e

Teopema 2a. Ecau sexmop-gynxyus f(t,z) 8 obsocmu D C R™' ne
npepuiasa, mo onn mobod mouxu (ty, 20) € D na nvexomopom ompesne
h~-dtSty+d (d> 0 mo we ymo 8 meopeme 2} cywecmsyem
petuenue 3adavu (11).
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faosa 2. Cywecmsosanue u obujue coolicmaa pewenuil

Joxazamenscmeo. TIpnGAMXENHEES PBCHNA Y,(E) CTDOATCE H OUCHH-
Batorca Kax B (19) n (20). B cuny ouenox (20) u (3) na orpeake J
BCE Yp(f) PABHOMEPHO OTPAHMMEHEI H PABHOCTENCHHO HENPEPLIBHM,
Tlo Teopeme Apuena M3 HMX MOXHO BHODATH PABHOMEPHO CXOAAILY-
oca noxnocaenosarenshocTe {y,}, ¢ = 1,2,3,.... E¢ npenen —
HenpepuiBHas gywxuna z(t).
Mepexoa or (19) x (12) nps p = p; — 00 NPOPOAMTCA KAK
B NPCALRYLIEM QOKAATENLCTBE, Kpome oueHkH (22), [Tpu aoctaTouro
ManoM § M3 HepapeHCTBa |y,,(t-h,5) -z(t)l < § ¥ pasHOMepHoOH
HeNpepNBHOCTA GyHKIMM f B § crenyert, ¥ro nesast 9acTs (22) MeHb-
me £. 3HaunT, pH p = p; — 0o paseHcTso (19) npespamaerca B (12).
Hosromy z(t) — pemenne sanaun (11). n
gy

3ameuanwe. B cnyyae, korpa na dynxumo f(2, £) He Hanaraercs

APYTHX YCNOBWH, KpOME HenpepuBHOCTH, 3agaua (11) mowmer umerts
Gonee OAHOrO pewenna, Hanpumep, 3anava dz/dt = 322, 2(0) = 0
nmeer peweHna z =0 u 2 = £, en. npuMep 2 §2 W puc. 4.

[3.]

Teopema 3 (0 CyWECTBOBAHNN W SAMHCTBEHHOCTH peWeHNA AAN
ypasHenna n-ro nopaaxa). Jowo ypaswerue ¢ HaUaNLHHIMU YOO~

Bsuamu ) 1)
¥y =1(ty.y.....s" D), (23)
st =w, Y)=th ... " )= @9
Myems & obpacmu D C R™' gynnyun f senpepwsna no coso-

KYNHOCIY 8CeX CEOUX GPYMEHMOS, UMeem Henpepsisnbie Yacmuuie
npouzsodusie 1-20 nopadka no ¥,y ..., y(’" Y, u nauansmas movxa

(20, Y0s s --- 9™ ") nexum euympu D. Tooda wa wexomopom
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§5. (yecmaoeanue u eAUHCMBEHHOCMS DEUIRHUS

ompesxe to —d < t <ty +d (d > 0) cyuecmayem eduncmeenwoe
pewenve 3adavu (23), (24).

HAoxazamensemso. TlepexonuM oT ypasHeHHA (23) K cucTeme
ypasHEeHHI ¢ NOMOWBIO BECACHHA HOBRIX MepeMEHHBIX

=y &= y’s &y = y“’

_ _ (25)
vy B =y 2, =g,

M3 3THX paBeHCTB NoNyyaeM nepBuie n — | ypapHeHMit cneny-
1onelt CHCTEMBI, a n-¢ ypaBHeHHe nonydaeM u3 (23) ¢ yyetoM
samenH (25) u Toro, yro ™ = o

! !
zl=zz; 32=33, evay

x:l—l = 2, z:l =f(tlzll"*!zﬂ)' (26)

M3 (24) 1 (25) nonyyaem HayanbHHe YCIOBRA WA cHcTeMH (26)

nilt) =90, T20) =% ... zl)="V.  (27)

Taxum o6pasom, Kaxuoe peuieHue ypasHeHust (23) ¢ no-
Mouslo 3aMeHst (25) nepexogur B pemenne cHcteMmbl (26).
OGpaTtHO, AN KAKROTO DpemeHHs cucteMsl (26) B cuny 3a-
Menn (25) v dyuxumu y = =z, cymecrayer g™ =2} =
1t .y, .., ™). Coornercraue Mexay HauaNEHEIMH yCTO-
susaMH (24) u (27) oueBnaHo.

Ecnu 3amava (23), (24) yaosnerBopseT yCIOBHAM IOKA3bI-
pacMo#t TeopeMu, To 3amaua (26), (27) ymomnersopser ycno-
BHAM TEOPEMH 2 H TOITOMY HMEET €IAMHCTBCHHOE DELICHHE
2,(2),...,2a(t) (o —d < ¢ < & + d). Mepsasa xoopmuHaTa
2 (t) aTorO pemenua B CHIIY BOKA3aHHOIO ARIACTCA PEHICHHEM

. 3a0aun (23}, (24). [
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- nasa 2. Cywecmsosanue u obwue ceoifcmaa pewenuil

TeomeTpHYecKas HIUNOCTPALIUR TEOPEM CYLLIECTBOBRHKSA U €/IMH-
CTBeHHOCTH, Jind mpocToTs! GyAeM npeanoaarars, yTo dyHxuus f
M €€ YaCTHHE NPOU3BOIHEE NEPBOrO MOPSAKA HeNPEpHISHH BCIOAY.

JAnsa auddepeHuManbHOTO ypasHeHus 1-ro nopaaxa ' = f(¢, x)
HIM CHCTEMBI HOPMANBLHOTO BMAA TeOpeMa | O3HAYAET, YTO Yepes
mobyio Touky (i, To) NPOXOAMT POBHO OOHO DPELUCHHE, TOYHEE,
rpabuk peiesus. -

Ona ypasuesus y™ = f(t,9,¢',...,4™ ) nopsaka n > 2
paccMaTpHBaroTcs rpadMku pemenu#t y(¢) Ha mrockoct ¢, y. B cH-
Ay TeOpEMBI 3 Ui YPABHEHHA 2-T0 NOPAAKa NPH HAYANLHEIX YCIIOBHAX
y(to) = vo, y'(to) = Yo cymecTByer eaMHCTBEHHOE pemeHue. 3Ha-
umT, yepe3 TouKy (fo, Yo) MPOXOAMT GECKOHEUHO MHOTO PEleHWi,
PAINHYAIOIMXCA 3HaYeHMAMH §'(g) = ¢, TO ECTh HANPABNCHUIMU
Kacatenckolt X rpadguky pewsenud B 3roit Touke, Ho ABa pasumiX
PELICHUA He MOIYT HMETh B 31Ol TOUKE OIHY U TY X€ NPON3BOAHYIO
¥ (), CAEROBATEABHO, HE MOTYT KacaThCS APYT ApYFa.

Jind ypaBHeHMA 3-ro NOpAIKA 3aHaloTCA HAYaNbHEIE YCAOBHA
y(to) = %0, ¥'{to) = %. ¥"(to) = 9. 3nauut, uepes TouKy (2, Zo)
MO KOXKAOMY HATIPARACHMIO (C YINOBHIM KO3hHLMEHTOM %), 3nECh
Yo TNPOM3BONBHOE) MPOXOIMT GECKOHEYHO MHOrO pemenuil, Ouu
KACAIOTCA APYT APYTA U paanuyaiotest aHaueHusMx y” (&) . ITo moGomy
APYTOMY HANPABIEHHIO (C ADYIMM 3HAYEHHUEM Y,) NPOXOAKT TOXE
GECKOHEYHO MHOTO PelICHHKIL

3adayu ons ynpawwenud:
- 1112}, §7, N 228 a-r, 229-234; § 21, Ne13, 14, 16, 18-27.

K cucTeMaM HOPMaJLHOIO BHAA ¢ NMOMOIMBIO AHAMOTMYHBIX 33-
MEH MOXHO CBECTH LIMPOKHI KMace CHCTeM ypaBHEHMIA, COaepXantnx
MPOM3BOAHEIE BHICHIMX TOPSIKOB, & HMEHHO CUCIMEMY, DASPeweHibe
OMNOCUMENLHO CIaPWX nPou3soonsx. B TAKHX CHCTEMAX M0 ypaB-
HEHHIA PaBHO YHCTY MCKOMBIX GYHKIMH, Ana Kaxno# nckoMoli hyHk-
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§ 5. Cywjecmsosanue u eduHcmsenHoCmb pelienusn

LIWH BLIACJIAETCA CTADLIAS M3 BXOMALIMX B CHCTEMY NMPOM3BOAHBIX,
OHA CTOHT B JieBoi YaCTH OIHOrO M3 YpaBHEHHIH CHCTEMBL, 8 B NPABHIX
yACTSX HET THX CTAPIIHX Npou3BoaHuX, Hanpusep, TakoBa cHCTEMA

" =102 ), =gty Y2 2).

3amcHOM y = 21, ¥ = 23, ¢ = 23, 2 = 24, 2/ = =5 272 cHCTEMA
CBONKTCA K CHCTEME HOPMATEHOTO BHAA

! ! r
=2, Tr=2y = f(t9 &1, 23, ¥3, Ty, :'Bs),

# ]
=25, @5 =g(t, 2, 2, 23, 24, Ts).

re—] ]
H3pecTHH ¥ ADYIHS TCOPEMHE O CYIUECTBOBAHHN PELIEHH,

Teopena Kowu (0 CYIHECTBOBANMM PelNeHMS, PA3AErAOMErccs B CTe-
neunoll  pap). Ecat @yrsyus f(t, 2) pasnczaemces e cxodauguiicn pad

i (¢ — t)*(z — 20)™ 8 onpecnwocmu movky (9, 2), mo z0dava
Ema0

' = f(t,z), z(ty) = zo wa wexomopom usmepsane (b — 6,8 + 68),
& > 0, umeem eduxcmdennoe pewerue, NPeOCMaBuUMOE CXOORILUMCR PAOOM

2(t) = 2o + 01 —fo) + ax(t — o)’ +... . (28)
Teopema cnpasedausa U Ons cucmembt duddepenyuansusix ypasnenud.

Jokasarenscteo umeerca B [6], §17, u B [2], ™. 6, §4. Meronm
oTHICKEHHA koadpuienToR pama (28) cM. Tam xe w B [12], §18, n. 4.
Xors nomysennniil pax oBLYNO CXONMTCR TONEKO HA MANOM MHTEpBane, OH
YacTO HCMONB3YETCH. B BRIMMCAHTENIbHON MATEMATHKE ANA CAMOFO HAYana
BHIYHCNEHHKN.

PacnpocTpaneHie TEOpEMEI CYmIECTBORAHUR pemieHus HA rudbepen-
UHaNEHEE YPABHEHHA ¢ PAIPHIBHLIMYM MIPABKIMH YacTAMH CBSi3aHo ¢ 0bol-
WIEHHEM MOMATHA PEIICHHA, TAK KaK (QYHKUMA, HASLIBAEMAS PCIICHHEM,
MOXET He BCIONY MMeTH MPOMIBORMYI0. B clienyiomelt TeopeMe peiteniueM
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Inaso 2. Cywecmsosanue u obiuyue caoidcmsa pewenuil

sagayi (11) HA3MBAETCA PEINEHAE KHTEIPAALHOTO ypaBHeHNd (12), uiTerpan
H HHTETPHPYEMOCTD NOHHMBIOTCA B cMuicne JeGera.

Tecpema Kapareopopu ({37), 1.2 m. 8, §8, n.1). fTycamn & kowewnolf obna-
cmu D CR™! sexmop-pynnuun f(t, 2) nenpepsiana no z, unmezpupyesa
no t npu womdom = € R* ((t,z) € D), u nyoms ¢uyecmeyem maxos
unmezpupyenas @ytisyus mit), ymo |f(t,z)| < m(t) 8 D. Tozda onn
nioboil movicu (2, 29) € D cyujecmayem pewenue z(t) 3adayu (11), Ecau
dynruun £(8, ) yosnemoeoprem ycrosuro: dan mobuix (8, 2), (¢, y) €D

I£(t. z) — £(¢, ¥)| < k()| - 9l,
20e k(t) unmezpupyema, mo pelsente edurcmeesto,

CHCTEMHE ABTOMATHYECKONO YNPSENCHKA C NEPEKNMEHHAMHA OTIHCHI~
pawTcA auddepeHUMATBHEIMU ypaBHeHHAMY = = J(¢,2), € R, ¢ pas-
PMBHHMY 1o 2 dynkuuaMy f(2, 2). [Ind Takux ypaBHEHHI paccMAaTpHBANCA
BOTIPOC, XAKMMHK AGILKHH GEITH PEIIEHUA, HIYILHE 10 NOBEPXHOCTH PAIpPH-
Ba, YTOOLL OHH XOTH Ol MPHONIKEHHO ONMHCHBMIH ABHXCHUA B PEATBHOMN
duameckol cucreme [35], o 1, §3, [38], §4, §8, n. 3. Hccaenosanncs
cpOlCTRA penicHHH B TAKMX CHMCTEMAX,

HIsecTHO MHOTO AOCTATOMHEIX YCNOBMH €IMMCTBEHHOCTH pemieHHSA,
Hitxe npHBOAMTCE YCROBHE, O0ECASYHBAKWICS SHHCTBEHHOCTL NpH ¢ > iy
pemenns 3apaun z' = f(t, 2}, z(ty) = 29. HMMeHHO TaKaA eAMHCTBEHHOCTD
HYAXHA B TEXHHYCCKHX NPHIOXKCHHAX,

TlycTb CymecTBYeT TAKAR HHTerpupyeMan diyuxuus k(2), wro nas moGex
Towex (t, ), (¢, y) obnactu D € R*"! umeen

(1. 2) - 1, 9)- (= - 9) < k@lz -9,
(mpoussencHue BexTOpoB — ckamapxoc). Torma ana moboro HadansHOTO
yenosus z(ty) = 2y, (8o, o) € D npu & > t; Moxer cymecreobars He Gonee
ORHOTO PeIeHHA (ToOYHee, MobLIEe ABA POICHHA COBIANAIDT Ha obIelt yacTv
WX KHTEPBANIOB CYINECTBOBAHUS MK £ > £y).
el
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§ 6. fpodonxenve pewenuil

§ 6. Mpopomienue pewenni

B § 5 OnUIO ROKA33HO CYNICCTBOBAHHE pEIICHNA Ha HEKOTOPOM OT-
peake. 3nech nokaskBaeTcd, YTO petieHne, Boobiie ToBOps, MOXHO
TMPOAGIKHTE Ha CYLICCTBEHHO Gonbiiit OTPEe3oK MAH HHTEPBAI,

@ e

Teopema 4 (o n

MEHNH PeieHna B SIMKHYTOH OrpanuucHioi
obnacTv). b sexmop-gynxyun f(t, 2) ydosnemeopsem ycnosu-
am meopemid 2 8 3amunymoli ozpanuvenroll obracmu D C R,
Tozda motoe pewenue z(t) ypaswenus =’ = f(t,T), npoxodsusee
exympu obaacmu D, MoxHo npodonxums 8 06e cmopors 00 86ix0da
na zpanuyy T obaacmu D, mo ecme npodonxumb va maxotl ompesok
fa, b), vmo mouxu (a, z(a)) u (b, 2(b)) rexam wa T.

Hoxazamensemso. Haitnerca Takoe m, uro |f(t,2)] < m 8 D.
Ilo Teopeme 2 pemiense, mpoxonsmee yepes 1ouky Po(lo, zo)
suyrpu D, cymecrsyer Ha otpeske Iy = [ty — do, 2o + do},
do = ro/vV/m2+1, vy = p(P,T) — paccTosHue OT TOYKH
Py no T. Tlonoxum iy + dy = ¢, 2(t) = =, P, — TouKa
(t1» 1). Ecnm 1ouxa Py pHyTpM D, To Gepa ee 33 HaYaAbLHYIO
TOYKY, 110 TeopeMe 2 TONYYaeM, YTO PElIeHHe %, npoxoasuiee
gepe3 TO9Ky Py, cymectsyet Ha ompeske I; = [t — d), & + di],
d = rlj\/mz +1l, = p(Pl,I‘). Tak Kak :-f(tl) =z = :c(tl),
70 pellicHUA £ H T COBNANANOT TaM, [A¢ OHH 00a onpeaeeHEl,
3uaynut, Gyrkums, pasHas 2(f) Ha Iy u E(t) wa I), asmmercs
peileHHeM — NPOJOIDKeHKeM pelicHus 2(t) Ha o1pe3oK [4p—dy,
t) + d]. O6osnauum ee cuosa z(t). 3atem Gepem Touky P, =
(22, 22), tme £ = 41 +dy, T2 = z(£2), 32 HAYATBHYIO, TPOAOIKAEM
pellleHHe ankine, H T. 4.
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frasa 2. Cyuiecmsosanue u obujue coolicmsea peienul

Bo3sMOXHEL IBA CIYYad: MAM ITOCHE KOHEYHOTO YHC/IA TAKHX
WAaros pemicHKe GyAeT NpOAOIDKEHO N0 TOYKH HA T, 410 U Tpe-
60BaNoch, WIH NONYMHM NOCEAOBATENLHOCTE ToueK Py(ty, 1),
k=123,...,180

f
teyy =8 +dz, dg=-'—"—£~'-*~, 7 =p(P,,,I‘) >0. (29)
vVmi+1l -
OGnacts D orpanuueHa, moaroMy yucaa &y OrpaHMyeHB M Cy-
HICCTBYET ,!.’fn t; = b. Pemenue z(t) npoaonxanocs Ha Kaxasi
00

oTpe3ok (2, ¢x41], 3HAYMT, OHO MPOJOIXKEHO HA KX OObEAMHE-
Hue [¢g, b). Tak xax |2'({¢)| = | £(t, z(t))] < m, 10 B ciny (3) Ana
mobux a, § € (b—8,b) umeeM |2(8) - z(a)| < m|8 - al < mé.
ITosToMy B Ccujty KpMTepus cxomuMmoctH KoOwiH cymiecrayer
t_:h;'r_lo z(t) = z*. Tlonaraem 2(b) = z*, Torna dyuxuma z(t)
HenpepsisHa Ha [#g, ] u Toukm Pi(h, xx) — P*(b, (b)) npu
k— 00,

Moxaxem, yro P* € T. Tax KK i =h+dy+d2+...
+dy—bdnpuk— oo, Topan d; +dr+... cxomurca u dy — 0
npu k - oo. B cuny (29) p(R,T') —» 0, Ecu 66 P* ¢ T,
10 npH HexkoropoM £ > 0 T aexara 6u BHe mapa S,.(P*)
¢ ueHtpoM P' u pammycom 2¢. Ho P, — P*, nosromy npu
k > k), Touks P, nexar B mape S.(P*), anauur, ymaneHs! ot
I' Ha paccTOAHHE, HE MEHBILEE £. DTO NIPOTUBOPSYMT TOMY, Y10
p(Py, T) — 0 npu k — oo, 3naumt, npeanonoxeune P' ¢ T
HepepHO, ¥ P*,€ ', To ecth pemieHue z(¢) NPOIOIIKEHO BIIPABO
Jo rpannus I' obnacu D.

®Oyukuus 2(t) — pemenue 3anayu (11) npu &y < ¢ < b,
3HAYMT, OHA YHNORNETBOPACT MHTErpatbHOMY ypaBHeHuio (12)
npu 3mHx £, a TAK KAK OHA HEMpPEepLiBHA, TO M HA OTPEIKE
[to. b]. Torna no nemme 3 OHA HMMEET NEBYI0 TMPOMIBORHYIO
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§ 6. fpodommenue pewenuii

Zhea(d) = f(b, 2(b)), To ecTb ynomaerpopsier ypapHeHuio (11)
npH Lo -..<.,_ t<bh.

Tpu £ < £y pellicHKe POAOTAACTCH AKANIOTHIHO,

+

Cnepcraue, flycms D — manas 3omxymas Heozpanuvennas ob-
nacme npocmpancmesa t,x, amo npu mobsx ¢ u d wocmy Dy
obsacmu D, 20e ¢ < t € d, ozpanuvena. flycmes ypaswenue =’ =
J(¢t, =) 8 D ydossemsopsem ycnosusm meopems 2. To2da petuenue
x(t), npoxodausee yepes npoussonsiyio mouky (ty,z)) sHympu D,
npodoawaemca 8 Kawdyio cmopody uau 8o sbixoda Ha 2pasutly
obracmu I, unu do cxons yao0wno Gonvusux 18|,

Boxasamenscmao. BozsmeM Takue ¢ u d; (i = 1,2,...), 4ro
et <dy < dy €... & 00, Ina moboro i mo Teopeme 4
peLIeHHE MOXHO NIPONO/KATE B 06¢ CTOPOHLI 0 Touek (&, z(a))
u {b;, 2(b;)), nexamux Ha rpamuue obnactu Dy . Ecmn b; < d;
npu Hekoropom §, 10 Touxa (b, z(b;)) nexur Ha rpaHuUe
obractn D. Ecnu xe nna Xxaxmporo § umeeMm b; = d;, To penieHne
TIPOROIDKAETCA BIIPABO N0 CKONb YTOAHO GoNbiux ¢, AHANOIHYHO
NpOACIDKAEM pellleHHe BIeBO, [ |

I Mpumep 1. flokasars, 4ro nw6oe pewenwe ypasueHus ' = |
I~ NPOROMKAETCA BNPABO A0 CKONbL YIOAHO Gonbumx £, !

Pewerue npumepa. YpaBHeHWe YAOBNCTBOPART YCNOBUAM Teopemul 2,
raK Kak pyswuun £ =83 — 2% u f1 = =32 uenpepusuu npu scex
t,z,
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frasa 2. Cywecmeosanue u obujue caoiicmea peuenud

B ofnacth x > ¢ peweHHAa TONLKO yOMBAWT (Tam ' =
£ — a® < 0), nosTomy owu pocTuralot npsmoR x = ¢ W nepe-
XopAT 8 obnacte = < €.

B obnactk = < ¢ Bte peweHMA TOABKC BO3pacTaloT (Tam
2 = £ -2 > 0). Nyews (), %) — 704K Ha rpacpuke pewe-
tus, NMpn & > £, pewenne ocraercs B obractn D (2 — 1 <& < 1),
He BLIXOAA HA ee rpannub (MewaeT No- zh
ne Hanpaenexuid, cM. puc. 5). B cuny - -
CNEACTEMA TeopeMbl 4 pelieHue npo-
ROMIKAGTCA BNPABO A0 CKOAb YFOAHO
Gonbumx ¢, -

o~y

Ycnobus HenpepusHoctu f{t, 2) u
€€ TNIPOM3BOIHEIX BO BCEM NPOCTPAHCTBE
t, & HOROCTATOYHH JJIA MPOAMTKUMOCTH 7

NN EEEITNENNNN
Frrriryrirrriy

peweruit ypapHerns 2’ = f(t, 2) Ha Gec- L —

KOHECUHHIN MHTepBan —oo < ¢ < 00 HAH Puc. §

ty <1< oo. ”
e e i q

Npuwep 2. Ypaenenue z' =2>+ 1 umeer pewenns e=tg(t+c), !
YHCRO ¢ NpoussonbHO. Kampgoe pewexue CyWECTRYET TOMBKO :
HA MHTEpBane ARMHL X W NpU npubnnkeHun K ero Kowuyam |
CTPEMMTCR K —00 HAM K +00. TaKHE peweHns ne MoryT OuThb :
NPOROMNEH, 1

Teopema 5 (0 NPOROANMEHNN PLIIEHNA HA BECh 3ANAHHBIA KHTEP-
san). flyems sexmop-gynxyus f(t, 2) ydosnemsoprem ycnosusm
meopemst 2 & obpacmu @ < ¢ < B, x € R* (donycxaromen cayvau
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§ 6. Npodomwenue pewenuil

p—

a=-cocyPf=o0)v
17(8, z)| < alt)l=] + 8(2), (30)

gyrcyuu a(t) u K{t) nenpepuiansi, Toada naxdoe pewsenue ypasHenus
z' = f(t,x), npoxodswee 8 amoi obnacmu, moxwo npodonmums

na secs unmepaan (e, p).

Joxasamenscmeso. Tloxaxem, 4to s m060ro oTpesKa [ay, 1] C
(o, ) moGoe pemenne z(t), samanuoe npu ¢ = & € (ay, §),
MOXHO NPOROVIXHTE Ha BeCk 0Tpe30K [ay, 51]. Ha stoM orpeake
umeeM |a()| Sk, [b(t)| < m, nosromy |of| = | (¢, 2) < klz}+1m.
Boarmem 4 = |z{lg)| 1 R, papHOe MAKCHMYMY NIpapoil dacTu
B (10) na orpesxe [a,B,]. Mo Teopeme 4 pemeHue MOXHO
NPOAOAXUTE B 0f¢ CTOPOHK X0 BRIXOHA HA TPAHHUY LWMIHHIPA
Z (o) £t < B, |z| € R+ 1). ITo neMme 2 U3 KepapeHCTRA
[#| € k|z| +m cnemyer, wro |z(t)l < R Ha To#t wacTH orpes-
ka [ay, §i], rae cymectayer pewenue. [Toaromy pemrene z(t)
He MOXeT BHHTH Ha GoxoBYI0 noBepxHOCTE |Z| = R + 1 munnn-
apa Z, Torna 0HO MPOROIKACTCH IO BHIXOAA HA 062 OCHOBAHMS
UWIKHADA, TO eCTh Ha Bech OTPe3oK [ay, B1).

Bo3sbMeM NOCACIOBATENBHOCTH ) > Q2 D> Q3 > ... ™ &
<P <B<...— 8. H3 I0Ka3aHHONO cAeHdyeT, 4YTO
petrenne z({l) MOXHO NPOBOIKUTH HAa OTpe3oK [ay, 8], sarem
Ha [as, B;] u 1.4. Torna pemieHue GyAeT NPOAOIIKEHO HA OOL-
SAMHCHHE 3THX OTPE3KOB, TO €CTh Ha Bech HHTepRan («, §). B

H
j W38eCTHH TaKXE ORHOCTODGHHHWE OLEHKH, NDH HAIMYHH KUI'ODHX
PemieHNe HEOTPAHWYEHHO NMPORC/DKACTCA B CTOPOHY BoapacTanud ¢, Hampn-

Mep, ecnu vextop-byusuus f(t, £) npn ¢ > ty yAOBRETBOPAET YCMOBHIO
z. f(t,2) < o®)iz]® + b(t), a(t) nm BE) HenpepwmHi, TO A AwBoro
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frasa 2. Cyutecmeosanue u obujue csolicmsa peienuil

pemesna x(t) mpu ¢ > &
d d ' o
T hOF = G2 2) =22-2' =22 f(t, 2) < 20(t)l=F + 20(0).

Ha nioGom orpeske [ty, t] ana dywxumn »(t) = |z(t)]? umeem ' < kr +m
npu Hekotopux & ¥ m. Toraa, xak B TeopeMe 5, NOKA3LBAETCA NPOHONKH-
MOCTD DellieHHs 2(t) Ha nuTepBan [#), 0o).

Bumecto dymamn |2()|? MoxHo oueHHBATL pOCT KaKOH-MHGO Bpyrof
dynxuwnn @(t, (), noabupaemoti B 3ABHCHMOCTH OT CBOHCTB dyHKUMK
1, 2), u monyuaTe nozmoGHLe pesyanTatel, Paspaoran meron [35] ommo-
BPEMENHONO HCTIONL3IOBAHNA HECKOMLKMX GyHKuMA @;(t, #) emecTo onxol
dyaxmmn @(t, ).

Takono poaa METORN MO3BOIAIOT HE TOMLKO YCTAHABRTNBATD MPOROITKH-

MOCTH pelueHnii, HO W NOMYYaTh oueuxu peuieHna 2(f) ¢ NOMOLIEIO OLICHOK ‘i,

dbynm £, z).
D

§ 7. HenpepbiBHan 3aBUCKMOCTD peltieHUA
OT HAYANbHbIX YCNOBUI K NPABOK YaCTH
ypaBHEeHUA

[1]

Teopema 6. flyems pewenue = = (i) sadawe z' = f{t,2),
x(ty) = 2y cywecmayem na ompesxe I = [t,, 1] D g u 8 oxpecm-
Hocmu V(E € I, |z — o(t)] < p) ez20 zpaguka sexmop-Qynxyus
J(t, @) u npouseodnee 8F;/0z; (i,§ = 1,...,n) ee xoopdunam
Ji wenpepuistbl, To20a dnn mobo2o € > O naiidemcn makoe & > 0,
ymo dnn moboil dpyzoil 3adavu y' = g(t, y), ¥(to) = Yo, 8 Komopoli
g u8g:/8y; (i, =1,...,n) venpepusrs u |g—f| <58V,
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§ 7. HenpepbioHas 308UCUMOCTb peLlienus Om HAYQRbNLIX yCroeutl

It — 2ol < 8, pewenue y(t) momem Guims npodomweno wa I u
ly(t) — ¢(E)| < & wa 1.

Hoxasamenscmeo. B orpanndeHHo#t 3aMkHyTOH obnactH V ume-
eMm |f(t,2)| < m, 18fi/62;1 <1 (i, =1,...,n). Torna ans
moGux Touek (¢, z), (,y) € V sunonMaercs HepaseHeTso (8),
rae k = nl, U3 (8) u Heparexctra | £(t, y) —g(t, )| < § cnenyer,
yTo ana pemennit £ = p(t) u y{t) na ompeaxe I) C I, noka
rpadux y(t) npoxomur B V, nMeem

I’ — /| = 12, 2) - 92, 9)! < klz — 91 + 6.

Tyers z(t) = (t) — y(t). Torma |2(t)| < &, |2'| < klz| + 6
ua orpeske I;. B cuny (10) nmeenm Ha I

ks _
lp(t) ~ y)) = 12())] < 6e** + ﬁg‘g—l)' (31)

s=max{t, — 4,4 - &.};

B cysae k = 0 apobe (e* — 1)/k samensietca Ha 5.

Bosumem moGoe € > 0, £, = min{p, £} u Takoe § > 0, wro-
6 nipasas uacTs HepabeHcrsa (31) 6sna mensiue &,. Torma pe-
wenue Y(t) ¢ |po—2o| < 6 mpu ¢ = ¢4 (unu npy ¢, GAUIKNX K &)
npoxoaut BHYTPH TpY6ku T (L€ I, e — (i)l < &); TC V.
TTo TeopeMe 4 pemenne ¥(f) MOXET GHITL NPOAGMKEHO AO BbI-
xona Ha rpaHKuy TpyOokH T'. Ecmm 66 OHO BHIILIO HA DOKOBYIO
IPAHMLY TPYOKHM, TO B TOUKE Bhxoma 6eu10 6 |y(t) — ¢(t)| = &,
B NMPOTHBOPEYMM C TeM, YTO npasas 4acTh (31) MeHse £;.
3uauuT, pemenne y(t) BLIXOAMT M3 TPYOKH TOALKO HA €¢ KOH-
uax ¢ = & u ¢t =4, u npu Beex £ € [L,,¢;] yaoenersopser
HepapexcTey (31), npasag yacTs KoToporo Mexbue &y < &, W
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fnaeo 2. Cywecmesosanue u obujue ceoiicmsa pewenull

Cnepcreme. Ecru f u ace Of;/0x; Henpepsishsi & oxpecmuocmu
dyeu t. <t epogura pewenun z=(t) v xi(t) — pewenun
mo20 we ypasnewun ' = f(8,x) ¢ navansnomu yenosusnu Xi(te) =
a; — ¢(ta), mo xi(t) — ¢(t) paswomepso na ompeswe [by,¢,].

IZ] PaccMoTpuM 3anavy ¢ mapameTtpoM $ € M (M - ofnacms
B R™)
o = ft,2,pm), (o) = alp). G

Ecau sexrop-dyHxuns f v see 8f/0z; HenpepuBHN not, %, TO TIpH
KaxaoM g € M cymectsyer pemenue 2 = (i, i). CunraeM, 410 OHO
MPOIC/DKEHO, HACKONBKO ITO BO3MOXHO. B crienylolielt TeopeMe npu
OTIPENIENICHHNX YC/AOBHAX JOKA3HBACTCA HEMPEPHBHOCTL QYHKLMH
@(¢, p) no j¢, a B raase 5 — AuddepeHLINPYeMOCTs DYHKLMH @ O 4.

Teopema 7 (0 HenpepuiBHOR 3aBHCHMOCTH PEIEHWA OT napame-
pa). fiycms npu s = py peiuenue 3adavu (32) cyuecmsyem na om-
peswe I = [to, 1] u s oxpecmmocmu V (E € 1, |z — p(¢, po)| < p)
e20 apaura npu p € M sexmop-gynxuun f(i,z, p) u npous-
soduvie 8f;/8x; (1,5 = 1,...,n) ee xoopdunam f; nenpepsisusl
no cosoxynwocmu nepemennbix (t, z, i8); al{p) Henpepoisno no p.
To20a cywecmayem maxoe 1 > 0, ymo dymryus (X, js) Henpepoigna
no cosoxynnocri nepemennvix npu t € I, |5 — ol € .-

Joxasamenscmso. Tlpu UKCHPOBAHHOM 4 = go 3amava (32)
YHOBJICTBOPACT YCNOBHAM TeopeMu 6. ChenoBareNbHO, ANA O~
Goro & > (0 watizercq Taxoe & > @, uTO B CAYUAS, KOINA
|7, 2, ) — £t 2, p00)| 6 mnn (2} €V,
la(s) - alpo)l < 6,

(33)
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§ 7. Henpepwianas 3a8ucuMocms PEUeHUA OM HAYAAbHLIX YCROBU(

pewenue (¢, ) mpu ¢ € I cymecTsyer 1
lolt, ) — wlt. mo)| <& (t€ D). (34)

B cuny pasHOMepHoO# HenpepmBHocTv Gyukumit f(f, z, g) u
a(p) npn (¢, z) €V, p € My C M (M — Hexoropas 3a-
MKHYT251 OKPECTHOCTD TOMKK fo) Halinercs Takoe g > 0, uto
npu {p — pol € 7 uMeeM u € My M BLIONHAIOTCA HepaBeH-
crea (33). Torma no reopeMe 6 pewickne (2, i) Ha I cymectayer
u ynosnersopder (34), To ects (¢, #) HenpepHBHA MO f NpPH
B = po.

Ranee, npu (4, ) € V, |p — po] < 7 dynxums f we-
NIPEpPHBHA, 3HAYHT, OTpaHMueHa, TO ecth |f| < ¢. Ioatomy
lpil = 1f] < ¢, % ona mobuix ¢, 7 € I npu |t — 7| < €/q umeenm

|§°(t’ B) - o(r, #)l Sqt-ri<e.

Orciona u u3 (34) npu lp — pol < , Ir — ¢} < /g cnenyer
lo(r, B) —(t, pio)| < 22, T0 ecTs pemenne (¢, i) HempepLEHO
MO COBOKYITHOCTH TIEPEMEHHBIX NpM s =g, ¢ €I,

BossmeM € € (0, p). Torma mnsa nekoroporo 7, € (0,n)
npH AIOGOM TakoM g, 410 |g) — fgo| £ M, MO goxazaHHOMY,
pemiexue (i, 1) na I cymecrsyer u ymosaerBopser (34).
Torna ero okpectHocts V) (t ELlz-plt, M)l < p- s) co-
gepxurca B V, aHaunT, 8 V| BHIONHEHH YCROBMA TEOpeMH 7,
HO € ) BMeCTo pg. CnemosarenbHo, pemexmne (i, p) wHe-
NPEPLIBHO 110 COBOKYNHOCTH nepemeHHHX (£, 5) Npu p = iy,
|1 — pool < m, LE L. u

|

EI Teopema 6 NO3BONACT B APHKIAAHEIX 3a5a9aX NONL30BATECA Auddepen-
BHATEMLIME YPABHEHHAMH, B KOTOPHIX HEXOTODME KOHCTAHTH H DYHKIMK
ONPeACSHARKCE M3 ONKITOR, 3HAYMHT, M3BECTHH JKmb npulmnkerno, Ecau
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Irasa 2, Cywecmeosariue u obujue ceolicmea pewerud

910 NPUSNMXEHKE ROCTATOMNO XOpoiliee, TO M PEIICHKA TAKHX npubnmxeH-
HMX ypaBHeHMH HA KOHEYHOM OTpe3Ke BpeMeHH GyOyT Man0o OTNHYATLCH
OT peIICHMI TOTHHX YPABHEHHIA,

Ouenxa (31) pastocTy pemennit apyx GaK3KNX ypasHeHuH, noiydyeH-
HAY B Teopeme 5, MOXeT GWTh MCMONBIOBAHA, B YACTHOCTH, JNA OLCHKH
OMHGKM npubxensoro peneHnA, OHa o9eHb 1py0a, HO B BHNHCIHTENL-
HOH MaTeMaTHKe eCTh BOIMOKHOCTH IONYUCHHA MeHee IPYGhIX OlICHOK,

Cymecreennoe ofobuenite Teopemst 7 umeerca B [31). Yenonue me-
npeprBHOCTH GyHKUM [ no ¢ 3aMEHSETCR YCHOBREM

o

3 4
j f(’s N ”) ds 3 f f(” x, #0) ds (‘0 £ t £ tl)! (35)
t to '

npH _p —+ po, Mo GHXCHPOBAHHO, f H 81/ 0z; orpavnuenn’ B V, 1
Hempepriska no ¢, z. Joxassaeres, uro @(t, #) =3 (L, so) Npu g — 1y
pasHoMepHo No ¢ € [£, ],

| Mpumep 3. Paccmotpum sapavy 2’ = f(t, z, u), =(0,p) =0, rpe |
: nmpigEst |z <2

i f(t,z,p) =2 +4(1 —a:')sin2 i (n#£0), f(t,z,00=2"-22+2. ’

Yenorne (35) BETONHEHO, TAK XakK npk 4 — 0
¢

¢

f2sin’:—‘da=:fldast 0<t<).

° 0 .
ToaroMy pemesne naHHol anaun = = (¢, ) nps p — 0 paBHOMEpPHO

no ¢ € [0,1] crpemures x dyuxunu (¢, 0) = 21 ¢/(1g¢ + 1), sasnmomelicn
pemeHueM ps u = 0,

Y B NIPOCTOTH HVIOXEHHA MCCh IPHBOARTCA MeHee obuIe yenomua, ses b {31].
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§ 8. Ypusnenus, re paspeuienbie OMHOCUMENLHO NPou3BodHol

Euie Gonee ofime peayabrarThl NOAYYCHHM YeXOCNOBAUXKMH MATEMATH-
KaMH, FasHEM o6pasoM, S. Kypuselinem.
el

§ 8. YpaBHeHus, He pa3peileHHble
OTHOCHTENLHO NPOU3BORHON

E OcHOBHEE CBOHCTBA ypaBHeHuil Buna F(z, y,¢') = 0 omnua-
10TCS OT CBOHCTB PaHes PacCMOTPEHHRX ypanHeHuit ' = f(z, v).

I Mpumep 4. Ypasueune (y')* — 42 == 0 momHO cRECTH K ABYM
) ypaswenuamn: §' =22 n ' = -2z |

Hx pewenns

y=zz+c " 3,'=¢:—z2

{puc. 6). Yepes Kaxmyo T09Ky HIOC-
KOCTH &, ¥ TIDOXOIMT HE MCHEE ABYX
PeOIeHHN: MO ONHOMY H3 KAXAONO
cemeiicTed pemennii. Hmelorca Tak-
Xe peleHHA, COCTABICHHHE H3 KYyC-
kOB pemieHH# aTHX cemeiicts, Takue
COCTABHHE (QYHKUHM ARSIOTCH pe-
LWICHHSAMH TONRLKO TOEMAA, KOTAA OHH
BCIOAY HMEIOT MPOHIBOAHYIO, TO €CTh
KOr/la B TOYKS CTHKA JIBA COEAMHSAC-
MBIX KYCKA HMEOT OGIHYIO KacaTeNlb-
Hylo. Hanpusmep, Ha puc. 6 dynxuus
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Inasa 2. Cywecmeosanue u oluue ceolicmen pewenuii

ABOK -- He peuieHHe, TAK KaK HE HMEET NIPOKIBOAHOM B TOuKe B,
a dynxuun ABCM n ABCN — peuieHus.

I Toro 4robsl BHUICIMTL CAMHCTBEHHOE DELICHHE YpaBHe-
Hu1 F(z,y,4)=0, Boobme ropops, Hano 3amaBaTh HE TONLKO
TOUKY (2o, #9), HO H 3HaucHMe ¥ (Me MPOMIBONLHO, a TAK, 4TO-
On TpoHKa umMCen o, Yo, ¥y YAOBNETBOPIIA nalmouy ypaBHeHHIO; 3
F(2o, %0, ) = 0). nn ypasuenus (y')’ — 42 = 0 uepes Touxy
B(zo = -1, yu = 1) npoxonaT xBa peienua: y = = (DBO, puc.6)
uy=2-2* (ABC, puc.6); ecnv 3azats eue ¢ = —2 wm yh =2,
NOAYy4YaeM OIHO M3 FTUX pelIeHiH.

Touku KacaHKA PEHICHHI ~— TOYKH HADYIEHKS eJMHCTBEHHOCTH
(rouxu ocu Oy Ha pHc. 6). PellieHue, NpHileAIiee B TAKYI0 TOUKY,
MOXHO TMPONO/CKHTE 33 Hee Gonee, YeM ONHHM CTIOCOBOM.

Teopema 8. Paccmomnpum ypasrenue

F(z,9,9')=0. : (36)
flyems F € C' & ofnacmu D u 8 mouxe (2o, Yo, ¥)) € D" umeen
F=0,3F/3y #0.
To2da #a aoGon docmamouno manom ompesxe [zy — d, zo -+ d] cyuse-
cmeyem eduricmsenrioe peuierue ypasserus (36), ydoenemaopaioiyee

YCROBUAM
y(zo) =w, 9(x0)=th. (37)

Honazamenscmeo. Tlo Teopeme o HeaBHOM QYHKIMH B HEKOTO-
po#t okpectHocTH U ToukH (g, ¥p) CYIIECTBYET EAHHCTBEHHAS
HenpepuipHana GyHKuns f(2, y), YIOBNETBOPAIOMIAS YCIOBHAM

F(a” ¥, f(a’9 !l)) =0, f(ﬁo, 90) = y('ls (38)

npu aroM f € C'. Tlo Teopeme 2 § 5 ypasuenire y' = f(z,y)
Ha HEKOTOPOM otpeske [zg — d|, 2y + d,], d| > 0, uMeeT enuu-




§ 8. Ypasuenus, He paspeitentsie OMROCUMENsHO NPoL3eodHoll

CTBEHHOE pellieHHe Y(2), YAOBACTROPAIOLIEE HAYANTHHOMY YCIIO-
Bitio y(zo) = yo. Tak kax §/(z) = f(=, y(z)), 10 13 (38) cnenyer
F(z.9(=).¥/ (=) =0, ¥'(z0) = S (20, %) = 3h-

To ecrs y(z) ynosnernopsier ypasticumio (36) 1 yenopusm (37). B

”

HoxameM eAHRCTRCHHOCTH pemieHUA. Tak xax 8F(z, y, p)/3p # 0 » Touxe
(20, $0, ¥5)» TO 8F/8p coxpasisieT 3HAK B HEXOTOPOH OKPECTHOCTH TOM TOY-
xu, 10 ecThIipH (&, ) € V C U, [p— 94| < ¢. Iaecs V' — okpecTHOCTb TOUKE
(20, %), £ > 0. 3nauwt, npu (z, y) € V dynxuma F(z, y, p) MoHOTONHA NO
p Ha wuTepeane |p— gl < €, u Tam F(z, y, p) = 0 Tombko npy p = f(z, y).
VYmeHbIMM okpecTHocTs ¥V, wrobur 3 V' Swuo | f(z, ¥) — vl < £/2. Torna
wii (z,y) € V 3Hauennn p, ans xoropsix F(z,y,p) = 0, pacnagalorca
Ha OBA TAKHe MHOXecTsa A U B (B Moxer GHTL MyCTHM), YTO

P=1@y), P-%i<; (e

(39
p#f=y) lp-wlze (peB).

Hna moboro pewenia y(x) samaan (36), (37) npH 2 = 2, MMeeM
¥(z) = ¥, = J(2o, ) € A. Hoxa (2, y(z)) € V, npoussonsan y'(x) He Mo-
xer nepelird 3 A 8 B, TaK KaK N0 TeOpeMe AHaLH32 NPOMIBONHAY NPHHH~
MAET BCE MPOMEXYTOUHHIC IHAYCHHSA, & B cy (39) GHA HE MOXET RPHHUMATD
3HAReHKI P, WA KOTOPHIX £/2 < |p— yy| < €. 3HaunT, Npr MaNHIX |& ~ 2
npoussonyan ¢ (x) ocraerca B A u ¥(z) = f(z,y(2)). A 910 ypaeHenne,
Tak kak f € C', npu yenosnn y(zg) = ¥y MMEET CORHCTBENHOC PEMICHHNE.

Al

Cneacrame. flycms & (36) F € C! u s movre (2o, %0) ypas-
Henue F(2g,y0,p)=0 umeem posHo m paznuussix Kopreil p;
(E=1,...,m) u dnn wawdozo u3 wux 8F(zy, Yo, p;)/8p; # 0.
Tozda wepes moury (To,Yo) 8 ee OKpecmHOCMU NpoXODUM "POBKHO
m pewenuli ypasrenus (36), y wux & 3mol moyxe npoussodHsie
¥(xo) =p; §=1,...,m) sce pasnunsl,




faasa 2. Cyujecmeosanue u obujue ceoiicmea pewenuil

Hampumep, mas ypapHenns (y')? — 42’ = (0 TaxoBW TOuKM
(%0, wo) © 2o # 0. YpaBHeHue p* — 423 = 0 MMeeT ABa PAIMUYHBIX
KOpHS P12 = 2&y, ana oboux OF/8p; = 2p; # 0 M uepes Takyw
TOYKY B €€ OKDECTHOCTH NPOXOAAT DOBHO ABa pemienus (puc. 6).

Ecnu xe 4epes TOUKY (£g, Yo) B CKOJb YTONHO MANoOi ee OKpecT-
HOCTH TIPOXOIHT Goliee OMHOTO pellieHMA W Xo1a GW HBA M3 HHX
HMEIOT B 3TOH TOUKe OJIHY H TY Xe NPOU3BOAHYI0 ¥ (To), TO TOBOPST,
YTO B TAKOH TOUKE HAPYWIACTCA EHHHCTBEHHOCTR. JINu ypaBHeHMA
() — 42* = 0 TaxoBs TouKH (), ¥p) € 2o = 0.

IE JinckpAMABAHTHAA KpuBas. M3 CKa3aHHOIO BHITEKAET, UTO ec:m
w1 ypasHerns (36) ¢ F € C! b 1ouxe (%o, o) Hapymaercs eauu-'
CTBEHHOCTB, TO HPH HEKOTOPOM /) BHINONHAIOTCA ABA YCAOBHS

OF (z9, %0, %0) _
By,

TaK KaK g 3apaHee He H3BECTHO, TO MIA OTBICKAHHA TOUKH (29, Yo)
HATO M3 ypasueHuit (40) wucxmounTs g;. ITonyuMM ypasHeHHE
(2o, yo) = 0, onpenenioNiee HEKOTOPOS MHOXSCTBO H3 NAOCKO-
CTH 2,y. D10 MHOXKECTBO HAWBACTCH JUCKPUMUHANMHON Kpueoil.
JMCKPUMHHAHTHASA KPHBas COAEPXMT BCE TOMKY HApYILIEHHA eAHH-
CTBEHHOCTH, HO MOXET CONREPXATh ¥ HEKOTODHE APYTHE TOUKH,

F(zo, o, ¥o) =0, 0. (40)

Pettienue npumepa. [na 3T0ro nnuwes ABa ypasHenwa (40):

=P -4l -g) =0, L

=2 =0.
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§ 8. Ypaewenwus, e paspeiennbie OMHOCUMENLHO NPOU3BOOHOU

W3 sTOpOro ypasuenna umeeM ' = 0, MoACTaBAns B NePBOR, HAXOAWM
[IMCKPUMMHAHTHYIO KphBy10 43°(1 —y) = 0. Nneen foe seven: y = 0
Ay = 1. B Hawen chyvae OHH 00e ABARITCA PELICHHAMH AAHHOTO
anddepeHranbioro ypasHeHna.,

Yr06L41 BHACHUTD, FAG HAPYWACTCH @AMHCTBRHHOCTD, HalACM .qpy-
THe pewenus. W3 AanHOrD ypasneuml umeei ' = +2y4/y(1 -
Pewas 3TH ypaeHenus ¢ pasnenmoﬁmuucu nepeMeHHbIMM, uonytlaen
pewenus (puc. 7)

1 v
Y= o, 1
(z+c)f+1

y=0 y=1 -:- S_§Z§_Z ;
Ha npamoit y = 0 we 0 o z
HapYIIALTCA EANHCTBEN-
HOCTD, 3 Ha NPAMOA Y= | Puc. 7
— Hapywaercs, <

B oriHuMe or paccMOTPCHHOIO NpHMEpa BANCKO HE Beerna

OHCKPHMHHAHTHAN KPHBAA SBACTCS PeLIcHHEM.

| Npumep 6. Hafinem QUCKPUMUHANTHYIO KpMBYIO ANA ypaBHeHus |
' I

f F=(y-))+2 -1=0. |

Pewenue npumepa. 3nece BF/8y = 2(y — 1)y +2 = 0. We-
KHoYaA i, NOAYHAEM AWCKPUMHHAHTHYIO KpKBYIO ¢ = 0, OHa He asns-
ETCH PEIICHNEM NAHHOTO YPABHEHHA,

Halinem apyrue pewenns. M3 faNHOrO ypaeHEHMS, KaK U3 Kea-
ADaTHOFO, NOAyyaen y' = %f-]@.'l'a« Kax 1=y = (1-/P(1+/7),
10y = -Eé; Peilan 370 ypaBHEHNKE € PA3ACAAIWHUMNCA NEPeMen-
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Fnasa 2. Cywecmeosanue u obujue ceoilcmsa peuenud

HBIMKW, HaxXOAUM Yy T §ym =z + ¢ (puc. 8). QucKpuMuHaHTHAA
KpuBaa ¥ = ( ABNAETCA TEOMETPUMECKUM MECTOM TOMEK 3a0CTPeHMA
WHTErpa/bHBIX KPKBLIX. L]

Ocolum peutenuem RAIHBASTCA TAKOE pellicHHe, B Kaxgol Tod-

K€ KOTOPOTO Ero Kacaercd Hpyroe peliéHHe, OTNMYHOE OT paccMa-

TPHBACMOI0 DElICHMA B CKONEL YTOAHO MAanoit OXpecTHOCTH 3T0H

yh TOMKH. B npumepe § ocobuiM

’ ARIACTCA pelicHHe ¢ = 1,

B npuMepax 4 ¥ 6 ocobux
pellICHHN HeT.

Tak Kax B xaxpoit Tou-

K¢ oco0oro pemicHua Hapy-

11aeTCA SOHHCTBEHHOCTD, TO

ocoloe pemeHHe, eCNH OHO

Puc. 8 €CTh, CONCPXWTICH B IMCKPH-

MuHaHTHOH xpuBoi. TlosroMy mas OTHICKAHMA OCODOIO pelucHHA

ypapuenua F(z,y,¥) = 0 (¢ dynkuneit F xnacca C') cuavana

Hano HaltTh ARCKPHMKRHAHTHYIO KpHBYI0. Ho OHa He Beerna anisercs

0COGLIM pelIeHHeM, IAXKe eClM SABAAETCA pellieHHEM, CM, TIpHMep 5,

TT09TOMY KaXIY10 BETBS JUCKPHMHHAHTHOH KPHBO HANIO NPOBEPHTS:

Hy

0

1) aBaseTcs AH OHA pEIICHHEM, TO €CTh YAOBAETBOPAET AH OHA
JAHHOMY YPaBHEHMIO;
2) KacaloTCA JIM e¢ B XaXunoi TOMKe OpYrHe pelIeHus.

Ecnu Ha ofba BOIPOCA OTBETH MOJIOXUTENBHHE, TO PACCMATPH-
BAEMas BETBb ABRACTCA OCODHIM PEIICHHEM,

[IpoBepKa TOTo, KACAIOTCS 1K ABE KpHBHIE ¥ = ¢(2) n y = ¥(z),
NPOBOIMTCH ¢ NOMOIUBIO YCNOBHS KACAHHA. KPHBLIC XacaloTed APYr
Ipyra B HEKOTOPOH TO4Ke, €CNH B ITOH TOMKS

p@) =9@), ¢'(@@)=9¢(@) (41)
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§ 8. Ypasnenun, ne paipewiernsie OMHOCUMEALHO NPOU3EOOHOG

3adavwu Onn ynpawmnenuil:
[12], § 8, Ne241-266.

OmiGazoman, [ToHaTHe 0coGOro pemieHNs CBA3aAHO ¢ MIBECTHEIM
13 muddepeHHaANEHON PeOMETPHM NORATHEM OornGalomei.

Ozubaroweii cemelicTea xpuarX (2, ¢, ¢) = () HasmBaeTCA Kpu-
pag K, B Kaxpoil cBoeit Touke Kacalomanaca KpHBOit cemeiicTsa,
ovmMuKoit or xpupoit K p moboit okpecTHOCTH 3TOf TOUKH.

Teopema 9. Slunun y = P(x) ssnsemen ocobuim pelienuenm ypasHe-
wus Pz, y,¥) = 0 mo2da u momno moada, ko20a ona Asasemca
ozubawujell cemelicmaa pewenull 3mozo ypasHenus.

JAoxazamenscmso. Hycts 1uana y = ¢(z) — ocoboe pemeHue,
Torsa B Kaxao# csoeft TOYKE OHA KACAETCA APYTONO pellieHHA.
CnenosarensHo, 3Ta AKHHA — orubaioman ceMeitcTsa peteHuit.

Iycts mannsa y = ¢P(x) — ormbaloman cemelicTsa peiue-
Huft. Toraa B kaxnoit ceoeit Touke (2, §) OHa KacaeTcs Kakoro-
nuGO perieHna. 3HaunT, B 3ToH TOYKE YHCAA Z, Y, § NS UMY
y = ¥(z) 1e Xe, yro mna sroro pemenms. Ho pemenue ymo-
setsopsier ypasHeHuo F(z, y, ) = 0, nosroMy u orubaoman
TOXE YRORJICTBOPSET ITOMY YPABHEHUIO B TOUKe (Z, ¢). Dra Tou-
Ka — NpOX3BObHAA Ha orubarouleil, 3HavuT, ormbalolwias ecThb
pelicHUe YpaBHEHHA. DT0 PelicHHe B KaXIOH CBOSH TOYKE Ka-
CASTCH APYIOTO PeIlcHHA, CASHORATENBHO, ABNaAerca ocobnM. Il

Hna oteickaHua oruGawoweli cemeiicrea avHuil p(z,y,6) =0
(¥ € C"), xax uspecTHO U3 MUdMbepeHIMANLHON! TCOMESTPHH, HANO
HCKMIOUMTE ¢ M3 ypasHeHUH

{0({8, Y, C) = 0! M%"CM - 0,
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fnasa 2, (ywecmsosanue u obujue csolicmsa peuienui
;

H NPOBEPHTE, KACAETCA IH NONYYSHHAST THHHA B Kaxaoit cpoeti Touke
KakoH-nmnbo JMHMH cemelicTa (HANPHMED, € MOMONILIO YCNOBKA

~ kacanms (41)).

Jadayu ons ynpaxwenud:
[12], §8, N2 297 a-r.

E] Meroau pemesna ypasHeHu#t suaa F(z, y,¢') = 0.

A. PaspemyTh ypaBHEHHME OTHOCHTEARHO ¥, TO €CTh W3 naH-
HOTO YPaBHEHMsl BHIpasHTh ¢ vepes 2 M y. IToayuaercs omHO AU
HECKONEKO YpaBHejuit BHAA y = f(z,y). Kaxnoe u3 HAX Hago
PElIHTS. DTUM METOIOM PELIATHCH YPABHEHHA B NpuMepax 4-6.

B. Meron eeeacHus mapamerpa. OH [O3BOMAET CBECTH ypas-
neuue F(z,y, §) = 0 K ypaBHEHHIO, PAspEIEHHOMY OTHOCHTE/BLHO
npouspogHoit. Manaraemulit Hike mpocTeAmMi BAPHANT ITOTO Me-

TONA MPUMEHHM B ClTyuae, Koraa ypaeuenue F(z, y, ¢f) = 0 ynaerca
Pa3PENIHTh OTHOCHTENBHO ¥ MM OTHOCHTENBHO &, TO €CTh 33MHCATH

. BBuge y= f(z,y') wm s Bune 2 = £{y,¢).

B ypaBHeHue y = f(z, 1) BsomuM napaue'l:p p = dy/dz u no-

MyqaeM
y = /(z, ). (42)

Bepem noanstit madwbepeHuMan or obenx Yacredl papeHCTBA U, YTOOH
MCKIOUHTS ¥, 3aMeHsem dy Ha p dz (Tak xak p = dy/dz).

dy=frdz+ fydp; pdz=f;dz+ fpdp.
Hocneatee ypapHeHHE MOXHO Pa3peniuTh OTHOCUTENLHO dz/dp unn
otHocutenbHo dp/dx. EcnH pemeHHe 2T10ro ypaBHeHMs HalkieHo
B BHae * = @(p), 10, monacTamian 310 B (42), nomyyaem peime-
HHe MCXONHOIO YpaBHEHHA B MapaMeTpH4ecKod 3amuch: z = (p),

y = 1(v(p), p).

DTHM Xe METOIOM PELIAKTCH YpaBHeHHsA B 2 = f{y, y').
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§ 8. Ypasnenun, ne paspeiuentsie oMHOCUMENBHO NPoU3BOBHOD

Frmmmm e — e ——— mmmm—————— y
| Mpumep 7. Pewwts ypaenenne y = 2y + (). I
femmecc e e cce e e, e—————— J
Petienue npumepa. Beopa napanetp p = ¢/, nonyuaem .

y=zp+p. . 43)

Bepes noanuit anddepetman or obeux vacteii pasencrsa, Noayva- -

em dy = pdz + x dp + 2p dp. Tax wak dy = p dz, 70 umeen

pdr = pdzx + xdp + 2pdp,

(z+2p)dp=0.

Hago paccuotpeTs gBa caydan: ¢ +2p=0wm dp =0, -
v

Ecnm 24+2p=0,Tox = =2p.
Noacrasnas 3o 8 (43), nonywaem
PRIIGHHE B NAPAMETPHYECKOM BHAR:
z = =2p, y = —p*. Nckniovaa p,
uMeeMm y = —z2/4.

Ecaw dp = 0, 0 p = ¢
(npouseonbuan nocroswkan). Mop-
crapnas & (43), nonyvaem pewenue
y = ez + ¢ — cenehicTBO Hena-
panneAbHMX NpaMbix (Ans Kaao#
npamoi ymoso# ko3dduunent ¢ —
c80H).

Wccnepyem, ABnAeTca nu pe-
weknwe y = —22/4 ocobum. M-
wen AnA pewewnit y = —22/4 n
¥ = ¢+ ¢ yonosus Kacanua (41):

~§=w+&

Puc. 9

-,

Noacraenss ¢ = —z/2 B nepsoe paBeHCTBO, NOAYYaeM -22/4 =
—2? /2422 /4 — Tompecteo. IHauwT, pewenne y = —22/4 8 kamgoil
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frasa 2. Cywecmesosanue u obuyue ceoiicmea peutenudl

TOYKE 2 KACAeTCR OHOrO U3 peleHwl ¥ = ez + & . Cneudaarenbuo,
pewenne y = —z>/4 — ocoboe (puc. 9). <

(-
JIpyrie BapHAHTH METOZA BBSACHKA MapaMeTpa waioxeHs B [9], mi.3, §2,
npuMep 5 1 §3, n. 1 — BeencHne APYX mapamerpos; Takxe {13], m. 1, §8;
[2], mn. 1, §7.

e — |

Ypasnenus Keepo BMEIOT BHI

y =zy +9().

OHH PelllaloTCs METONOM BBEAICHUSA MapaMeTpa. DToMy Kaaccy NpH-
HaJTeXHUT ypaBHeHHe npumepa 7, OGmies pemenue yparHeus Kne-
PO — CeMeicTRO HemapaieEHEX NpsaMuX. Ecan dyukmus ¢ € C?
M He/MHe#Ha, 1O ypabHeHHe Knepo nMeer ocoboe petlieHHe — XpH-
BYIO, KoTopoH KacaoTest >TH npsiMele. EcnM xe byHkuua ¢ muHelita,
TO TIPAMBIC HPOXOUAT Yepes OUHY TOUXY H 0CO0OND PEIleHHS HeT.

3adayu Ona ynpaxnenuil:
[12]), §8, Ne 267-296.

e

B ofmem cnyuae BHCKPHMHHAHTHAA KPHBAA pasbHBaeT IUIOCKOCTS 2, ¥
Ha obnacta, B Taxkoil ofmacTH BHINONMHAWTCA YCHIOBHA CASACTBHN Teope-
MH 8§ H yeped KaXHYI0 TOYKY NMPOXOOMT OAHO K TO K& MMCAO pemicnHil.
PacnonoxeHne pemeHnil BOMNIK ARCKPHMHNAHTHON kxpHBoll MOXeT OBiTh
pasmrannod. Missecrno ([18], . 1, §4), 40 THNHYHEM ABARETCH Cryvall,
KOTAa AKCKPHMHHAHTHAS KDHEAA COCTOHT H3 TOYEK BO3BPATA MHTEIPANBHBIX
KpHBHX, KaK Ha pHe. 8. KpoMme TOro, Ha BHCKpHMHHAHTHOH KpHBolt Moryr
Ourre ocobble TOUKH, BOJIN3M KOTOPLIX HHTCTPANbHBIE KDHBHE MOYT HHaue,
yem BONH3M APYTHX TOUSK OHCKDHMHHAHTHON KpuBo#, cm. [19], m. 1, §7.
Diyboxme HcenenoBaHua Takux ocobeHHoCTel npoeen A. A, Jlasuaog,
el

- ey ”—ﬁ' <




[TABA 3

Nunennblie
auddeperymnanbhbie
VPaBHEHUA U CUCTEMBI

Hayuenue nubefinpix nudupepeHumanbHHX ypaBHeHMi cocTaBaser
OTHENBHOE TEOPETHUCCKOE HANPABNCHHUE MOTOMY, YTO OHH oGnagaior
PAIOM CBOHCTB, NO3BOAKIOIINX TAYGXE MX H3YIHTh, OCHOBHOE CBOH-
CTBO COCTOMT B TOM, Y10 6ce peiienus NHHEHHOIO YpaBHEHWt HAH
CHCTEMHBI BHIPAXKAIOTCS YEPE3 KoHewHoe Yucno pelieHuH,

§ 9. CeoicTBa NUHERHDBIX CUCTEM

*

lE PaccMoTpuM AnHeHHYI0 CHCTEMY HOPMATEHOIO BHAA

%==an(t)a=1+...+a.-..(t)a=..+!.-(t), f=1,..,n (1)

WIH, B BEKTOpHOH 3aMUCH,
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froaa 3. Nuneinvie duppepenyuansusie ypasHeNus u cucmemsl

z h
% = A(t)3+f(t), T = E . f: E .
Zn fn (2)
an(t) ... als(t)) y
AR = ceverenrrnnas ,
aai(?) ... analt)

Bcerna npemonaraercs, YTO Ha PacCMATPUBACMOM KOHCYHOM MIH
GeckoHeyHoM HHTepBale a < ¢ < 8 dynkumu a;(2) u fi(t) venpe-
PHBHE, ai3(t) BEMIECTBEHHEL.

Taxk KaK B raape 3 HHOrAa GyAyT PACCMATPHBATEC KOMIVIEKCHBIE
pellieHHA, B YACTHOCTH, conepXalue GyHKuuK e**, 10 HeobXomMO
PACHIPOCTPAHMTH HEKOTOPEIS TEOPEMbI TIABLE 2 Ha AuHeHHEIE CHCTEMH
¢ KOMIVIEKCHEIMH pPeLiIeHHAMM.

Nlemma 1. Ecau mampuya A(t) sewecmeennas, mo

Q) BELECMEEHNHAR U MHUMARA YACMU NOBO20 KOMNABKCHO20 pewienus
cucmenst ' = A(t)x A8ASIOMCA SQUIECIBEHNINY DRUIEHUAMY
amod cucmemsi;

6) sewecmaenHOn U MHUMAR HOCMU pelieHun T = u-+3iv cucmems:
(2) ¢ 1(t) = g(t) + sh(t) (g u h seusecmseunsi) sansomCa
peuieHusMu cucmem

o = A@t)u +g(t), o' = A@)v+r{t); (3)

B) obpamuo, ecau 4 y v — peuienus cucmem (3), mo & = u-+iv —
pewerue cucmemtt (2) ¢ f(t) = g(t) + ih(t).

Hoxazamensemeo. Joxaxem 6). TTycrs dyHkuun u,v,9,h Be-
WECTBEHHEL M

(u +iv)' = A(t)(u + iv) + g(t) + ih(E).
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§ 9. (sodcmen nunelitibix cucmem

OTaens1s1 BELIECTBEHHYIO H MEMMYIO 4acTH, noayyaen (3).

Tipu g = h =0 us yreepxaeHud 6) ciexyer a).

YMHOXaa Ha § Bropoe ypaBHeHHe B (3) M cxnanuiBas
C NepBLIM, MOAYYAEM B). n

TeopeMa 1. flpu nofom Havanswom ycnosuu x(ly) = 2y cucmema
(2) umeem eduncmeennoe pewienue. Bce ee pewlenus NPOOOAKAIOMCA
na eecs unmepsan (e, f).

Hoxazamenscmeo. Ecnu zq v f(t) BemecTeHHN, TO 10 TEOpeMe 2
§ 5 sanaua

z' = Az + f(2), z(t) = 2o, )

MMeST SIHHCTBeHHOe peierre. Tak kak Gyukunn a(t) = ||A(E)
u b(t) = | £(t)} HenpepuisHbt U [A(t)z + F(E) < e(t)jz| +B(t), T0
no TeopeMe 5 § 6 kaxaoe BeILECTBEHHOE PeHICHHE CHCTeMbI {4)
npoaoxaeTca Ha uHTepsan {(a, 8).

Ecan xe 2y = uy + vy, f{I) = g(t) + ih(t), 10, no noxa-
3aHHOMY, cHeTeMu (3) ¢ u(ly) = 1o, v(ty) = vp HMEWT peleHus
Ha unTeppane (o, B). Torma z =u+év npu a <t < p —
pemenue 3anaun (4).

Ecnu ¢ = u* +iv* L. npyroe pewenue 21oit 3anaum, TO
u—u* u v—v' — pemecTBeHHHE pelieHM 3azaun 2’ = A(t)z,
z(%y) = 0. Ho z(¢) = 0 Toxe peuieHue, a APYTHX BEIECTBEHHHIX
‘pemeHuit Her no Teopeme 1 §9. 3HauMT B~ w* = v.—v* =0,
M pellleHHe & = ¢ + i eAHHCTBEHHO, ]

B mabe 3 cerna GyeM CYMTATH, UTO BCE PenleHNA NPOROIKEHB
Ha Bech MHTepBan a <t < 8.




Taasa 3. Nuneiinsie dugdeperyuansisie ypasHenus U cucmemt

@ ObmrBe caoilcTan /mmelusix ypamuenwii m cicrem, Cucrema (1)
nan (2) HaswiBaeTca AuHeHHON omHopomHoH, ecau Beg fi(f) = 0,
M nuHeliHo# HEOMHOPOAHON B MPOTHBHOM Clydae.

B cricreme (2) nepeHecem A(t)x BI€B0 U 3aNHIIEM ITY CHCTEMY
B Bune Lz = f. 3nech f 1 & -~ 3eMENTH MMHCHHOIO NPOCTPAHCTBA
HEMpepHBHEX (MM 2 — HENpepHBHO AWdxpepeHLMpyeMbX) n-

MEpHHIX BeKTOp-dyHxuni Ha uHTepsane a < £ < 8, L — nuHelnnil

onepaTop, TO €CTh TaKo#, 4TO
Lut+v)=Iu+lv, L(yu)=7Lu

s moGHIX % W ¥ H3 MMHEHOTO MPOCTPAHCTRA, HA KOTOPOM Ompe-
aeneH oneparop L, u moboro uucna 7.

W3 smux ceoficts crenyer, wto ecau 2!,...,7* — peme-
HHA JMHeiiHOTO omHopommoro ypasuenus Lz = O (pepxuuit un-
NeXC — HOMEp PECHNS), 71, ... , Te — dHcha, 10 2! + 2%, 2! — 22,
e + ... + 72* — TOXe peleHns Toro xe ypastesus. Crenoba-
TENBHO, MHOXECTBO PEllieHHH IKHEHHOIO ONHOPOMHOIO YPARHEHHS
(WA cHCTEMH) ecTh AMHEHHOE NPOCTPAHCTBO,

Ecan xe z!,...,2% — pemeHnst NMHEHMHX HEONHOPOIHBIX
ypapuennit Lef = 8 (i=1,...,&), 11,..., 7 — uncna, 10 2 =
ne' +... + e — pemenne ypasuenus Lae = 7 f1 + ...+ nft.
B uactHocTH, et Lu = 0, Lv = f, 10 L{u + v) = f; ecm

1

Iv' = f, Iv’ = f, 10 L(v' — v*) = 0. To ects cymma pemenuil

TyHeHHOINO OMHOPONHOIO M JIHHERHOND HEONHOPOAHON) YpaBHEHHH
(c Tem xe L) ecTh pelIeHHE TOTO Xe HEONHOPOXHOIO YPABHEHHS;
PA3HOCT ABYX penicHHHE MHHERHONO HEOMHOPOAHONO YPaBHERHS 6CTH
peticHHe AHHEKHOTO ONHOPOMHOr0 YPARHSHHMS,

JIunetinan 3amucemocTs BekTOp-dyHKIME., Bexrop-dyHKuuu

z'(t),..., 2*(t) HasMBAOTCA sunelino 3asucumbiMu HA WHTEpBANe
(w1 Ha MHOXecTBe) M, ecnM HANAYTCHd TAKHE TOCTOSHHHIE YH-
CA €1, ..., Cx, H3 KOTOPHIX XOTH O OZHO HE PABHO HYMIO, Y10 FpH
70




{

§ 9. Caolicmaa nunelnbix cucmem

I

scex t € M HMeeM
az'®)+... +az*(t) =0. (5)

Bekrop-pyYHKUNMH THHEHHO HE3aBRCHMEL HA M, eC/IK OHH M¢ ABRIN-
JOTCA MHEHHO 3aBMCHMBIMH Ha M, TO eCTb eciM paBeHCTBO (5)
(npm Bcex ¢ € M ONHOBPEMEHHO) BOSMOXHO IHIIb B CRydae
cl = LR = q = 0.

. ITorsgme MuHeiHOM 3aBuCHMOCTH BeKTOP-dyHKUMIL Ha AAHHOM

MHOXecTBe M, copepxauzeM Gonee ONHOMN TOYKH, OTAHYAETCS OT H3-
BECTHOrO H3 anrcOpel NOHATHA JHHCHHON 3aBHCHMOCTH BEKTOPOB.
Ecau Bextop-dyukumn 2'(t), ..., z*(t) nuneiino apucumsl na M,
TO NpH KakIoM ¢ € M 1xX SHaUYCHUS SBAAIOTCA THHEAHO 3aBHCHMEMH
BEKTOPAMH, 310 caeyeT M3 (5). OGpaTHOe HEBEpHO.,

-
i Npumep 1. Bextop-dywkumumn z' () = (i) nzi(t) = (:) E
| npn moGom £ ABAKIOTCA NMHEHHO 33aBUCHMBIMK BekTOpaMn |
: (npu moSom ¢t = &; umeen cz'(t)) + x?(t) = 0, ecnn :
: ¢ = t;, ¢ = —1). Ho Kak eexTop-dyHKumK, OHK Ha nioGom :
| uuTepeane (a, 8) nuueiiHo He3aBMCUMBI, TaK Kak NP nocmo- |
: RKHWX €], ¢y pasencTso ¢y + 1 4+ ¢t = 0 Ha scem untepeane :
i (a, 8) Bo3monHO Anwe NpH ¢) =& =0, |
L

JeTepmananr Bponcoro UMM eponcKlar AN n‘-uepnux BeK-
yaxumit €'(2), ..., z"(f) — 370 ZeTCpPMHEAHT R-TO TOpPANKa,
AGLBL KOTOPOND COCTOAT H3 KOOPIKMHAT 3THX BeKTop-dyHxKLIHi, TO

CTh
zi(t) ... =} ()

i (@) ... 25()

w{t) =
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Iagea 3. uneliupie duddepenyuansivie Ypagnenun u cucmemsr

ux sponckuan W(t) = 0.

Nemma 2. Ecnu sekmop-QyrKuyiiy a:', v v s E® NuMeiine 3aBUCUMBY, MO

Jonasamenscmso. B 3TOM cayyae CTOADUBL! JeTEPMHHAHTA NH-
HeltHO 3aBMCHMEL, 2 TOTHA, KaK HIBECTHO, OH pased Hynio. B

CnepcyBue. Ecnu sponckuan W(t) # 0, mo sexmop-gynyuu '
ve s T AUNENO HEIOBUCUMDI,

r

sexmop-QyHKYuY AunelHo 3asucumbs, v W(E) = 0.

JNlemma 3. Ecnu aéxmop-¢ym;uu 2',...,2" ssamomen peieniamy
cucmemst ' = A(t)z ¢ senpepwenoil nampuyeil A(t), u ux spon-
ckugs W pasen symio xoma Owt npu odwom 3navemuu t, mo amu

Hfoxazamenscmeo. Tlycte W) = 0. U3 anreGpsl H3PECTHO, YTO

TOTAA CTOAGI NETEpMUHAHTA, TO €CTh BEKTOpH z'(f)),.

z"(t|) maneitHO 3aBMCHMEL. 3HAYHT, CYUICCTBYIOT TAKHE YHCIA

€1, .+ 5 Cn, 13 KOTOPLIX XOTH ONHO HE PABHO HY/MIO, YTO
ax'(t) +... + ez’ (() = 0.

C 3tHMH ¢y, ... , Cy PACCMOTPHM BEKTOD-GYHKUHIO
z(t) = az'(t) + ... + ca2"(t).

OHa sEAsieTcs pelueHHeM cucremu ' = A(f)z. B lcmry

©)

™
(6)

2(t)) = 0, Oynkuua z(¢) = 0 ymosrersopsier TOH Xe cHcTeMme
H HaYaRBHOMY ycnosuio 2(t;) = 0, ITo Teopeme eTHHCTBEHHOCTH
uMeeM 2(¢) = z(t) = 0. Urak, dynxuus (7) scioay pasHa Hymo,

u pewenus z'(), ..., z"(f) nuHEHHO 3aBHCHMEL.
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§ 9. Ceolicmea nunelinbix cucmes

r——

Ilna BekTop-QyHKUMIA, HE ARIAIOMKXCA ' DSLICHUSAMM, YTBEP-~
sICHHE NeMMH 3 HesepHO, B 4acTHOCTH, AnA BeKTOp-QYHKLHH
npumepa 1 umeem W(t) = 0, a oHn AuHeRHO HE3ABUCHMEL,

i @ Jlanee pacCMATPHBAIOTCSA PELICHUST NHHEHHON CHCTEMBI
2’ = A(t)z, zeR"

Dyudamenmaneiioii cucmemoii pewenuii Ha3BACTCH MOGast CHCTe-
Ma 7 AHHEHHO HE3aBNCHMEIX PeLIeHHH,

MokaxeM, 4To GYHNAMEHTANTLHEE CHCTEMEL CYHIECTBYIOT, BO3k-
MeM fy € (@,f) 1 mobbie n AHHEHHO HE3ABUCHMMBIX BEKTOPOB

LW € R, Myers 2'(#),...,2"() — peieHus cucTeMul
2 = A(t)z c nauansusvu yonosuamu 2i(t) = ¥, j = 1,...,n,
BTH pelllcHHA THHEHHO HEaBUCHMEI, TaK Kak npu & = Iy uX 3Have-
HHA — NMHEHHO He3aBUCHMBIE BekTops b', ..., 0" M papencrso (5)
BO3MOXHO TONEKO MPH € = ... = ¢q =0,

OGwum pewenues CHCTEMBI madpepeHIMANBHBIX ypanl-le}mﬂ Ha-
IRBAIOT MHOXECTBO QVHKIHIE, cogepXaniee Bée pelueHra 3Tol cu-
CTeMBl # TONBKO KX (1K GOPMYITY, PEACTABNSIONLYIO ITO MHOXECTBO
NIPH BCEBOSMOXHBIX 3HAYEHHAX NPOHIBONBHBIX TIOCTOAHHHIX).

Teopema 2 (06 obutem pewenun). fyems <'(2), ... ,‘z"(t) — Ko-
Kue-HuGYOb 1 MuHETHO He3ABUCUMbIX petenull cucmemtt 2’ = A(t)e.
Obujee pewenue cucmeMsl ecmo

z(t) = a2 @) + ... + cuz”(t), ‘ (8)

20e Cp, ... ,Cy ~= NPOUIBOALHBIC NOCMORHNbIC.

JHoxasamensemso. B cuay cBOICTB IHHEHHNMX ypaBHeHKRA DyHK-
s (8) npu MOBHIX ¢4, .. . , & ABAAETCH pemieHneM. [Tokaxem,

——
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Inasa 3. Nlunelinsie Ougdepenyuansiie YPasHeHUR u cUCMeMs!

wT0 Moboe pemieHUe z(t) cucTeMH BHpaxaerca dopmynod (8).
BoarmeM &) € (a, f). Pemenun 2'(), ..., 2"(t) aunetino Hesa-
BHCHMH. M3 nemMul 3 cneayer, uTo ux spouckuan W(tp) # 0.
PacnicaB MOKOOpANHATHO paseNerso (8) npu £ = ¢, nonyuyaeM
CHCTEMY

2y (te) = 12} (ko) + ... + a2} (ho),

---------------------------------

za(to) = c1za(te) + ... + cazh(to).
H3 310it CHCTEMHE HEHM3BECTHHE Cf, ..., Cn ONPENSATIOTCH Of-
HO3HAYHO, TaK KaK ACTCPMHHAHT CHCTEME €CTh

det (2] (t"))i.j=l....,n = Wi(to) #0.

C 3THMH ¢y, ..., &y 1A peieHus 2(t) npu ¢ = &) cipaBeAAMBO
pabeHcTBO (8). O6e 4acTH 3TOro PaBESHCTBA — peleHns Haimelt
cHcTeMut, Tlo TeopeMe eAMHCTREHHOCTH OHH IODKHH COBIIANATD
npu seex ¢. Utak, moGoe peweHue npeacrasumo B sune (8), l

JokasaHHas TeopeMa 03HAYacT, YTO MHOXECTBO pelseHMit cu-
cremnt 2’ = A(t)z (z € R") ecTh n-MepHOE AMHELiHOE IPOCTPAKCTBO.
Ba3ucoM B 3TOM NPOCTPAHCTBE CAYKMT 06aA GHyHEAMSHTANBHANA CH-
cTema peuieHuit. PapeHcTBO (8) ects npegcrannenue nmoboro aneMeH-
Ta 3TON0 NPOCTPAHCTBA B Buje AHHEHHON KOMOHHALMM 3MEMCHTOB
Gasmca.

OynnamenTamsoll matpunell cucTeMH ' = A(H)z HajuBaercH
matpuua X(¢), cronbus Kotopoii COCTaBAAIT GYHAAMEHTANBHYIO
cHereMy pewieHuit. s neMmut 3 caenyer, uto det X(8) = W(t) # 0,
C nomoubio GyHnaMeHTanbHOM MaTpHuH X (&) obmee pemenne (8)
3anuceiBaercs B euge z(t) = X(¢)e, rae ¢ — Bekrop-cronbew ¢ npo-
H3BONBHKMH KOOPDIAHHATAMH ¢y, ... , ¢y (Tak KaK X(f)¢ — nuneiinas

mMGHHauMA cronGuoB matpuun X(2), panHaa npaso#t wactu (8)
¢ Ko3dHpHUNEHTAMH €|, ... ,Cp).
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§ 9. Ceolicmea nunelinsix cucmem

| fpumep 2. Haittu nuneiino wezaBuCMMbE peweHUA W QyHRa- |
| MeHTaNbHYID MaTPHLY Ana cuctemn ' =y, y' = 0. |

Pewenue npumepa. N3 BTOPOTD YPABHEHHA MMeeM Y == &; (npou3-
BOALHAA NOCTOAHHAR). MOACTaBAAR B NepBoe ypaBHeHWE, ROAYHAEM
z' = ¢, Ovcofa 2 = ¢t + €2, O0wee pewenne ects 2 = ¢yt + ¢,
y = ¢;. Monaras ¢; = 1, ¢ = 0, HaxopuM yacTHoe pewenne 2, = &,
th == 1, anonaras ¢; = @, c; = 1, HaxofuM apyroe pewexne x; = 1,
9 = (. Mx BpOHCKHaH
ry 2 I t 1
n » 1 0

M B CHAY CREACTBMA NEMMBl 2 3TH PEWEHHA AWHEAHO He3aBMCHMN.
No3toMy dynfaMenTanLHoi ABNAETCA MatpuLa

-G D))

OyunaMenTanbHad MaTpuua X (i) YIORICTBOPSET MATPHIHOMY
ypapHenmo X’ = A(t)X. B caMom nene, nycts &/ (t) — j-# cTonGen
Matpuun X (). Torma (&) u A2’ — J-e cron6ust Matpun X'
u A(})X. Di cronGIIH paBHBY, TAK Kak a7 (£) — PeilICHHE CHCTEMHI
z' = A(b)=.

W)= =-1#£0,

Teopema 3 {nepexon o1 OANOH HYHAAMEHTANLHOK MATPMILLI X ADY-
roit). flyems X (1) — gyndanenmonswan mampuya, C ~— neocoban
(det C # 0) nocmoannan mampuya n X n, Tozde Y (t) = X($)C —
dynoOamenmanbian Mampuya moii e cucmenmsl, o smoil Gopmy-
ne u3s Oannoil dyndamenmanswoll mampuys X () moxwo nosydums
noliyio Pyndamenmansiyio mampuiy Y (t), nodbupan mampuyy C.

—_
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Tnasa 3. Nuneilnpie Judpepenyuansisie yPaBHEHUR U CuCmeMbl

Joxazamenscmeo. Tyete ¢ u () — i-e cronbum matpun C
H Y(). 3 pasercrsa Y(t) = X(f)C u npasmna nepemso-
XCHWSL MATPHIL CICIYeT, 'O ¥it) = X (i =1,...,n).
3uaunt, y'(f) — pemenve Tolt xe cucremu o' = A(t)n: Ha-
ace, detY(t) = det X(t) - det C # 0, moaromy pewerins ' (¢)
(i=1,...,n) nuneitno HesaBHCHME U MaTpHlia Y (t) — dyi-
AAMEHTANIbHASA.

Nycrs X(f) n Y(f) — dyHnameHTanbHbEE MATPHUB CH-
cremu 2 = A(t)z. llonGepem Taxkylo Matpuuy C, WTOOH
Y(t) = X()C. IOnx ororo yMHOXHM 00e 4aCTH PaBEHCTBA Ha
X' (t) cnepa u nonoxum £ = to. Monyaum X~ (%)Y (k) = C.
Cronbus Matpuunt Z(2) = X(8)C = X)X tg)Y (L) —
meHusA TO# Xe cueTeMsl; Z(2) = Y (). ITo Teopeme enMHCTBEH-
ROCTH Xxaxasiit cronGent MaTpriet Z(t) copnagaer co cToNGUOM
matprunt Y (t). Taxum obpasom, Y () = 2(t) = X(t)C, rne
C = X~ (8o)Y (to), det C = det X~ (o) det Y {t,) # 0. n

Jlemma & (npasuno audphepenunpoBanna geTepMrsanTa). flycms
D — Oemepmunanm nopadxa n. To2da D' = Dy +... + Dy, 20e
D; noayvaemcs uz D aamenoll scex anemenmos i-ii cmpoxu na ux
npou3soonsie.

HBoxazamenscmso, TIo onpefesicHUIO ASTEPMHHAHTA

D= Z(d:)bl.ﬁbﬁz o+« bajys ©)

e b;; — aneMeHT i-H CTPOKU M §-1o cTOAGLIA AeTepMHEaHTa D,
cyMMa 6epercs mo BCeM n! NEPSCTAHOBKAM Ji,...,Jn YHCER
1,...,m; Gepercs 3HaK + (WK —), €CAM NEPECTAHOBKA YETHAA
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i § 9. Caoilicmea sunelinsix cucmem

b I

(neuertan). Tak KaK
(Oibs...bY =Biby... 0y + 5,85, by + ... +byby.. B,

T0 MPOM3BOAHAA KDKAOTO wicHa B (9) paBHA CyMMe 1 C/laTaeMBbtX,
B §-M claraeMoM TONbKo by; 3ameHserca Ha (by)'. Tax xax
bij; ~— dneMeHT i-it cTpokH B D, 10 cobupaa BMecTe i-¢
CraraeMee, MOAYYaeM NCTCPMHHAHT D; yKa3aHHOTO B jieMMe
puna. [Toaromy D = D +... 4+ Dy, s

Teopema 4 {dopmyna Awyenana u Ocrporpaackore). flycms W (i)
— BPONCKUGH 066X R pewenuil cucmemst

‘; =apt)ei+...+an(t)2s, i=1,...,n (10)

Tozda dns nobuix ty, t € (a, B)
¢ n
W(t) = W(t) exp { f s(r) df}, s(r)= z ;i (7). 1)
4 i=1

Joxazamenscmso. CronGunl merepmuHanta W(t) — pemeHus
cucremtd (10). Mo nemme 4 W'(t) = Dy +... + Dy, e D;
nonyqaercd 3 W 3aMeHOH BCeX 3MeMEHTOB z{ £-i c'rpdxu
Ha MX [IPOH3BOAHBIE (zf ). Tak Kak :l:{ — %-1 KOODOKHATA j-TO
pemenug cuctemut (10), To §-1 cTpoka B D; ecTs

Zn: GixTh o © i aaTs,

k=) k=1

4 OCTANIbHEIE CTPOKH OCTAIOTCK Te Xe, yT0o B W(t). Briunraem

M3 3TOH CTPOKH MEPBYIO, YMHOXEHHYIO HA @j;, BTOPYIO, YMHO-
XEHHYIO Ha @;, ¥ T. 1. o (f — 1)-i; panee (£ + 1)-10 cTpoky,
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frasa 3. Nluneiinste duddepenyuansisie ypasHenus u cucmemst

YMHOXEHHYIO Ha @411, +.., B~10, YMHOXEHHYIO Ha @y . OT 370~
7O BeNMYMHA AeTepMuHaHTa D; we Menserca. Toraa $-9 cTpoka
NPHHHMAET BuY

au) ... a;xl.
BriHOCA MHOXHKTENS a5, Kaxouuu, w10 D; = axW(t). Torna
-
W'(t) = ayW (1) + anW({t) + ... +anaW(t) = s()W(2),

s(t) 1o xe, aro B (11). U3 ypasuenua W'(t) = s(t)W(t) no-
nydaeM cheayoutee, yauTsias aemmy 3. Ecan W(t) = 0, 1o
W(t) = 0; ecin W(t) # 0, To W(t) # 0, W(t)/W(t) = s(t).
Hnurerpupyst obe vactu paseHcrsa or €y 50 & n ocBoboXAACH
or noraprdmon, Tionyyaem (11). [ ]

[5.]

Teopema 5. Obujee pewenue auneiinoidl neodnopodnoil cucmemst (2)
eCMe CYNMQ €€ YALIMHO20 pewienun U obwezo pewesus numednod
0dopoduod cucmemns ' = A(t)u, mo ecms

Zosur, Heam, = Luacis. neons. + Yol o (12)

Hoxasamenscmeo, Cymwma petteHnH HEONHOPOAHON H OAHOPOA-
HOH MHHEHHLIX CHCTEM eCTh pelicHHE HEONHOPOAHOH CHCTEMEL.
TosroMy dopmyna (12) npeacTamiseT mosvko pEIEHHs HEOA-
HoponHoli cHeTeMHM (2). ITokaxem, 4T 3Ta GropMyna COUEPXHT
éce pewenns, IIycTs v — moGoe peweHHe cucTeMsl (2), a w — |
ee yacTHOE pelueHHe, pxozsuee B dopmyny (12). Torma v — w
€CTh PellieHue OHOPOAHON CHCTeMEL, 3HAYUT ¥ — t COREPXNTCS

B Uosm, opn.e T11I0DTOMY ¥ CONCDKMICH B CYMME W -+ Yosm.om.»
croamel B mpasoit yactu (12). |
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§ 9. Caoiicmen aunelinuix cucmeM

MeToa BApRANAN DOCTOSEHBX TO3BONSET HANUTH pellieHWe JH-
HeiiHoll KeoaHopoaHolt cucteMul (2), ecii M3BeCTHO ofmee petue-
uue (8) numedHol omHoponHo# cuctemut 2’ = A(t)z. Jna aroro
B ¢opmyne (8) Hano 3aMEHHMTb MIOCTOSHHHE C),...,C, KA HEH3-
pecTHRE TIoKA GYHKUMH ¢ (2), ..., e(t), NOACTABUTS MONydEHHOS
puipaxere z = ei(B)z' + ... + c,(£)z” B cucremy (2) u Haittn
dyuxumn ¢(t), ... , cal(t).

JoKa3aTeALCTEO BOSMOXHOCTH OTHCKAHHSA 3THX dyHKuHit npo-
e NPOBECTH, 3anncaB obiice petleHne cuctemil ' = A(t)x 8 puge
z = X(t)e, rme X{!) — dyHaameHTanbHad MaTpMua 3ITOH CMCTe-
MH (ee CTOAGUN — JHHEHHO HE3ABMCHMBIE PELIEHHA — BEKTOPH
z',...,2"), 8 ¢ — BEKTOP-CTONGELl H3 NOCTOAHHEIX €y, . . . , Cp . 3AME-
HsieM ¢ Ha o(t) u noacrannsaeM = = X (¢)c(t) B cucremy (2). Monyuaem

X' (@)elt) + X (8)d (¢) = A@) X (t)elt) + £(2).
Tax kax X'(t) = A(f)X(t) (cm. n.3), To ocTaercd paBeHCTBO
X&) (t) = f(f). Ymuoxaa cnesa Ha oGpamiyo marpuuy X~ '(f)
(oHa cymecTsyer, Tak Kax det X (£) # 0), nonyuaem
t 1
dty=X'1¢t), )=+ / X"\(8)1(s) ds,
to
¢ — npou3soNEHLI NOCTORHHLIA BEXTOD. l'lonyqaen pemeHue

2(t) = X@)e(t) = X (B} + X (2) [ X (a)$(s) ds.

TIpu penieHHH KOHKPETHHIX CHCTEM, 'm)ﬁu usﬁexm JMIHHAX
BMKNAA0K (He BLIMHCHBATL WICHH, KOTOPHIE NODKHLE B3aHMHO YHU-
YTOXATLCA), MOXHO NPHMEHHTE CCAYIOUMHA NpHeM.

Pemenne ogHopoaHoit cuctemsl ects X ()¢ (X () — dynnamen-
TAIHAS MATPHLA, ¢ — TMOCTOAHHHIA BEKTOpP), 4 HEOTHOPORHON —
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fnaea 3. Nluwelinvie dudgeperyuansibie yposHeRUR u CUCMEMb!

X(t)e(t). Hanmo maittu X(t) u sarem xoopauHarst Bextopa ¢ (f)
onpenenuTs U3 cucteMs X ()¢ (t) = f(t).

Mpumep 3. Inaa obuiee pewenne

(:) =a (2‘0‘;‘:) +o (_‘;f::) (13)

1
I
|
I
:
OAHOPOANHONA CHCTeMu =’ =y, ¥ = —, walki obujee pewenne Il
cucreau:c'=y,y’=-a:+;‘%-;(0<t<w). "

a

Pewenue npumepa. 3amensem & (13) ¢f, ¢ Ha €], b 1 nomysensyo
CYNMY NPMPaBHHBAEM HEORHOPOAHON YaCTH CHCTEMM

(oot ) +4 (Some) = Cune)

Orciopa maxopum ¢ = 5%, & = -1. Creposatentwo, ¢, =
In sint + eyy, €3 = —¢ 4 ¢3;. MopcTasnaa 3t ¢;,¢; B (13), nony-
yaeM obuiee pewenne HEOAHOPOAHON CUCTEMN

2\ _ (sint-Insint—¢cost +e sint + cost \
v/ = \cost-Insint+tsint } 71 \ cost /) T\ —sint J

—

Hna numetinbx cucrem 2 = A(f)z (x € R™) nps pasnuunbx npea-
NONOXEHMAX O Marpuue A(f) HecnenoBanoch MOBeASHHE pemeHwii mpu
= 00. YCTAHABAHBANMCH NOCTATOUHBIE YCAOBHA NS OTPANHUCHHOCTH pe-
wenkit Ha wETepBase (), 00) ONA CTPEMACHHA K HYIIO BCEX DElIcHRt npH
t — co. B ciyuae, xorna A(f) = Ao +£714, +¢724; + ... nipu £ > ¢, u co6-
CTPEHHHIE 3HAUYCHHMA MATPHUM Ay MPOCTHE, JOKAHBANOCH CYUKCTROBAHHE
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§ 10. Nuneilnpie ypasnenun nobo2o nopadka

dyHaaMeHTATEHON CHCTEMBL, COCTOAIIEH H3 peweHnii BHIA
2O =M (o +tan + e +...), ae#0, e €R",

i=1,2,..., k=1,...,n[23], m.2, n.7-9,

lipu Sonee obwKX YCAOBHAX (OTPEHHYEHHOCTE H HEMpepuBHOCTh A(f))
HCCICIOBANHCEL CBOHCTEA XapaKTepHCTHYECKHX noxasareneil pewseHuit (tm-
CeJl, CPABHMEBAIOIINX CKOPOCTH DOCTA HAH YOLBaHMA pemieHnit npH £ —+ co
¢ dyuxuneit e*) [26].

K cReTEMAM TPUMENAIHCD METORH aHanKTwyeckofi reopun anddeper-
UKATbHBIX YPABHEHHH, KOTA HEIABMCHMOE NEpEMENHOE £ — KOMIIEKCHOE,
a SMeMEHTH ai;(t) Marpyua A(t) — aHanwrHdeckue GyHKuUMH. IO No-
IBOMIACT MIYYATH MOBEACHNHE pemeHnit BOAN3H TOUCK, B KOTOPHX QyHXUNN
a;;(t) mmelor ocobernocTy [30], rasw 4 u 5.

- - |

§ 10, Jluxeinbie ypaBHeHHA N06oro nopaaka

3
ﬁ_:l Ha untepbane a < ¢ < § paccMaTpuMBaeTCa ypaBHEeHMe

ao®y™ +ar (™ + ... + anltly = 1) (14)

Cunraem, uro nipu @ < t < 8 sce pyrxumm a;(f) (§=0,1,...,8) u
1(£) BenpepuBHL U ag(t) # 0.

Hirke DOKA3HBAETCH, VTO PEUICHHA 2TOr0 ypaBHeHHA obnana-
0T cpolicTBaMi, MOMOGHBIMH CBOMCTBAM pelleHMH JuHeHHBIX cH-
CTeM, PacCMOTPEHHHM B § 9. lns aroro ypasnenue (14) npupoaMTes
K CHCTEeMe HOPMANBHOIO BHfAa ¢ MOMOIBLIO 3aMeHH (25) § 5, T.e.
C MOMOLItbIO BBEACHNA HOBHIX HEM3BECTHRIX YHKUMI )

©m=y === y’! = y"s (15)
iy By = g™ D,z = g0,
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frasa 3. fluneiinsie dudepenyuanvisie ypasHenus U cucmems

Kax B § 5 nokasuipaetcs, uTo B cHiy 3aMeHH (15) u ypaBHeHust (14)
OYHKUME 2, ..., 2, VAORICTBOPHIOT CHCTEME YPaBHEHHI

4 t !
T =2, 32‘= By cery Ty = Tp,

¢ @n Gn-1 a ! (16)

Ty aoz, Zs—... a“z,, + - .

M 00paTHO, KAXKAOMY DELICHHIO Z),...,%Z, cHcTeMb (16) B cuay
saMeHE (15) cooTBeTCTBYET petieHne ypaBHeHns (14).
Tax kak cucrema {(16) nuuelina U GyHKUMK a;/ag W [/ay He-
nipepHBHH NpH a < £ < B, To cuctema (16) obnanaer CooOHCTBAMM,
paccMOTpeHHLIMH B § 9. B 4acTHOCTH, KaXuoe pellicHHe ypapHe-
Hug (14) Moxer GuTh MpogOIDKeHO Ha MuTepsan (a, B), M npH
mOGHX HAYANBHBIX YCNoBUX Wis & € (a, §)

sy =g, Yl)=s ..., ¥ =9 (17
ypasHeHue (14) Ha uuTepBane (a, §) UMEET SHMHCTBEHHOE DElIICHHE.
Hanee, ecau ¥y, ..., ¥ — pellicHHA AMHEHHOIO OMHOPOAHONO YpaB-
HEHMS, i, ..., Ta — YMCAR, TO T1¥) + ...+ TaPr — DELICHHUSA TOTO K€
ypasHeHust, Ecin © — pemreune ogHopoasoro ypasHeHmns Lu = 0,
v) M v3 — pellieHHq HEORHOPORHOIO ypasHeHUS Ly = f, To 49y —
pellieHHe TOTO e HEONHOPOMHONO YPABHEHHA, 4 v — 1y — pelle-
HHMe oHopoaHoro ypasHeHust Lu = 0. (Jleas yacth ypasHenus (14)
Kparko obosHauaerce Ly.)

PaccMOTpHM NHHEHHOE ONHOPOAHOE YPaBHEHHE

ao(t)y™ + sy + ...+ anltly =0 (18)
C HenpepsIBHEIMH Ko3ddbuuHeHTaME a;(2) U ay(t) # 0.

Nemma 5. fpu 3amene (15) nuseiino 30sucumbie peluewus ypas-
wenun (18) nepexodam e AuMeiiNO 3GBUCUMBIE PRUIGHUS CUCMEMbI,

u Haobopom.
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§ 10. Jluneiinsie ypaswenus mobo20 nopadka

JAoxazamensemeo. TIycTh pemieHMA ¥, ..., Yr, YpaBueHus (18)
NMHHeitHO 3aBMCHME, TO €CTh HAfiIyTCA TaKHe¢ NOCTOAHHBIC
€l .+« 5 Ck, H3 KOTOPHIX XOTh OXHO HE PABHO HYIMIO, YTO

ah+...+am =0 (19)
JduddbepeHMpYs 5170 paBeHCTBO » — | pa3, nonyyaeM
ayl +...+ap} =0,
............................ (20)

Ipy 3amene (15) pemenue y; YPaBHEHHUA NEPEXORHUT B pelle-

nue 2' cucremus; anecs ' = (af, . ,a:,,)" T.¢. &' — BeKTOp-

cTonGell ¢ XKOOPIHHATAMH z‘,, ,a:,, (g ynoGerna 3ammch

KOOPIMHATH! 3AMHCAHE B CTPOKY M TIOCTaBACH 3HAK TPAHCIIOHH-
. posanus T). )

Taxum o6paszoM, nocne 3ameHH (15) pasencrsa (19) u (20)

MOXHO 3AITHCATH B BIIE OZHOTO BEKTOPHOIO PaBEHCTRA

ax' +...+az" =0 (3¢ #£0). (21)
Crnenosatensto, pemenust z', ..., 2% cucrems munefino 3asu-
CHMHI.

/OGparao, nycTe pelIeHus zt,...,2* chcrembl anHeliHo
sapucumsl. Torma umeer mécro (21). Bepx OT KaXX10T0 BeKTOpa =
NEPBYI0 KOOPAKHATY Z§ M NEPEXOAA OT Hee K PEMICHUIO y; B
cuny (15), nonysaem (19). To ecTh pelteHud ¥y, . . . , ¥z TUHEHHO
33BHCHMEL [

A3 nemMu crenyer, uto AMHERHO He3aPHCHMBIE pPellleHMs ne-
peXonuT B AMHEHHO He3aBHCHMEIE.

[Zl Juneiinoe omuopomoe ypasHenne (18) npu 3ameHe (15) ne-
pexoquT B MnHelHylo oaHopontylo cuctemy (16) ¢ f = 0. Takaa

#,
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Inasa 3. Nunelnvie dugdeperyuansioie ypasHeHUs u cucmemsl

cucTeMa (cM. § 9, B YacTHOCTH, TeopeMy 2) HMeeT n iMHEHHO He3aBH-
CHMEX pellleHuit 2, ..., 2" u obues pemenne £ = ;2! +...+cp2".
CnenosarensHo, W ypapHeHue (18) MMeeT n AHHeHHO He3aBUCHMBIX
pelleHHH Yy, ... , Yo (TO ecTb dyndamenmansuyro cucmemy pemieHHI)
H CTipaBemMBa Cllenyioas reopema 0b obmeM peteHuH.

Teopema 6. flycms 41, .. . , Yn — KOKUE-AUDO NUHEIHO HEIQBUCUMBIC
petuerun ypaswenus (18), ¢,, ... , €, — NPOU3BOALHBIE NOCMORHHbIE.
To20o obwee peiienuie ypasHeHus ecms

y=ah+...+ uth- (22)

Caepctaue. /iobe m (20e m >.n) pewenuil ypaswenun (18)
Auneiino 3asucumsr. (Ecm 66l ), ... , Ym Obiny Gl AuHeRiHO He3aBu-
CHND, TO ¥1y..., Yo — TOWE. A TORAD Y41 BMPaNaNoch Gu uepes
Yis--- s Yn Gopmynoii (22). 310 NpoTHBOPEUUT NPEANOADIKEHHIO. )

Hemepmunanmon Bponcxozo (spouckuanom) pas n QyHKumni
Y1,..., Y KHacca C"' HaIMBaCTCH HETEPMHUHANT

i
W={ e | (@)
y(u-l) I’,('n-l)

Ecnu SyHKOHMHA #,...,Ys JUHEHHO 3aBHCHMMH, TO CTONGIE
JETEpMHHAHTA JMHEHHO 3aBHCHMBI, H OH TOXIECTBEHHO DaBCH
HyMo,
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§ 10. Jluneiinore ypagrenus ao6o20 nopada

Tpu 3ameHe (15) peTepMuHanT (23) NEPEXOANT B ACTCPMHKAHT

Bpouckoro aas n pekrop-dynkumii (§9). ITo nemme 5 sta 3aMeHa
cOXpaHAeT NuHeliHyI0 3aBHCUMOCTD (MM HE3aBHCHMOCTE) PelleHHIA,
TI02TOMY M3 CBOHCTB pemtennit cucreMit {nyHkTst 2—4 §9) creayior
monoGHEE CBOMCTBa pelleHMit ypasHeHns (18),

Ecau ajis petieHuH ¢y, ..., Yo ypaBHeHua (18) spoHckuan W

paBeH Hymo XoTd Obt NpH OXHOM 3HAYCHHH £, TO pEeHICHHA THHEHHO
3aBHCHMH M W(t) = 0.

3ameqanue. Ecnn e QYHKUNK 31, ... , Yo HE ABAAIOTCR PRLICHHAMMN
TaKOTO YPABHEHHA UAK MX YHCNO MEHbWwe NOPANKR YPaBHEHUN, TO U3
W (1) = 0 ne cnenyer AuHeliHan 3aBMCUMOCTD (YHKLNA,

e T e e e - -, —— = 1
Npumep 4. [ins bynkumi gy = ¢°, g = |£%] npn Beex ¢ umeem :
w on|_ |2 ¥
w(t) = = =40.
O={y wl=[a2 aue

Opxako ans awboro a > 0 wa uwteppane —2a < £ < 2a
3TH YHKUMA NWHERHO HEIABHCHMB, TAK Kak W3 PaBeHCTBa
c1t3+c2|t3| =0 npu i = a cnepyer c1+o; O,anput=—a
cnepyetr —cy + & = 0. Noaromy ¢; = ¢; = 0, n dynkuun

I
)
I
i
t
|
)
)
|
\
AMHEHHO He3aBHCHMH, I

F-——————————=-=

| Npumep 5. [lns pewenwii gy = £, yp = t* ypasnerua y™ =0 |
: BpoHcKuak W (t) = 2 pasen uyno npu £ = 0, Ho 3T peltenna :
| nneino wesasucumel (Tak kak W () 2 0 ua nioGom untepeane), )

3adavu Ann ynpamnenud:
[12], §12, N2 664-669.
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Troea 3. Nuwelnoie Sudpeperyuansusie ypasaenyn u cucmemsl

Oopuyaz Jinysauin u Ocrporpasckoro WA peilicHHi ypabHe-

nus (18):
[ aifr)
w{t) = W(Ito) expq — j ae_(‘l")- dr . (24)
. %

Joxasamenscmeo. Bporcxnan W () ans peweHuH ypaBHCHMA
(18) Tor xe, uro AnA pemenut cucremut (16) ¢ F(2) =0, a
cucTeMH cripapeanisa dopmyna (11). B cucreme (16) umeem
a; =0 i=1,...,n—1), 6oy = —e;/ay. TlozTOMYy B (11)
teneps 8(r) = —a(7)/ay(r), u u3 (11) caenyer (24). [

@ ITocTpoensie /muefiNOro OAHOPOANONG YPARHCHHS MO (IYHAAMER-
Tamnoft cucreme pewmesnit. [lycrs u,..., %, — dYHKUHH Xiacca
C", u ux sponckuaH W{t) # 0 npu a < t < 8. Torna TpeGyemoe
YDaBHEHHE MOXHO HANTHCATH B BHEE

% Upn ¥ y'

.l ............. : ....... =, (25)
S Sh o I

i e Un LY

1
Tokaxem 310, 3nech QYHKIMM %, . .. , thy H3BECTHH, § — HEU3-
pectHas pyHKuMA. Paznarag feTepMUHAHT N0 IeMEHTaM NOCASAHETO
cronba, nonydaem

ao®)y™ + ar®)y™ "V +... +an(ty =0

— nuHelHoe omHopomHoe ypasHeHMe, Kosdoduumuents a;(t) He-
NPEPHIBHE, TAK KaK BHPAXAWTICH Yepe3 HenpepuisHuie GYHKUMH
u}*) (G=1,...,n k=0,1,...,n); ag(t) = W) # 0 ua un-
tepBane (a, ). OYHKUHH #),..., %, ARIAOTCA PeHICHUAMH STOrO




§ 10. JAuneiinwe ypasuenun mobozo noprdKa

ypaBHEHHS, Tak Kak npH y(t) = u;(£) AeTepMUBAHT HMEET ABA ONM-
HAKOBHIX CTO/IGLIA, NIO3TOMY PABEH HYJIO.

3adayu dna ynpaxHenud:
[12], § 12, N2674-680; §22, N2 52,

Tousxenne NOPAAKA NMHEHHONO OAHOPORHONO YPaBHEHHA NpH
H3BECTHOM YACTHOM PEIICHHH.

IycTs xna ypaeHenud (18) uzpecTHO YacTHoe pemeHue ¥ (t) #0
{a@ <t < §). TlokaxeM, ¥TO TOIA YPABHEHKE MOXHO CBECTH K NW-
neiHoMy ypaBHeHHIO (n — 1)-ro nopaaxa, JIng 37010 cAeNaeM 3aMeHy
HeKOMON QyHKIH ¥ = ¥ 2. TIpOH3BOAHNE BRPAXAKTCS 110 GopMy-
ne Jle#iGuutia

¥ =2)® =Clpnz® +Clglz® V.. 4Gz, k=10

TloAcTaRAsieM 9TH BHIpaXeHHsa B ypapHenue (18). Tak kaKk z, 7',
.. » 2™ BONIYT TONBKO B NEpBOR CTEMEHK, TO NOAYIHTCA AHHEHKOe
ONHOPOIHOE YPABHEHHE OTHOCHTENABHO Z, $

bo(t)z™ + by ()20 + ... + B,(H)z = 0. (26)

Vpasuenne (18) uMeno uacrHoe pemieHne y = y;. Ilpu 3aMeHe
Y = ¢1Z OHO NepexoauT B HYHKUHIO 2z = 1, KoTOpas AOIDXHA OHTH
pelenueM ypasHeHus (26). CnegoatensHo, by, () = 0. A Torza HoBas
aameHa 2’ = v mpusomuT (26) K ypastienuio (n — 1)-ro nopsuxa

BEv® Y + by (#)v™? + ... + by (v = 0. (27)

Ecau y ypapHenud (18) Guinu M3BECTHH ABA MAH Gosice NHHEHHO
HE3ABMCHMBIX YACTHHIX PELCHHSA, TO M3 HHX C TTOMOIIBIO YKA3aHHEIX
BHIIE 33MEH MOXHO TIONYYHTb OfHO (WnH Gomee) YaCTHBIX pelle-
Huit ypaBHeHua (27), C MX NOMOUIBIO MOPANOK YPABHEHHA MOXHO
NIOHKXATS U AaNee,
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faasu 3. Nluneiinbie Ouibthepenyuansisie ypasHERUR U CUCMEMbE

JIunefinoe ypaBHeHKE 2-10 NOPSAIKA C HIBSCTHHM YACTHIM pe-
meHKeM y(l) # 0 MANOXEHHBIM BHIIE METOROM MIPHBORMTCH K YPas-
HeHuio by(t)v'+b (f)v = 0, xoropoe nerko pemaercs. Hpyroit cnocob
pemerns (¢ pasoSpasHEM NPUMEPOM) JIMHEHHOTO ypasHeHHs 2-T0
NOPAAKA MNP H3BECTHOM peteHnn ¢ (t) # 0 o [12], §12, n. 2,

3adauu Onn ynpaxsenul:
[12], § 12, Ne681-701, 704, 705; § 22, N* 55, 61, 62,

Jinneilinoe RCOAROPONROS YPABHCHNE T -T0 NOPANKA HCCICAYETCA
AHANOTUYHO MHHeiHON HEOAHOPONHOH cUcTeMeE,

L

Teopema 7. Ofuiee peuerue nunelino20 HeoOHOPOOHO20 ypasHenius
(14) ecms cynma e20 yacmuozo pewenus u obujezo pewenus Auned-
Ho20 0dnopodHozo ypaswenus (18), mo ecmo

. Yobuz, veomr. = Yuacri. weonn. + Yolur.om. (28)

Joxa3arenLcTBO [IPOBOANTCA MOAOGHO AOKA3ATENILCTBY TEOpe-
MH 5.

_____________________________ -
Mpumep 6 (ncnonb3oBaHwe CBOWCTB pewewni NKHeHNbIX |
yPaBHeHNMR). flant TP pewenua Yy = £+ 2, g = 1 — 1, |
Y= t2 + t auneitioro HEOAHOPOAHOFO YPABHEHUS 2-10 ROPAR- |
Kka. a) HalTh obuee pewenwe 31010 ypasHewus. 6) Hanucars :
3T0 YPABHEHKE, _:

Baatin i |

Petuenue npumepa. a) fina obuero peweHns HEOJHOPORHOO ypaBHe-
HUA MMeeM papeHcTBo (28). OGiee peiieHne OQHOPOAHOND YPaBHEHUA




[

§ 10. Jlunelinsie ypasrenun no6oz2o nopadxa

No TeopeMe 6 eCTb Upgpy ome. = C1Uy + C2%y, IlE U; K U7 — NHHER-
HO HE3ABMCHMME PEIICHNA OHOPOAHOTO ypaBHeHHa. B cwny obumx
CBOACTD NMHERHEX YPABHEHHH MONMHO BIATL 4 = —h =1+ 1,
WwM=%h-h= £2 =2, Pewenus u; W %y NMHEAHO HE3ABKCHMY, TaK
KaK MX BPOHCKWAH

t+1 £-2

W=| 1 2

|=£+u+2¢m
CrefjoBaTentho, Bosa, am. = €1 + €2t == &y(t + 1) + (82 ~ 2), a
Yosw weon, = £ + 2+ a1t + 1) + et - 2).

6) Onnopopnoe ypaBHewMe, Umeowee pewenns ©) = ¢+ 1,
4y = t? - 2, paerc dopuynoit (25), To ecty

t+1 £-2 «u
1 2t o
0 2 u"

Yrobul noAyunTL HEORHOPOAHOR YpaBHEHME C TOW e AeBOW YacTLIo
H YaCTHHIM peuleuen 3 = E-+2, nopctasum « = £+2 B neByI0 YacTh
ypassenna, Floayuns, 410 ona pasHa 2. JHauuT, MCKOMOE YpaBHEHHE
eeme (2 +24+2)y" - (2 +2)y +29=2. <

=0, (F+2+)u"-(2+2)u'+2u=0.

3adayu dna ynpamwenuil:
[12), § 22, N257-60.

Meron sapRanEy ROCTOAEHLIX TIO3BOJISET HAiiTH pellicHHe Au-

HeliHOrO HeomHOpOTHOrO ypapHeHus (14), ecam u3pecTHO oOfluee
peiesne

y=Cy +...+ (29)

omHopomHoro ypasHenus (18). 3meck ¥y, ..., 4, — AHHEliHO He3a-
BHCHMBIE pellteHMsi ypasHenus (18), ¢;,...,6; — NpPOH3BQIBHBIE
MOCTOAHHHE,

P
e

B

e —

i e

-~




Tnaean 3. fluneiinsie Suddepenyuanstibie YPaBHENURY CUCTQMb!

Pemenne HeonnopoaHoro ypaeHeHna (14) nomyuaerca us (29),
€ClIU 3AMEHHTR €, ..., ¢ Ha GYHKUMH OT £, KOTOpHE HARO HaitTh,
Tax xak ypassueHue (14) zamenoit (15) cpomurcs k cucreme (16),
TO MOXHO BOCHONB3OBATHCS PE3YALTATOM, MONYYCHHHM B § 9 min
CHCTEMH, T.€. MCKaTh fiponspomHuie ¢((t),..., 4 (¢) u3 muMeitnoi
anreGpanyeckoi CHCTEMBI

X@ ) =10 (30)
3necs X(t) — dyHnaMenTanbHas MaTpHua oxHoponHol (¢ f = 0)
cucremet (16). Mng € = 1,...,n §-# cro.nﬁeu matpuul X(£) B

cuny (15) cocrout u3 QyHxkumii y;, ¥, .. ,y, N (% om. B (29));
BEKTOPLI-CTONGIIL

ey = (®),-...4®), '@ = ( “(?)

Ha#na w3 cucreMu (30) dynxuun €(t), npommerpuponan H 3aTeM
noacrapuB () B (29), nonyanM pemeHue ypasHeHud (14),

e ittt 1
: fMpumep 7. Pewnts ypasHeune :
. @+ 1)y -2t + 2y = 6% +1)7, :
: 3nas obuee peuenue y = ¢ ¢ + (2 — 1) ognopoamoro ypas- :
L HEHMSR. -:

Pewenue npumepa. 3nech ¥, = &, Yo = £ — 1, noavomy y' =1,
9> = 2t. Nuwen cucremy (30)

(527 (D)= (e'on):

Orciona nonyyaem ¢ =6—642, h==6t. 3naunt, ¢ ()=6t~283 ¢y,
& (8) = 383 +¢y1; €1 H c31 — NPOU3BOABHBIE NOCTOANNME. Momyyaen
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§ 10. Jfluneldinsie ypasrenun mobozo nopadxa

HCKOMOE pelieHne
y=a@®)t+al)E -1)=
=(6t-28 + )t + G +en)t2 - 1) =
=t4+3£2-57611t+62|(t2— l). -«

3adayu Ons ynpoxHenuil:
[12), § 12, Ne 702, 703,

e

Jnnelinoe ypaBHEeHHE n-10 nopAaka 3amexott (15) ceoamres X cucTeme
ypasHeHHi, nosToMy MHOTHE cholicTea ypaBHeHHI CACAYIOT HI AHANOTUIHEIX
cpolicTd cHeTe, B gacrHocTw, ans ypasuesun (18) ¢ koadduunentams pHaa

ay(t) =ap+out™ +apt? +... i=1,...,n), a=1l,
YTBEPKIEHHME O NOBCISHHUH peweHHA npH ¢ — 00 CRCHYeT U3 AHANOTHYHOIO
YTBEDKICHUSA ISt CHCTEMEL, M. . 6 §9.

MeronaMn anannTHeeckofl TeopHH nHpdepeHUHANSHEX YpaBpHEHMH
Heenenorano ([30], ra 4, §8) nosenenmne npu ¢ — 0 peweHnlt ypaBHEHHA

Ca(t)y® + o, ()" + ... +au(tly = 0,

rae cbymdmu a;(t) ananwrHyeckue, ay(0) # 0.
Ina nuneltoro weonroponxoro ypastennsa (14) ¢ ag = 1 u3pecTHO
([9], ta. 5, §4, n. 5) npencTasneHHe YacTHOTO pemeHus dopaysoil Kows

t
v(t) = j Kt )f(s)ds, (plte) =¥'(t0) = ... = y*(ts) =0).
fo

Kak ¢ynkuna ot ¢, dyixupa Koun K (2, s) yaosnersopser ypasHenno (18)
C HAYANLHLIMK YCNOBHAMH NpH £ 3= 8

K=0, Ki=0, ..., kK;?=0, EZ"=1.

| Mpumep 8. Haititw vacroe pewenne ypasuennn 3" +y = (). ﬂI

e e e o e = - e —,—————— -J
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frasa 3. Nluneiinbie OudpeperiyuanbHbie ypasHeRus U cucmemol

Pewenue npunepa, CHavana Haipem dymiano Koww, Ypasrenuio g +-y = 0
w ycnosmam y(0) = 0, ¢/(0) = | yaoeneteopser dyniuma y = sint,
a yenoeusm y{s) = 0, (s) = | — «cpomnyvas» va & dwwiams, T.e.
y(t) = sin (¢ — s). Bepa K(t,s) = sin (¢ — s), nosysaen npeacraenexue
HCKOMOTO petierus Gopmuynofl Kouww

i _
9t)= [ sint— 8)f(s) ds. <
/

§ 11, JinHeHHbie ypaBHEHHA
€ NOCTOAHHLIMK K03 PuLKeHTaMU

JInKelinbie ypaPHEeHHS ¢ MOCTOAHHEMH KObHIMENTAMH — BAX-
HEH xnace auddepeHuMansHEX ypasHeHul. HIX pelieRHa Bepa-
HATCA yepe3 INeMeHTApHEES GYHKUMH WIH Yepe3 MeMEHTApHHE
dyHKIMY M HeonpeaeneHHbe HHTerpantl. K Takim ypasHeHHIM CBO-
IMTCA pSN 338249 H3 TeODeTHYSCKOH MEXaHHUKM M 2JIKTPOTEXHMKH,
cM. ApAMepH B KOHLE §11.

El Jinnefinoe oxpOpONNGE YpanHenNe ¢ BOCTOSHHLIME K03PPHMNEn-
TAMH UMeeT BUA

ay™ + g™V +... + ey =0, (@1)

Iae ag, ..., 8y — MOGHE yHcaa, byneM cunTats, uto ¢y # 0, Tak KaK
BCETAA MOXHO HAauaTh 3aNMCHIBATEL YPABHEHHE ¢ MEPBON0 OTIMUHOIND
OT Hynd Ko3ddULHMEHT], M YTO BCe @; BeRieCTBEHHH. Jlenyio uacTs
ypaBHeHnst 0603HAINM L(y).

HimeM pemenne ypaacuus (31) s paue y = . Moncrannas
B YpABHEHWe W COKpaluasi Ha e, TonyuaeM Xapaxmepucmuvecxoe
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§ 11, Nluneilnpie ypasHeHus ¢ NOCMORHHLIMY KOSPPUYLUEHMAamU

ypasnenue ,
@A+ X" 4. e, =0, (32)

kopode, M()\) = 0. Cnenosatensio, GyHKuMA y = e ynoaneTso-
pseT ‘ypaBHeHHi0 (31) Torza M TOABKO TOTAG, KOTAA A — KOpeHb
ypaBenna (32), U3 anreGpel H3BECTHO, YTO ypaBreHue (32) umeer
71 XOpHel, cpeAr KOTOPHIX MOTYT OHITH KpaTHLIE H KOMILIGKCHEIE,

Ec4 Bee KODHM Pa3THUNELE, TO €CTh POCTHIE, TO YpaBHeHNe (31)
umeeT n pemennit y; = e¥(j = 1,...,n). MokaxeM, 4To 3TH
peLIeHIs AMHEHHO He3aBUCHMEL. MIX BPOHCKHAH paBeH

ML et 1 U |
w=| Ae™ .. ™| Ok |A Ll A |
i%l_!l!elall‘- ------- IA-:ITQIQ;L.‘ i%.-.l.C.'.‘C.'t.#LCl

Iocemuuit merepMyMaHT B anredpe HA3HBACTCH HETEPMHUHAKTOM
BarznepMoraa. OH He paBeH HYAIO TOTHA H TOIBKO TOrma, KOrma Bce
YuCna A; padMYHEE, 3HAYHT, 6CTH BCE A DAsAMYHEE, TO pelue-
uus e*, ..., ™ ypasuenus (31) nuHeHHO He3aBHCHMH, M oBiuce
peineHHe MMeeT BIA

y=ce™ ...+ et (33)

(TeopeMH 2 H 6 06 O6mIeM PEIICHHM W UCTIONbIyeMad B AOKA3a-
TENLCTBAX TEOPeMa eJHHCTBEHHOCTH CNpAPSANTHEL! M INA AUHEHHEX
CHCTEM € KOMIUICKCHBIMH PeLICHHAMH B CHIY NeMMH 1 §9).

Ecu Bce KOPHM ); BentecTBeHHH, T0 dopmyna (33) ¢ npous-
BOJIBHBIMH BENICCTBEHHBIMHE ¢j JIACT BEINSCTREHHOE ObLIce pellIcHHE.

Nycts Teneps cperu KopHelt A; ecTh KoMrexcHuie. Toraa ans
KaXHoro KOMIUICKCHOTO KOpHA, HanpuMep, A = a+ 8%, 8 # 0,
HMCETCA CONPKCHHEN KOpeHb Ay = a — fi. HM COOTBETCTBYIOT
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Inasa 3. Nlunelinse Ougppepenyuancivie ypasHenus u cucmemst

KOMIUICKCHbIE PeLICHHA
9= o+t
ot

w=e" cosft, . u2=e“‘sinﬂt.
OYHKIMH %), 43 — DellleHnA, TaK Kak @) = (y + )/2, v =
(3 — 32)/(24). 3amennu B dyHnameHTANEHOU CHCTEME ), ..., Yo
Kaxayld NAPY KOMILIGKCHO CONPARKEHHHX DEIIeHWRt BMAR ¥, Y2

napoil BELICCTBEHKHRIX PEICHUIL BUAA ©;, %3, 2 AN BEIIECTBEHHEIX
pemenuit y; = e nonoxan o5 = Y.

=w+in, =" PPy iy, (34)

TToxaxeM, YTO IONYYEHHHE BEICCTBEHHEE PEDIEHHSA Uy, . . . , Uy
nunHeiiHO He3aBUCHMBL Ha JiioGoM uKTepsane (i), £;). Ipeanonoxum,
YTO [UISl HEKOTOPHIX (BSINECTBEHHBIX WIH KOMIVIEKCHHX) b),..., b,

HMeeM b + ...+ b8, = 0 npy £; < t < #;. Bripazus 3meCH
By,..., Uy YEPES Y1, ...,Yp NOAYUHMM diy) + ... + days = 0, T
dy = (b — i0)/2, &y = (b, + ib)/2 u ananoruuHo Ans Koadhduum-
eHTOM dyp_, dzp BCEX KOMIIIEKCHEIX NAP thy—|, P2p; AR BEIIECTBEH-
HHIX Yy HMEEM U, = Yy, dp = b, . Eciin xoTh 0fHO b; # 0, TO Halinerca
dy # 0, B QYHKIHH ¥y, ... .Y OYAYT MHHEHHO 32BHCHMMMH. DTO
NPOTHBOPEYHT NOKA3AHHOMY paHee. 3HAYMT, Bee by = (), U pelueHMs
%, ..., Uy JHHEHHO He3ABHCHMEL,

HTax, B chnydae NMpOCTHX KOpHeH A; CYIIECTBYET BemIECTBEH-
Hasd PyHAAMEHTANBHAS CHCTEMA pemieHHH, cocToaman K3 dhyHxumit
M pna xaxmoro memecTseHHOTO KopHA A; W GynKkumit e cos Bt
e"‘sinﬁt BNA KOKAOH MapH KOMMACKCHHIX KopHei#t A = a + fi,

B#0.

Pewenue npumepa. XapaKvepuCTHYECKoe YpaBHeHue A 43+

9A = 13 = 0 wnmeer kopuu Ay = | (oTbiCKMBaETCA NORGOPOM),
i

%




§ 11, Jlunelinste ypasHeHus ¢ NOCMOAKRLIMY Ko3(pdUUenmany

A3 = -2:|: 3i. Kopuio A; = 1 cooreercTByeT wacTHOe pewe-
hue g, = €', a nape KOMNAGKCHO CONPAMEHHBX KOpHeH Ag3 =

=2 = 34 COOTBETCTBYIOT [1B2 YACTHLIX PEWEHHR P = e *cos 3t
My = e % sin 3t. Monyvaem eewectsennoe ofuee pewexwe
y = ¢ et + cre ¥ cos 3t + e3¢~ % sin 3¢, -

@Cuyuﬁxpmmnm

BHACHHM, BO 4T0 oGpauniaeTca nesas yacts L{y) ypasHenus (31)
npy noacTasonxe y = £'e™, tne s > 0 nenoe.

Remma 6. Fcru X = 7y — ne wopews ypaswenus (32), mo nycms
k=0, aecru A=y — rxopens, mo k — e20 xpamaocms, Toxda
(30ecv L(y) — nesan yacms ypaswenus (31))

0, ecan s<k-1,

Lt'e™)={ (dot™ +dpt™ " +...+dm)e"
(rne dy#0, m=s-k), ecan s>k,

(35)

Hoxazamensemeo ([39]). OGosuavaa 8 p/8y* = ) nmeem ans
ueneix s 2 0

#e™)® = (MNP = () = ().

YMHOXas IeByI0 M NPaBylo YacTH HA a@p—p W CYMMMDYS 1O P OT
0 1o n, noayyaeM

ao(t‘e”f')f +.ootan(t’e™) = ((ao7” + .. +a,.)e'f')"’

TO €CTh

L(t'e™) = (M (7)37’),(;).




Trasa 3. Nunednsie duddepenyuansublie ypasHesus u cucmemsl

JudwxbepeRuUMpys nponsseacHKE 1o npasuny JMelibunna, Haxo-
IHAM

L'y =" ['M(7)+ Cit" 'M'(7) + ...
e +CIEME ) L MO )).  (36)

EcnH A = 4 — KOpeHb MHOIOWICHA M()? KpaTHocT® Kk, T0
M(y) = M'(y) =...= M®(y) = 0, M*(y) £ 0. Torna ana
Beex 8 < k — 1 cymma B (36) paeua wymo.

Ecnm ke A = He KopeHb MM KOPEHb KPATHOCTH k < 8,
10 M®)(¥) # 0 1 B cymme (36) Brrcmag crenens ¢ cozepxuUTeH
B unere CE**M*®(y). Dro maer B (35) crapmuuit wren dot™,
rmedp#0, m=s-k. [ |

Teopema 8. [ns komdo20 xopua A xpamuocmu k 2> 1 Mwo204nena
M(2) dynyuy

sensomes pewenunaMy ypaswenus (31). Hanucae manue dywruuu Ons
scex wopHell xapaxmepucmuuecko2o mnozounena M (M), nonysaem
dyndamenmansuyio cucmemy pewenuil ypasrenus (31).

M, e, ... 1M (37)

Hoxazamenscmeo. B cuny neMMe 6 Takue GWHKLMH ABASIOTCA
pelieHuAMH, JIIA KaXAOTO KOpHS MHOrouaeHa M(A) uucno
TAKHX pellieHult paBHO KPaTHOCTH KOPHA. TaK KaK cyMMa Kpar-
HOCTelt BeeX KOpHeil paBHa i, TO BCSTO HMEEM B DeticHH Buaa
t*eM. Tokaxem, 9T0 3TH » pelIcHH JIMHEHHO HE3aBHCHME
Ha moGoM uHTepBie a < Lt < B.

IIpeanonoxmmM npoTHBHOES. Toraa HallayTcA TAKHe YHCAA,
M3 KOTOPBIX XOTh OIHO HE PABHO HYAID, YTO YMHOXHB HAIIH
pellleHMss Ha 3TM YHMCHA, CNOXWB M BHHECS ONHHAKOBHIE e




§ 11. JSluneiinbie ypasHenun ¢ NOCMOARHLIMU KOI(PuULUeHMamy

3a CKOOKH, MOJYYUM
e ;e +. .+ pr(t)e™ =0 (fl <t<p), (38)

THe 9UCTA Ay, ..., Am BCE PAVIMMHEL, Pi,...,Pm — amredpa-
Hyeckue MHOroOwieHH. ITycre HyMepaluus TAaKoBa, YTO MHOTO-
YNeH P, COREPXUT HeHynepoll koadduimenT,

Yro6u ynpocTWTh papeHCTBo (38), Heamm ero Ha ettt
Honygqaem .

p1(8) + P2 M¥ 4 4 pu(t)eMP =g,

JAuddepeHunpyem ofe wacTM papeHcTRA 1o ¢ HA omuM pas
Gonbule, YeM cTeneMb mHorouneHa py(f). Hepswilt wieH cym-
MBI HCYE38ET, 4 B OCTANILHBIX MHOTOUIEHH 3AMEHSTCS APYTHMH
Tex Xe creneHelt. (B camom aene, nycts e # 0. Torna

d
at [(at* + 8"~  +...)e"] = (yat’ + sat’ ™' +y0t*' 4 .. )e™;

TOYKAMH 0GOSHAYECHBI WICHB! HM3IIHX cTenieHeit, Tak Kak BO BCeX
uneHax ¥ = Ai—A) # 0 (§ =2,..., m), 70 cTeneHb MEOIOWIECHA
COXDAHAETCA.)

TMonyqaerca papeHcTso, nogoGHoe (38), HO comepxaluee
HA OIMH WicH MeHblie. C HMM TMOCTYHAEM TaK Xe, Kak ¢ (38).
TIpomomkaeM Tak A0 Tex Mop, NOKAa He MOAYMHM PaBeHCTBO
C OHHM YNEHOM T (£)e*»*-1# = 0, MHorounen =, (t) Toi xe
CTENEHHU, TTO Ppy(2), 3HAUNT, OH COACPXKUT HEHYAEBOM Koaddn-
uneHT. Tloaromy r(t) 2 0 Ha uurepsane a < ¢ < §, U no-
ClieIHee PABEHCTBO HEBOIMOXHO. ChenoBaTelbHO, HAIEHHHE 1
pemicHu aHHeAHO HE3ABHCHME H 00pa3yiwT QYHIAMEHTANEHYIO
CHCTEMY. -
IMpu HamMYUH KOMIINEKCHOTO KOpHA Ay = a + i, § £ 0
ypapHeHue (32) ¢ BemeCTBEHHHMH KO(PHLUMEHTAMH HMEET
M COTPAXCHHRH KOpeHB A = & — B%; 3TH KODHH HMEIT OAHY
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fagea 3. Nuneiinvie dudppeperyuansisie ypasHeHus ¥ cucmemsl

H Ty Xe KPaTHOCTh k). Toraa, Kak B ¢/yuae NpOCTHIX KOpHe#,
KAXIHE ABA KOMIUIEKCHO COMPSKESHHBIX peluenus el®HF¥
theleP¥ (0 < 8 < ky — 1) MOXHO 3AMEHHTD BEIECTBCHHBIMH
pelIcHHAMMN

te®cospt, t'e®sinft, (0<s<k-1).

Bce Takoro poaa penicHHs BMECTE C peuteHuAMH suaa (37) ana

BCINCCTBCHHRIX KOpHel A 0BpasyloT dYHIAMCHTANLHYIO CHUC-
TEMY. [ ]

Pewsenue npumepa. XapaKTepucTHHECKO® ypasHeHwWe A2 -
4A—8 = 0. Ipynnkpya unens, noayyaen (A+2)(A2~4) = 0. Kophu:
Al = 42, Az 3 = =2, OyHAaMenTanbHan CHCTEMS Petliennii ) = e”,
¥ = "8, y3 = te~%. Obujee pewenme y = ¢;e?+{cr+est)e™ . «

Pewenue npumepa. Xapaktepuctmueckoe ypaewenme A& — 1623 4
64 =0, (A =82 =0, (A=-2*(2% + 27+ 4)* = 0. Kopuu
A2 =2, As4= =1+ V3, Asg = —1 — i+/3. Obujee pewenve

y = (&1 + ef)e® + (63 + eat)e ™ cos 1v/3 + (cs + egt)e~* sintv/3,

BLino G ownGKOH M3 ABYX NOCAGANMX YAICHOB BHINOCMTE 33 cxobKy
cymmy eupa (a + Bt). 3o mowHo Guno G penate, TOALKO echM
€3, Cq, C5, C5 NPONOPUMOHANDHB, HO 3TM NOCTOAHHME NPOM3BOALHD,
IHAYUT, MOTYT OLITH M HE NPONOPUHOHANLHLIMM, <
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§ 11. Nunelinsie ypasrenun ¢ NOCMOSHHbIMY KOIPPuULLIeHMaMY

3adavu dnn ynpaxnerul:
[12), § 11, Ne511-532.

@Mwmemmucmmﬂm-
eHTAME L

L) = aoy™ +aiy® V4 ... 4 any = £t) (39)

npu moGoit HenpeprsKo# GyHKIME f(2) MOXHO PelIKTH METONOM
papHauuy nocroaHHeX (§ 10), Tax Kak Ans MMHEAHOTO OTHOPOXHOIO
YPABHCHHA C TeMH Xe¢ KoxpdHuMeHTaMu obiice pelieHHe MOXHO
HAUTH M3INOXEHHHMM BHINE nmpHeMam#, OOHAKO NPH OTHICKAHKH
petlleHna ypasHeHus (39) Hano 6pars uurerpansl. B cayuanx, xorma
dynxuua f(1) supaxaercst yeped CyMMH M ITPOM3BENCHMA GyHK-
umit Buna ™, ¢®, cosbt, sinb (m > 0 uenoce) MoXxHO pemeHne
HaliTH 6e3 MHTErpHPOBAHHA ¢ NOMONIBIO HANATAEMOT0 HHXKE Menoda
HeonpedeseHHbx Kodpduntienmon,

Yuurripast, a10 pemeHue ypasHenus L(y) = f1 + f> paBHO cyM-
Me pemiennit ypassenu#t L(y) = fi u L(yy) = f» 4 9TO CHHYCH
H KOCHHYCH MOXHO 1o JopMyiiaM Ditnepa BHPa3sUTE Yepes noxasa-
TeILHREIE QYHKUMH, IOCTATOYHO PACCMOTPETSH Cayyait, Korua B (39)

JO =p®)e™, () =bot™ + bit™ " ...+ by,

m=0 uenoe. (40)

Teopema 9. B cayiae (40) umeemca yacmnoe pewenuie suda
y =t (got™ + t™ ' ... + gm)e™, (41)

20e k=0, ecnu ¥ — He HOPeHb XAPAKMEPULIUHECKD20 YPABHENUR
(32), u k pasmo xpamHocmu KOPHA Y, €CAU Y — KOPENb.

Joxazamenscmeo. Basp g, = gt™ *e™, umeenm no neMme 6

L(y) = (qodot™ +r(t))e™, dy #0.
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faasa 3. Nunelinvie duddepenyuansiuie YPABNRHUR U CUCMEMb!

Ecm m=0, 10 r(t) =0, a ecru m 2 1, 10 7({}) — MHOTOUACH
creneHy He Gombie m— 1. Yro6u monyuuts byt™ , BossMeM ¢y =
bod;". Torma B ciyuae m = 0 umeem pemenue g, = body ' te™.

Ilycte m 2 1. TIpeAnoqoxuM, Y10 TEOpeMa BEpHA, KOrma
B (40) cTeneHy MHOTOUNCHA HIXE ™, TO eCTh by = 0, M A0KANEM,
9TO OHA BepHA W NpH by # 0.

B nenoit uacru (39) nonaraeM y = y; + 2, ¥ TO Xe, YTO
puie. Momywaem

L(y) = L(w) + L(z) = (b0t + r(t))e" +'L(z).

Hazio, 9ToGH 310 paBHANOCH (40), TO ecTs (bt™ + py(t))e™, te
71(t) — MHOTOUNEH crenenn m — 1. CnenoBarensHo,

L(z) = (p:(t) ~ r(t))e™. | (42)
3aech p(t) — r(t) — MHOrOWNEH creneHn Kinke m. To npenmo-
NOXEHHIO MHAYKLIMK, YpaBHEHHe (42) HMeeT YacTHOe pelieHMe
Buga z = t¥g*(t)e”, ¢*(t) — mHoOrouneH crenenM Hike m.
Ioaromy, Kak 1 Tpebyercs,

y =yt + 2z =" (bdy"t" + ¢ (t)) €™, m

YTolH NPUMEHHTS 9TY TEOPEMY K KOHKPETHOMY YPABHEHMIO BH-
aa (39), (40) ¢ yrcaoBEMH KO3(DHULMEHTAMH, HAAO N0 BURY NPaBol
yacm f(t) B IAHHOM YpaBHCHHH ONpPEENHTS YNCHa Y, k, m B (41).
Yrobur HalTH KOIDDULUMEHTH o, Gi, - - - 5 m, HANO NOACTABMTH Bhi-
paxeHue (41) B RaHHOS ypaBHEHNE M NMPHPABHATH KO3(bUIMEHTH
npH NogoGHBIX YneHax B JieBoil ¥ mpasoit yacTax ypasHeHHA, [lony-
vaercq cucreMa anreGpandeckux ypasHeHu#H, 13 Hee onpenensiores
KOIPPULUMEHTHE. gg, §15 - « s Gm-

r
: NMpumep 12, Pewntsb ypastenue !
" v 2 -4y -8y =¥+t i




§ 11. Jflunelinvte ypasnenus ¢ NOCMOAHNbINU ROQQUGUEHmMaMY

Pewenue npumepa. Jlepas yacrs YPanHeHNS Ta Xe, YTO B npuMepe 10,
KopHu xapaxrepucTiuecxoro ypasenua Ay = 2, Ay 3 = —2. OGujee
peleHie OHOPOAHOTO YPaBHEHHR g = ¢ e” + (¢ + cat)e %,

DA kamporo yneHa NPasoil YACTH AAHHOTD YPABHEHUS Onpepe-
AfeM uKeno 7. fina e % uneen 7= =2, 2am te! umeen v = 1.
Tak #am 3TM YWCAA PA3AMYHY, TO HARO MCKATL OTIEALHO 4aCTHBIE
pelleHus ypaBHeHUH

VT2 -4 —sy=eH, (a)
V" +2" - 4y -8y =té'. (6)

Ons ypasuenus (2) umeem ¥ = -2, k =2, m = 0. Cornacuo (41)
nnwen g, = £2 - ae~*. Nogcrasnas y, B (a), nonyvaen ~8ae ™ =
e~ 3naunr, ~8a =1, a = ~1/8. ,

Iina ypaeuennn (G) umeen ¥ = 1, k = 0, m = 1. Comacuo {41)
¥, = (bt+c)e’. Noacrasnan y, s (6), nonyuaen ef(—9bt+3b—9¢) =
tef, Npupaskneas xo3hOUUMEHTH NPH NOROGHLIX YAeHAX B NeBON
M Npasoii 4acTAx paeewcrea, nonyvaem —9b =1, 3b—-9¢ = 0.
Orcioaa Haxopum b= —1/9, ¢ = -1/27.

O6wee peweHne KCXOAHOTO YPABHEHHA €CTL

Yy=%htn+tn=
- 1, _ 1 1
=clez'+(c2+c3t)e 2_ Et’e % (-9-t+ -ﬁ-) ¢, <

amevanue. Ecnn & ypasuenun (39) ko3apduumeHTH BEUWECTBEHHH
"

J@) = e™(P(t)cospt + Q) sinpt), .  (43)

me P(t) w Q(t) — sewecTeennbie MHOrOUAGHN CTRNEHEH m, ¥ m,,
TO CYWRCTBYET BEWECTEEHHOR YACTHOR peweHHe Bhja

y = t*e™ (R(t) cos Bt + S(¢) sin ft), (44)
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frasa 3. Jluneiinsie Ougppepenyuansruie YPGOHEHUR U CuCmemsl

e ukCho k ecTb KPaTHOCTL KOpHR A = a + B¢ ypashenus (32),
k = 0, ecn o+ Bi ne wopens; R(¢) u S(t) — mHorounenr crenenm
m = max{m,, m,}.

Hoxazemenscmeo. Tax xak

B, o~im e _ it
L

108 {(43) f=f+ [, e f, u f, — dyuxuun suna (40) ¢
Y = a+ pi ¥ v = a — §i cootsercTBeHHO. PemeHue ypasHeHHs
L(y) = f; + J, pasHo g, +9,, e L{y) = f,, L{y) = £,.
CylIeCTBYIOT YacTHHE PEWeHHA g, W Y, Bama (41) ¢ onHuM
B TeM xe k (KopHH a:l:pz HMEIOT OJHY H TY X& KPRTHOCTD).
Mepexons or ') oo cos it u e™ sin B¢, nomyuaen (44). W

Ha npakTHKe nns OTHICKAHMA pemeHAA (44) MOXHO NONE30-
BaTECH MOGHIM H3 ABYX CIOCOBOBR.

1. Hannucas B (44) MHorownenn R(t) u S(2) ¢ SykpeHHHMH Ko-
s¢pdHIHEeHTAMH, TORCTABUTL 3TC BHpaxcHHe B AuddepeHinansHoe
ypasHeHuue, I[Ipupapusas ko3dduLUMeHTH NPH NOROGHEIX UNeHax cae-
BA M CHipapa, MOXHO HallTH 9TH Koa(pHUMeHTH B3 ncnonmonanm
KOMIUIEKCHHX YHCeN.

Hanpumep, ana ypasuenns ¢ +y = 2cosé —~ 8¢siné umeenm
T=14=A, k=1, m = 1, no3TOMy 9aCTHOE DCIUCHHE MOXKHO
UCKATH B BHIE § = t[(at+b) cost + (d +d)sint].

2, B aroM criocole HEHIBECTHRIX KOMDDHIUHMEHTOB BBOE MEHB-
e, HO ORH KOMILIEKCHEE, Tak Kak

cos ft = Ree’™, sin ft = Ime™ = — Re (i),
T0 B (43) '
1ty =Reglt), 9(®) = (P() - iQ))e*+?™,
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§ 11. Jluneilnpie ypassenus ¢ NOCIMORKNuINU KONPPULUeHmamY

Hwem pemenue z ypasHenns L(z) = g{t) v pune (41), rae 4y =
a + Bi. g 37010 NOACTaBNgEM TaKoe 2 B ypaBHCHHE M HAaXOMHM
KOMIUICKCHEIC KOIDODHUMCHTSL ¢y, Gy, .+« « » €,y - TTONYHREM

2= NG’ N =gt +¢t™ ' +... + ¢,

Tax xax nuHeilHoe YpaBHEHHMe n-TO NOPAAKA CBOMWTCA X JHHeH-
HOM cucTeMe, TO B City NeMuul | § 9 mannoe ypaeHenue L{y)=Ff
¢ dyukumeht f(t) = Reg(t) umeer yacrHoe pewmeHue y = Re z. Kou-
TUIEKGHEIE YHCNA Gy, - .. , Gy, YXKE HANIEHH, A ¥ = e (cog Bt +
i sin i), noaroMy HaliTu Re z Tenepsb HeTpyaIHoO.

i NMpumep 13. Pewute ypasueHHe H
| ‘ |
) ¥" +y =2cost —8tsint. (45) 1

Pewenue npuMepq. XapaKTepuCTHYeCKOe ypaBHeHWe A241 =0 ume-
et kopur A, =i, A, = —4. O6wee pewenne OAHOPOAHOO ypaBHe-
HHA Yy = €, COs L+ ¢, sint.

Ana KaXporo charaeMoro Npasoid vactu e (45) onpenensem
wena a=0, =1, 7v=a+ pi=1. Ana oboux cnaraempix
OHW ORMHAKOBLI, NOITOMY HAAO MCKaTh 4YACTHOR peleHME Cpasy
ANA A3HHOMO ypaBHeWMs, He pa3buBas ero npaByw vacTe. Tak Kax
2cost — 8¢sint = Re (2 + 8it)e®, 10 puecto (45) nuwen

y=Rez, 2"+ z=(2+S8it)e", (46)

4UCAO 7 == § PABHO KODHIO A, KpatHocTH Kk = 1, CTenens wHorounena
24 8it ectb m = 1. Mo teopeme 9 uuwem pewenue B BUpe
z = t(at + b)e®. Nopcraensa 370 z & ypasHenme (46), nonyuaem
[2a-+i(4at+2b))e™ = (2+8it)e™. 3naumr, 4ai = 8%, 2a+2bi = 2.
Orcopa a =2, b= £ w2 = (2 +ét)e’, Yactoe pewenne
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faasa 3. Nuneiinsie duddepenyuanshsie ypasHenus u cucmems!

= Rez =2t cost — ¢ sin £. O6uee pewenme ypaeHerua (45)
Y=Y+ =c cost+csint+ 2 cost —Esint. <

Jadavu Ins ynpamuenuil:
[12], § 11, N2533-574, 607-608; § 23, Ne 68-73, 78-85, 87-90,

Omnsecxkne RpANEPS

! fipumep 14. Ypaexenne ynpyrux koneGannh (6e3 conpotvane- :
| Kua) nop AeHCTSMEM CHHYCOMAANLHOW BHEWHeH cunu umeetr |

" 2" +a’z =bsinwt (e, b0 > 0). (47)

Peittenue npumepa. XapakTepucTHYeCKOe ypaBHeHWe Nial=0
MMEET KOPHA A, , = =ai. O6uee peweHne OAHOPOAHOIO YPaBHEHHA
T, = ¢, c0s at-+c, sin at — 370 KONeGanus NPy OTCYTCTBAN BHEWHETH
CMNLI, ONKM HA3WBAITCA COBCMaeHHbIMU KoneBaNuAMY.

Bnn dynxuwn sinwi umeem 7 = wi. B cnyvae w # @ ypaene-
nie (47) mmeer 4acTHO® pewenue BUAa 2, = ccoswi + dsinwi.
Noacraensa 310 & (47), noayyaem

(6? - w?)ccoswt + (a? - w?)d sinwt = bsinwt.

Tak kak |w| # |a|, 0 ¢ = 0, d = b/(a® — w?). Obmee pewenne
ypasHeHua (47)

b
= = ¢ in al wi,
T =2y +2) =g oosal+esinat + _wzsin
Coyyall @ = a, XOTNA YacToTa BHeWHeH CUAM COBNARAET ¢ ua-
CTOTOR cOOCTSEHHBbIX KOneOaumitl, HA3LIBAGTCA pesoNaHCHbM, B 3TOM

caydae cOmacHO (44) HAAO MCKATL 4aCTHOE pelleHWe 8 BUfe
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§ 11, Sluneilnie ypasnenus ¢ NOCMORHHMMY KOIPPULUCHMany

z, = dccoswt + dsinwit). Nopcvasnas 310 B ypasneHwe (47)
W YWMTBIBAR, YTO W = a, NOAYYaeM

‘ b
2wdcoswt~wesinwt) = bsinwt; orcopa d=0, c= ~5"
OGuwee pewewne

bt
z=zo+z,=c,oosad+czsinwt-—zcoswt

npepcrasaaer coSol HONeGaHMA € HEOTPAHUYEHHO BO3pacTalow|edH
aMNARTYRON.

B peanbHbix PHIMYECKUX CHCTEMAX KOARGAHMA HMKOTAA He MO-
IYT PacTh HEOFPawM4YEHHO, Tak Kak xonebauma Gonsworo paimaxa
MK CREPXMBAIOTCA CONPOTHBREHUEM, WIW NPHBOAAT K PA3PYIICHHID
cHCTeMH., . |

O6o6nias 2TOT NPUMEP, B MATEMATHKE HAZLIBAIOT PEIOHAHCHBM
moboli cnyyall, Korna onpeRensfeMoe no NMpaBoil YacTH YpaBHCHMA
YHCNIO ¥ COBNAAACT C KOPHEM A XAPAKTEPUCTHYECKOTO YPABHEHMSA,
HE3aBUCHMO OT TOTO, HMEET JIH NpaBad YacTh

— 1
YpaBHeHHY KoneHaTensHu Xapakrep, l'“ﬁ"' _L
L C
~ ]

TIpy HaNHYMH COMPOTHRACHHA, IPONOP-
LHOHANLHOTO CKOPOCTH, YPABHEHHE YIIPYTHX

KoneGaHuiH MMeeT BHI, OTIHYAIOIHACA MHIlb

. E=Vsinuwt
0603HAYEHHAMH OT YPaBHEHHA, PACCMOTPEH- Prc. 10
HOTO B CNCOYIOLIEM TIPHMEDE.
_____________________________ -
I Npumep 15, Myctb 8 anextpuvecwoir uenw (puc. 10} nocaego- |
: BATEALHO BRAOYEHH KaTyuka camoMnaykumu L, Konpencarop :
1 emxocru C, conpotusnenne R W UCTOYHWK NePeMeHHOro ToKa |
! ¢ anpaxenwen Vsinwt; L, C, R, V, w > 0. Haiitn cuny :
| TOKA B UeNKW NPH YCTAHOBHBLIEMCA PRXHME, 0
J
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froea 3. flunelinvie duddepeniyuanchvie YPaBHEHUR U CLUCMEMS!

Petenue npumepa. Ypasueuwa pas cwib Toka J{t) w 3apapga kow-
Aencatopa g(t):

dI L dg _
LE+RI+-6—Vsmwt, dt_I’
(0 nonyuenun 3Tux ypaBHeHWA M NpUMEHAEMMX PMIHUECKHX 3aKo-
Hax cM. [12]," § 11, n. 5 wnn [7), § 13). Anddepenunpyn nepboe

ypanenswe, noayMaem

LI"+RI'+-é,—I=onoswt. (48)

Xapakrepuctuueckoe ypastenne LA2 + RA+ 1/C = 0 uneer
WIH KOMNAEKCHHE CONPRXEHHLIE KOPHW A, Ay € BeUIECTBEHHOR
vacteio —R/{2L) < 0, unn peulecTeenHbe OTPHMUATEALHBIE KODHM,
TaK XaKk A, - A, = 1/CL, A, + Ay = =R/L < 0. llo310My pewenne
opwoponsoro ypasuenna I(t) = c,e™* + c,e** crpemmtcs k nymo
npu ¢ — 00, ,

Yro6i HaiTh wacTHoe pewenne T, (2) ypaBuenna (48), sametun,
w0 coswt = Re ™!, nosromy I, = Re z, me L2" +R%' +2/C=
wVe™, Buno nokasawo, yto Re)uu<0. flostomy 7 = #w #
Ajy W YACTHOR peweHHe Muien B eupe z = Ae™*, Nopcraenas
& YP2BHEHNe nonyvaeM

A(-w’L+a‘wR+-1-)e‘“=wVe‘"‘, A=—,—V—-,-.
c w—LﬁH'SR
Monaran A = |A|e', nonyuaen

z=4|“ I (#) = Rez=|4|cos (wt + p).

O6utee pewenne ypaeHenun (48) ectv I(2) = L) + I, (). Tax
xax Iy(2) — O npu £ — 00, TO NPU NOGMX HAYANBHLIX YCAOBMAX
uepes Hexoropoe spenus J)(2) Gyner 6ausko Hymo u I(£) Gynet ovenb
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§ 11. Nuneilnsie ypasnenus ¢ NOCMOARKbING KOpPUYUeNmamu

MaNo OTAHYATLCA OT NepHOpUHECKoro pewenna T, (2), ne 3asncawero
OF HavanbHux YCroBHA. TaKoe peweHue HalLBaeTeR YCmawosus-
WeMCR PeUMNON, 3 NPOLECC OT HAUANLHOTO MOMEHTA 0 MOMeHTa,
Korpa caaraemtim I () momno Gyaer npeneGpeys — nepexoauuu

NPOYECCON.

«

B 3neKTpoTeXHNKe BAXHO 3HaTh HanGombiiee 3xavenme I, (t),
BOCTHTacMOe Ha KaxnoM fieprozne. OHO pasno |A|,

4| =

| 4

R+ (Lo- )
Ipaduxu |A| B 3aBHCHMOCTH OT & NpH passbx R H300paxeHH -

Ha puc. 1. Juuus 1 — opu R = 0, nuHus 2 — npu Manex R,
Audua 3 — npu Gombuux R. MakcumyMm |A| mocturaercs npu

Lw = g, TO ecTs IpH @ = )y, Wy = ¢/ 7.

PaccMartpusaemast anexTpu-
YyeCckaf LUenb B cAy4Yae Mano-
1o R Xopouo nponycKkaeT TONb~
KO TOK OnpeneicHHON vacToThi
wWg W GIM3IKMX K HedA vacToT.
HonobHoe yerpoficTBo mpume-
HSIETCA B pazonpueMHuKax (Ha-
cTpolixa NpHEMHHKA Ha Onipene-
JICHHYIO 4aCTOTY € TOMOLIBK) W3-
MeHecHuUs napaMeTpos L, C, R).

YT1ounenune, Ina dynkuun
I,(t) = 14] cos (wt + p) mepuon
pasen 2x/w, a yacrora B o6by-

IAI“

£y

Puc. 11

HOM CMHCHE, T.€. YKCRO KoneGaHHl B eAMHMIY BpeMeéHH, PaBHAa
/2% ; YMCAO W Ha3HBAETCA Kpyrosolt yacrorolt.
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Tnasa 3. fluneilrbie dugpdepenyuansrsie ypasnenus u cucmemst

[ & ==
@ Ypasucune Diinepa
a2y + a2y 4 daeyzy +aay = f(7)
(a; — nocromnnsie)

(49)

CROIMTCA K AKHeHHOMY ypaBHEHHI0 ¢ MOCTOAHHMMMU xo3dduieHTAMU
3aMeHON HE3ABNCHMOTO TiepeMenHoro ¢ = ¢’ npu 2 > 0 (wm z = —e' npu
z < 0). DoxakeM 310. HMeeMm npu 2 > 0

R R TR B L
o HHAYKUNH AOKAKEM, TO

¥ =eLG), L) = buy® + 0y ot bpl (50)

tae Bee by — nocrosHHbe yucna. Ilpeanonoxum, wro (50) eepHo amn
HexoToporo k. O6a3nauan e * L(y) uepea B, umeem

Bj _ e™*(L(y))i = ke L(y)
(1) === =
y’ - B; - s_: > e‘

e-(i‘l-lk L](y),

e L)(y) — cymMMa NpoH3BOIHLIX y?”'", y}",... »¥i € HOCTOSHHEMH KO~
adprunerramu. Mo urayxwin Gopuyna (30) aoxazana. Moscrarasa (50)
ana k=1,2,...,n B (49), nonywacMm AHNCIHHOS YPABHEHHE C IOCTOANHEMU
xoxdprumeHTaMB.

Jna 3TOr0 YpabHEHHR XADAKTCDHCTHIECKOS YPABHCHHE MOXHO Ha-
nMcaTh, He MEPECUMTHBA NPOHIBONHEIS, XADAKTEPHCTHYECKOE YDABHEHMUE
UTH AMNEHHOIO YPABHEHMA ¢ MOCTOANHEIMH X0 dHUHCHTAMH ROAYIASTCH,
€CH TIOACTABHTDL ¥ = e B nienyi0 TACTH YPABHEHKA K COKDATHTD Ha ot
usioxkrens eV, cm. (31), (32). ¥ nac ¢t = 2, ¥ = 2*, nosromy mazmo
NOACTABHTE ¥ = 2 B Aesyio uacTh (49) u cokpatute Ha z*. TTonyusercs
XApAKTEPHCTHYECKOS YPABREHHE

aA(A=1)...A=n+)+adA-1)...(A-n+2)+...+ap 1A +a, =0.

Takum o6pasom, B (49) xuxxoe npomaseacHne x*y™ samenserca na npous-
penieHue k yormawomux Ha 1 uncem: A(A~1)...(A - k+1).
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§ 12. Jluneilnoie ypasens smopozo nopsoxa

TMpuMep peresind YpagHeHHA DAAepa ¢ NOAPOGHHMM NOACHEHMAMMK
e [12), §11, n.4.

adauu oA yrpamrenuis:
[12), § 11, N¢589-598, 606, 609, 610,

Jns aunefinEX YPABHCEHN C NOCTORHHEMY KOIDDHIMENTAMH RCTANL-
HO HCCHENOBANOCH NOBEACHAE PEIeHKH B CAYSanX, HHTEPECHBIX AN FPHAO~-
xenu#t, nanpumep, B [4], .2, §10; [9], .6, §1, n.2, npumepnt 2, 9, 10,
PaspafaTHBRIYCD PAMINYHEE MCTOAR PelllieHHS MTMHeRHLIX ypasHeHIH
¢ TIOCTOAHHEIMY KoabruHenTamn, O6 oTrckanuH pemichnfi ¢ noMombio
panos Pypse om. [9), m. 6, §1, n.3; [5], §18, n. 3°. Onepaunonnsiti
MeToN, OCHOBAHHOY HA npeoGpazosanun Jlanaaca, NOIBONAET HAXOKMTL
pellieHte, YAORNCTBOPAIOWEE JATAHHHIM HATANBHEM YCNOBHAM, HE HAXOAN
obuero peureHnA. JocTynuoe HANOXKEHME ITOTO METONA M NMPHMEPH €TI0
npHMeHeHNA cM. B [5), § 24, ¢, 205-211,
- ]

§ 12. NuneiiHbie YPaBHEHNA BTOPOro NOPAAKa

e
Jinseiitoe OAHOPOXHOE YPABHEHNE BTOPOIO HOPARKA HMECT BHA

2y + 21} + p2(t)y = 0. (51)
Y MHorux TakWx ypaBuenuil (mampumep, y ypassenws y” + 'y = 0,
a = const > () pewleHHs He BHPAXAIOTCE YEPE3 IMEMEHTADHHE GYHK-
HHH ¥ HEONpeleneHHBe KHTerpantl, Hioxe HanaraTes HEKOTOPHE METOAN

MCCEROBAHNA CBONCTB pewteHKit ypapHeuil Buaa (51) 63 OTHICKAHHS CAMHX '
pemicHuH.

Izl Ypashente (51) MOXHO NPHBECTH K NpocTefinieMy BRAY

Y +e()y=0 52)
MHOTHMH CROCOGEMH, H3 KOTODHIX 184 OCHOBHEIX,
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fnasa 3. Nuneiinsie dugdepenyuansnsie ypasHenusn u cucmemst

A. JInucitnan 3amena Mckomolt dynxunn. Moncramma y = a(t)u
8.(51), nonyssem (npeananarasrcs, yro py, py € C')

Pooy” + 2poa’s + poa”u + pra + pia's + prau = 0.

Y106 YHHITOXKHTb WieHH ¢ W', noviaraem 2poa’-+pya = 0. Orciona nonyuasem
aft)=c- e~ M0 Gepeym ¢ 3£ 0.

B. 3am¢Ha HE3aBHCHMOrO nepeMeHHOro. Ceuran z = p(t), HaxomM
¥ = vipl; v = o (eh)? + ¥l Moncrarnas s (51), nomyuaem

PV (P + ot + Pt + P2y = 0.

Yrobn YHHUTOXKHTH SHCHM C Y., MonaraeM poph + Pt = 0. Tlonwxas
NOPSAOK 3aMeHOR ¢} = ¢, HaxOmhM cHauana ¢(f) = ¢ e~ fnima (Gepem
¢ # 0), sarem p(t).

Hpyrne cniocoGu npHBenesing K Oy (52) SEAAOTCR KOMOHHALMMMH
arux aeyx. HanprMep, moxHo chenats B (51) sameHy pMma = = (f)
¢ kakoit-1H60 dyHKumel ¢ € C7, ¢ # 0, a 337eM B NOAYICHHOM YDABHEHHH
YHHYTOXNTS WieH ¢ y, 3aMesolt ¥ = a{x)u. .

F]

@ Hecenesopane spinykaocrs roadmxon pemsenmit m nysest pemesafl, Ecau

B ypasHeHuu (52) ¢(f) < 0 Ha wnTepsane a < ¢ < B, 10 B oBnacTi y > 0,
a <t < umeem 3 = —¢t)y > 0. Moaromy Tam rpaduxs Boex pelneHHi
BHITYK/IEE BHK3, 3 B obmaeth y < 0, a < & < 2 umeem ¥ < 0, u rpadmku
BMAYxAN BEepX. B obenx odnacTax rpadHKH BMOYKAW B CTOpoHY ock OF,

Ecnn xe g(f) > 0 npu ¢ < t < &, To Ha untepsane (7,5) umeem
Y'=—qy<O0npry>0ny" >0 npny<0.Jlosromy npu y <t < §
rpaduKH pemeHnit obpaeHH POTHYTOCTBIO K oci Of.

Hyanseu peienua y(t) wasspalotcs Taxne ¢, NpH Koropuix y(t) =0.

Nemma 7. Ecau y(t) 2 0 — pewenue ypaswenus (51), y(ts) = 0, mo
v (t) #0.

Jonazamenscmao. Ecnn 66 y(te) = ¥'(t0) = 0, To npu STHX HAuaND-
HEIX YCTOBHAX CYIMECTBOBANO GBl ABA pellieHHA: AaHHoe pemenne Y(i)
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§12, ﬂlineﬁnue YypasHenus smopo2o nopadua

u Hynepoe pemietue ¥, (£) = 0. 210 NPOTHBOPEYHT TEOPEME COHNCTBEH-
HOCTH. - N

Remma 8. Hewyseooe pewenue y(t) & 0 ypasnenun (51) we momem umems
BecKoHeuNo MHD20 HYRell HO KOHEYHOM ompe3Ke.

Joxazomenscmeo. Tiycrs Wa otpeaxe [a,b] pemrerue y{f) # 0 umeer
GeckoHeuHOe MHOXecTBO Hynell, Buifepem H3 HHX CXOAAMYIONH NO-
caenosarenbHoCTs &y, 8y, ... — &, Toraa & € [a,b] kv w3 y(t,) = 0
(k=1,2,...) u HenpepusHocTs y(t) cnemyer y(ty) = 0. Pemenne y(t)
uMeeT npouzboaNYIo ' (2). CreaoBaTenbHO, CYECTRYET

y(ts) — 9(&)

tim == =y ().

F )
YucaHTens papeH HyHIo, IHAYHT, y'(to) = 0. 310 NpPOTHBOPEIHT
nemme 7. [ |

r

Teopema 10. Ha ompeane, 20e q(t) < 0, moboe peuienue y(t) # 0 ypaste-
Hus (52) ne mowem oSpauiamocs 8 Kyrs Boree, vem 8 odsodl moyxe,

Hoxasomensemeo. Tlpeanonoxum, uro g(t) =0, y(2) =0, ¢ < i;.
Ha orpesxe [, £;] no nemme 8 MoXeT GbTH TONBKO KOHEWHOS YHCIO
Hynefl, Bossmem nBa cocefiHHX Hyas ¢ =a m ¢t = b > a. lpu
a <t <b y(t) He Menser 3Hak, Hanpumep, y(t) > 0 (ecan Tam
y(t) < 0, To paccmoTpum BMecTo y(t) pewenne y,{t) = —y{t) > 0).
Toraa y(a) = y(b) = 0 u no nemme 7 y'(a) # 0. Tak xax y(t) > 0
Ha (a,b), 10 (a) > 0 n ¥" = —¢(t)y = 0 ua (a,d). 3uaaur, Y(t)
e youpaer k¥ w3 y/(a) > 0 cacayer /() > 0 wa (a,b). Torm y(t)
BO3pacTaeT Ha [a, b] % uz y(a) = 0 caeayer y(b) > 0 & npoTusopeunn
€ BRBOpOM TOuKH b. |
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fnasa 3, flunelinsie Suddepenyuansnoie ypasHenus u cucmemsl

Teopesma 11 (0 uepeponanum wynei). Hynu dayx noBsix aunelino nedasuc-
Moix pewenuil ypasrenun (51) cmpozo vepedyomen. To ecmb 8 npoMexymie
Memdy moGbinu GBYMS COCEONUMY HYRAMYU AIO0C20 U3 IMUX pewenuli codep-
XUMCR POBHO DOUN HYARb CpY2020 pellienus,

Hfonazamenscmeo. V 31w pemeHult Her oSurux Hynelt (B Touxe £, roe
#(t) = ya(t:) = 0 sporcxuas W(t)) = 0, a Torma pemesng Guumm S8
MuHeiiHO 3aBKcHME No nemme 3). FlpeanonoxiM, YT0 B NPOMEXYTKe
(t1,2;) Mexny NBYMA COCCINHMMH HYAAMH ONHOTO H3 pemenwit, Ha-
NPHMED Y2, HET Hy/ell pericHH y,. Toraa Ha otpesxe [2), &2] umeenm
yi(t) # 0, W(t) # 0, nponsponras

4 (yz.) _uh-vwn _W
a\n/ 4w %
COXpaHAeT 3HAK M dynkunn $(t)/y () crporo monorouna, Ho 3ro
HEBOIMOXHO, T8K KaK #2(t)) = w(t2) = 0.

3nauut, B npoMexyrke (1),£;) ecTh Hyau pemenns #. Ux —
KOHEMHOe YHOO No Nemme 8. Ecan MX Goniee olHOTO, TO B MPOMEXYT-
KAX MeXny HHMH He Guino Ob HM ORHOIO HYIS DPEWCHMN ¥, 4 O
HCBO3MOXHO N0 flokasaHHoMy. Cnenosarensto, B (¢, 8;) ectb posHo
OIHH MYNB DEUICHHSA ¢ .

Teopema 12 (reopema cpamnenma). Paccmompum dsa ypasHenus
y” + Q(t)y =0, (a)
Z” + Q(‘)z =0, (6)

20e Q(t) > q(t), ¢ywuyun g v Q wenpepuionsi, To2da 6 npomexymue
sexdy Osyms cocednumu wynsmu ¢ = a u ¢ = b aoboo pewenus y 2 0
ypastienus (8) umeemcn no Menstirel Mepe odun Hyns AVB020 peitrenus 5 # 0
ypaswenus (6), unu we z(a) = z(d) = 0, Q(t) = ¢(t) wa [a,b].

Hoxazamenscmso, l'_lpennonoxmu, YTO Ans Demenuit y M £ HMeeM
o) =y(d) =0, y(t)#0, z({)#0 (a<t<d).
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§ 12. Jluneilnuie ypasnenus smopozo nopaoxa

ByneM cumTaTh, 4ro Ha {a, b) umeem y(t) > 0, 2(f) > 0 (ccnu He TaK,
TO BMECTO ¥ H Z MOXHO PACCMOTPETb PEUIEHHR §, = —¥, £, = —%).
Yuuoxas ypastiewue (a) va 2, (6) — sa y u BYATAN, MMEEM

V'z-2"y+(g-Qyz=0. (53) .

Tax xax 'z = 2"y = (2 = y2')’, To unrerpupys (53) or ¢t = ¢ 20
1 = b, monywaeM

Wz -yd)y - s -y2) = j (Q®) - ¢®))yzat. (5;4)

Mmeem g(a) = y(b) = 0, nostomy sceas wacrs pesua 'z, — 'z|,_, .
Yuurmsas nemmy 7 1 Hepaserctpo y(f) > 0 na (o, b), umeeM y'(a) > 0,
y'(b) < 0. Tak xax z(t) > 0 Ha (a,d), TO B CHAY HENPCDHBHOCTH
dynxuun & wveen 2(a) 2= 0, z(d) > 0. 3uauuT, nenas uacTs B (54)
HENONOXHTEIbHA,

B npanofi uacts Q 2 ¢, ¥z > 0 Ha {a,b), noaToMy oHa HeoTpH-
UATENBHA, . _

Ecau xomst Get onhio w3 pasesicrs z(a) =0, z(d) = 0, Q) = ¢(f)
Ha {a6,b) He BLIMOJAHACTCH, NONYYasM nNpoTHeopeuHe. Teopema no-

r
Apumep 16. Ouennto cEpXY W CHI3Y PACCTOANME MENXAY COCERHUMM
HYRANH J1A peleHmi 'ypasHeHun

)

i

I

! v + ey =0 (55)

) W& YawoM OTpeaNe, Ha kotopom 0 < m? £ g(f) € M2,

Pewenue npumepa. Cpasnusaen ypasnenue (55) € ypasHerwen

P+ Miz= 0,

WMRIUANM PRleHNs ‘
z =¢, cos Mt + ¢, sin Mt = d, sin M(t -+ d,), (56)
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fnaeo 3. Jluweinsie dugepenyuansisie ypasHenus u cucmemst

me ¢, d; (i = 1, 2) — npon3sonbutie nocroaHnbe, Tiycrs £, §, — cocennme
HynM pewenna y(t). Bepa e (56) d, = =, uneen z(t,) = 0. 13 veopems 12
nonyyaem, YTO CACAYIOWNA Hyns ¢, PEIIGHHA Z ACMMT N3 RONYWNTEDBARE
(8502, ). Tax ko o cuny (56) &, =2 +x/M,vo t, =, 2 1, ~t, = /M.

Cpasuusaen ypanneuue (55) c ypasHeHuen u +m’u 0, neelotwmun
peweHns

u = ¢, cosmt + ¢, sinmt = d, sinm{t +d,). (57)

bepn d, = —t,, nonymu W3 (57) coceppme wyn ¢, w &, = ¢, + x/m.
Tax xax q(t) = m?, To n3 Teopemn 12 CNeRYeT, YTO HyRK t, pemeuml (4]
nexut 8 nonywntepsane (b, £,]. 3naunr, ¢, - ¢, < x/m.

Wrak, nonyyena ouenra /M < ¢, -t < xfm. <

H3 teopemn 10 cnenver, mscnyueq(t)&ﬂnput St < o0 moboe
HEHyNeBOE DEIIEHHe ypaBHeHWA (52) umeeT Ha HIHTCDBAAE (t,, 0o) He Gonee
OFHOTO HYAR, TO SCTh NRAREICH MexaseSyouunca. B cayune g(t) > m? > 0
(t; < t < o) n3 Teopemut 12 u npumepa 16 caenyer, 4o M0Goe pemeHne
ypasicHnA (52) uMeer Ha HHTepBARE (¢,, 00) BeckotewHo MHOTO HyaeH, T.¢.
ABNACTCA KoAeONOUILMER.

JinseilHtie ypaBHEHHS 2-T0 MOPAAKA RABHO HCCASAOBAMNCH, CM., HA~
npuMep, [23], m. 6; [39], o 11; [37], 7. 1, mu. 3. Tlonyuesnl AOCTATOYHEE
yCIOBMA OIPAHHYEHHOCTH BCeX peieHwi ypashenna (52) Ha uHTepBane
(¢,,00), Hanpumep, g(f) — co moMoToHHO Han ¢(t) = o’ + {t) + $(1),
a >0, ¢{t) = 0 (t = co), unterpan or || + |¢'] cxonmres, yonosxa
xoneGnemoctr (g(t) = (1/4 + £)/£*) w nexonebremocrn (¢{t) € 1/(48))
pewennit na nrrepsane (£, oo

Hayyanock aCHMATOTHUYECKOS NopeacHue peineHudi npu ¢ — co. Has
aToro ypastenne ], + g(=)y = 0 (g(x) > 0) c nomonio npeoSpazopanya

Jiuymenna
= tz) = _[ VD dz, ut) =g"y),
TIPHMBOAMTCA K YPABHEHHIO

w4 (1= -K)u=0, n=2EQ

4q(2(t))’
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——_

Bo MHOTHX CXYUASX, HAADHMED, KOTAA ¢ = ca*, § > —2, WIH XOraa ¢ = e*®,
>0, npu 2 — 00 umeeM ¢ — oo u |W¥ + hl| < 7', @ =const > 0.
Torma HMEEM pellleHKA

v = F[eos ¢@))+06@N], v, =q""{sin (¢(=)) + 0C()].

06 acHMITOTHKe pemenuit cM. Takxe [11], m. 7.

Jan Hexoropux gudxbepenuMANEHEX ypaEHeHHH 2-TO NOpAnKE, HMe-
OUBEX BAKHOE 3HAMEHUE JUIA TCOPHH K NpuaoxeHwil (ypaeHenna Beccens,
Biipu, Matee, TMNEPreoMeTPHIECKHE YDABHOHHA W ADYTHE) ACTANLHO HIy-
yeHnl cBoitcTea peuennii ([5), §18, n. 2°; [9), mn.6, §2, n. 2; [37], 1.1, . 3,
$4, §6) n cocTarneHn HX TAGAHUN — TAGAMLE creUKanbHEX GYyHKImMIL.

K thorne. %
FMW

E_:l B npeasuryinnx naparpadax anf ypaBHEHHA n-10 NOPAAKA pac-
CMATPHBANACh 33/1a¥a ¢ HAYANBHKMK YCIOBHAMHK, B XOTODOit BCE N
YCAOBHH 337810TCH NPH ONHOM K TOM Xe 3HaYeHUH ¢ = £,. B xpaesoit
3agaue 3aMal0TCA YCAOBHUS MpH ABYX (WiH Gonee) aHavenusx ¢. Ta-
KHE YCIOBHA HA3HBAIOTCA KPacBLIMH, 3nech GylyT pacCMaTpHBATHCHA
TONBKO NHHeHHNEe KpacBHe 3aMayH, B KOTOPHX AddepeHuMaNBHOE
YPaBHEHHE M KpacBhie YCIOBMS JNHHEHHEL. JleBbic 4ACTH KpaeBhIX
YoIoBHH — muHelinnie xoMOGuHAUMM 3HAYCHHH HCekoMOH yHXIIMKN
H €€ MPOM3IBOAHBIX B 3aMaHHBX TOYKaX ¢;, a NpaBbie YaCTH —- 38RaH-
HHe NOCTOAHHbIC YHCAA,
ITpuMepst THHERHLIX KPaeBRIX YCTOBHIH:

a) y(t,) = a;

0 ¥t =b |

B) ay(t,) + py'(t,) = c (a u B sananm, la| + |6 # 0);
(

§ 13. Kpaesnie 3afa4m
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Inasa 3. Nuneilnvie OuddepertiianbHsie YPABHEHUR U CUCTIEND!

r) y(t) —y(t) =4d;
n) ¥ (&) - ¥'(t,) = h; BOIMOXHL M ApyrHe BUAK YCAOBHH.

Ecnu nocToAHHAsA B NPaBOH YaCTH KpaeBOro YC/OBMA PaBHa
HYRIO, TO YCJIOBHE HKa3HBAaeTC OIHOPOAHEM, €C/IH HE PABHA HYNIO —
HEONHOPOIHBIM.

Hna ypapHeHHs ®-Io MOPAAKA 3a0A0T¢A » yoioBuil. B pasHuix
TouKaX I, ycnoBufA MOIYT OHITH OOHOIO THNA HIM DA3HEIX THMOB.,
Kpaepas 3ana4a Ha3uBaeTcq OAHOPOAHOM, ecnu midrbepeHnnancHoe -
YpaBHEHUE H KpaecBble YCIOBHA THHEHHE U ORHOPOAHLL,

B otnMume OT 330a4H C HAYANBHREIMH YCITOBHAMH KpacBad 3anava
MOXET HMETh ONHO HAM MHOTO DeIICHMH, A MOXET B He HMETh
pewtenuii. Hanpumep, 3anasa 3" +y =0, y(0) =0, y(x/2) = a

HMEET SOMHCTBEHHOE pelicHMe ¥ = asini, a samava ¢" +y = 0,

$(0) = 0, y(x) = b B cayuae b # 0 He uMeeT pemennit (TaK KaK Bee -
pellleHUs ypaBHeHHsT, A koropex y(0) =0, uMelor By y = csini
W NpH ¢ = 7 OHH PABKH RYMO), & B cayuae b = O umeeT GeCKOHEUHO
MHOTO petticHnH ¥y = csint, ¢ — moGoe,

Teopema 13 (06 anvTepHaTMBE). Paccmompum ypasHeHue

a@y™ +a, @y +... +a,By=1@) (6>2) (58)

(ace a;(t) u f(t) nenpepsiansi, ay(t) # 0) ¢ n nunelnsinu Kpaessimu
yenosunamu, BosMmoxust monsxo dga crywas: unu 1) 3odava umeem
eduncmBeHHOe peltienue npu Molbix Npoebix YGCMAX 8 ypoeHeHuu
_U Kpaeseix ycnosusy, umu 2) odwopodwan 3adoya (nesble vacmu
me e, @ Npassie 3AMEHAIOMCA HYRAMU) uMeem DECKOHEYHO MHO20
pewenuti, a HeoONOPOOHAR 300G4G NPU HEKOMOPSIX NPABHIX YOCHIAX
UNeem BGecKoNeuHo MHO20 peiwenull, a npu scex Jpyzux — We umeem
pewenud,
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§ 13. Kpaeswie 3a0a4u

Hfoxaszamenscmso. O6wiee pemenue ypasHeHnn (58) nueer Bun

y=qy+...+6¥,+v, (59)
e Yp,...,Y, — NHHCHAHO HEIABHCHMBIC PEIICHHA ONHODON-
HOTO YpaBHeHWs, ¢ — W4acTHOE pelleHHe ypaBHenus (58),
€s.-+26, = NPOU3BONBHHE nocTogHKKe. IMoacramnas (59)

B KPacBHE YCJIOBHA M NIEPSHOCH ¥ B NTPABYI0 YaCcTh, NONYIaCM CH-
cTeMy # MuHeHHX anreGpanyecKuX ypaBHeHHH OTHOCHTENRHO
Cir oo+ s G- KOIPDUIMEHTE CHCTEMB 3ABHCHT TONBKO OT 3Ha-
veHuil y,y,... B 3aNAHHKEX TOUKAX ¢ ¥ HE 3aBHCAT OT IIPaBLIX
qacTe!l ypaBHeHMSI M KpacBuiX ycaomdil. Ecam maHHas 3ama-
Ja ONHOpPOOHA, TO MPABHE 4ACcTH amrelpandeckux ypasHeHMit
PaBHH HYMO.
BoaMOXHH TOJBKO IBA CACTYIOHIHX Cy4ad,

1) Ecau neTepMMHAHT CHCTSMB He PaBeH HYMO, 10 CH-
CTeMa HMEeT €MHCTBEHHOE PellieHHEe C,,...,<C, TNPH MOGHX
npaBuX yacTAX, IloacTasnas 3™ ¢,,...,¢, B (59), nomywaem
eAMHCTBEHHOE PeLICHHE KpacBoit 3amavm. '

2) EcnM DeTepMMHAHT CUCTeMBl paBEH HYMIO, TO ONHOPOA-
Hasd cHcTeMa (T. €. MPH MPABbIX YacTHAX, PABHBIX HYMO) MMeeT
6eCKOHEYHO MHOIO pemeHri OTHOCHTENBHO €, ...,¢C,, 4 He-
OOHOPOIHAR CHCTEMA HMMEET PellcHHe He NpH JOGHIX NpaBHX
gacTax. Ecau oHA MMCET pellicHUe, TO OHA MMeeT OECKOHETHO
MHOTOQ pellieHHi, TAK KAK K 9TOMY PeIICHHI0 MOXHO NpHbaBHTL
mo0oe pemieHHe ONHOPOAHOH CHCTEMH, YMHOXCHHOE HA Mio-
6y10 nocTosEHY10, [ moboro Badopa NOCTOAHHEX €, ..., €y,
YAOBAETBOPAIOLIETO CHCTEME, (hopMyna (59) maer petienue Kpa-
esolt 3amaun. [lns pasumx Habopos ¢,,...,c, 3TH pEICHUS

PA3ANYHH, TAK KaK QYHKUMH ¥,, ..., Y, NHHSHHO HE3ABHCHMEL
W3 1) 1 2) cnenyer yTpepXacHHE TEOPCMBL. |
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fnaso 3. Jluneiinbie Sudppepenuuansine YposNeHus U cucmemvi

1
NMpunep 17. Halivn HaumeHbwee W3 Tarux wucen & > 0, yro |
3agava

¥ +0ly=0, p(0)=5 (1)=-5  (60)

- Pewenue npumepa. No Teopeme 13 3afaya (60) He umeer pewexuit
TOTRA, KOTAA OAHOPOAHAR 3afava 3 + by = 0, $(0) =0, y(1) =0
MMeeT Henyneeoe pewenne. GyHKuuA, AnA Kotopux y" + My = 0,
y(0) = 0, uneor Bup y = csin be. Yrobul npu ¢ # 0 6uno y(1) = 0,
wago sinb=0, vo ecte b = x, 27,37, .... Mpu 3vux b umeem 2-i
CAy4ail anbTepHaTHELY, 3HAYKT, NPH 3mex b 3apava (60) nau He Hmueer
pewennii, unu uMeer Geckoneuno wworo pewennit. Kaxag u3z atux
BO3IMOXKHOCTEH OCYWECTBHTCA, HARO NPOBEPHTL.

Mpw b = x obuee pewenne ypasHenus ectb ¥y = ¢, cos xt +
¢, sin xt. 3uauns, y(0) =c,, y(1) = —¢,. Npu ¢, = 5 u mobom ¢,
Gywuns ¥(t) — pewenne 32p34n (60). Ho Tpebyercs, utobu pewe-
HKe He cyuectsosanc. Npw b = 2x cbwee pewenwe y = ¢, cos 2%+
¢, sin 2xt, Torpa y(0) = ¢;, y(1) = ¢, n yRowneTaOpUTL 0GOMM YCRO-
gusmM ¥(0) = 5, y(1) = —5 wero3MoRHO. 3HaYMT, peleHnil HeT,

Ovger: b= 2x. «

3adavu Ana ynpaxnenull:
[12], §22, N 63, 65-67.

@ HAanee paccMaTpUBaeTes Kpacpad 3ana4a Ha otpeske ¢, <€ <,
Ly = agft)y” + o\ (&) +a,(t)y = 1 (1),

ayf(t,) +Py(¢) =0, (61)
19/ (8) +0y(t) =0, .
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§ 13. Kpaeswe 30004y

rae el + 18] # 0, lyi+ 16] # 0. YacTHBIMM corydasiME TAKHX KPacBhIX
ycRoBwil stsnsiores yenosus suaa y(2) =0 u ¢'(¢;) = 0.
Dynxuuell Tpuna 310ft 3amaMM HA3HIBACTCA Takad QYHKIHA
G(t, 8), t€ [t,,8)], s € (8,¢,), 1o
1° Ana xaxmoro s = const dynxuma y(t) = G(t,8) npu £ £ s
ynoanersopseT ypasHenMio Ly = 0.
2 MNpu t=¢t ut=2¢t dysxama yt) = G, s) ynonnermpae'r
KpaeBbIM ycaosuaM u3 (61).
3° Ilpu ¢t = 2 oHa HenpepHIBHA 1O £, 2 ¢ IPOU3BOAHAA MO § MMEET
cKayoK, papHuil 1/a.(8), To ecTh

1
G|l==s+0 = G|t=s-e' G;|t=s+0 = G:|t=l—0 + %T,j' (62)

Chenyoilian TeopeMa YCTAHABAHBAST YCAOBHS CYIECTBOBAHHA
¢yHkuun IbiHa u JaeT crnocol ee NOCTpoeHnd.

Teopema 14. fcru wa ompesie [t,,¢,] ¢ywmuuu @y, a,, a, nenpe-
puighsl, &y # 0, u ecau npu f(t) = 0 npacean 3adava (61) umeem
MORLKO Hynesoe pellienue, mo Qynnyus fpuna cywecmsyem u umeem

oud
) £t .
by,®) (e<tgy),
e y, U y, — Henyneswie peurenus ypaswewus Ly = 0, ydoeremso-
PRiotUe COOMBEMCMSEHHO NEPSOMY U BMOPOMY KPOESHIM YCAOBUAM U3
(61), momumenu a u b 3a8ucam om 8 u onpedessomcs u3 mpeboaa-
witn, ymobvl dynwun (63) ydosnemeopana ycnosuam (62), mo ecms

ay,(s) =by,(s), byy(s) = ayi(s) +

(63)

1
o &
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Trhasa 3. Nuneiinvie dudepenyuansrvie ypasHenus i cucmemsl

Hoxasamenscmso. Tlycts y,,y, — pewienus ypapHenus Ly = 0,
I KOTOPHIX ‘

nit)=a, wt)=-8, wnlt)=1 E)=-4

OHM YROBTETBOPAIOT COOTBETCTREHHO TIEPBOMY H BTOPOMY Kpa-
esuM ycnosuaM B (61). Ecam 6x y, u y, Gam JmHeiiHO
3aBUCHMH, TO ¥, () = cy,(t), n pemenue y,(t) (y, # 0, Tax
KaK |y| +16] # 0) ynosneTBopsano G OGOHM KPaeBLIM YCAOBHAM
B (61), YTO APOTHBOPEUHT YCROBHIO TeOpEMBL. 3HAUKT, Y, U ¥,
AMHEHHO He3aBMCHME, W JiioGoe peleHHe ypasHeHHs Ly = 0
HMeEET BRI § = ¢,¥, + C,¥,. TaK KaK nepsoMy M3 KPaeBhiX ycao-
BHit B (61) YIOBNETBOPAET TONBKO Y, A BTONOMY — TONBKO P,
10 M3 TpeGopauuit 1° u 2° perrexaer, uro GpyHKUMA G AOMKHA
nuMmeTs BUE (63). U3 TpeGobanmus 3° BuTexaior ypasHenus (64).
Cucrema (64) paspelunMa OTHOCHTENBHO @ H b, Tak kaK ee
AETEPMMHAHT PaBeH

%(s) -u,(9)
-n( %)
(pewcHBA ¥,, Yy, MHHEHHO HedaBHCHME). UTak, npu BHTONHE-

HMHM YCAOBHI TeOpeMHl HalnyTea a 1 b, yrorneTsopsioune (64),
a Torma dyHkumua (63) ynosnersopser TpeGopammsim 1°~3°, M

=W(s)#0

3ameuanune. Npu BUNOAHEHUH YCROBWA Teopembl ywxuua lpuua
ONPERENNETCA OAHOIHAYHO, XOTA PEWeHMA ¥, W Y, MONXHO 3ame-
HUTL pelleHuAMM cy, ¥ dy,, HO C yuyeToM (64) 370 He WIMEHNHT
npouseeneHui ay, w by, B (63).

Teopema 15. Ecau aesinonnensi ycnosus meopemst 14 u f(t) we-
npepwisna npu ¢, < ¢ < t,, mo pewenve xpoesol 3adavu (61)
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§ 13. Kpaessie 3a0ayu

supaxaém popmynoil
.
y(t) = j G(t, 8)f(s) ds. (65)

h

Hoxazamenscmso. PasbusaeM uHTETpan Ha vactd ¢, < s < i M
t < 8 < t,. YyurnBad (63), uMeeM

¥ &) =5 f 8} f(s) ds + y; (1) f a(s}f(s)}ds  (66)
t t

(o6pasylomuecs npu auddeperunposaun yneHs b(t)y,(2) u
—a(t)y, (¢) BsauMHO yBHYTOXal0TCs B cuny (64)). Ioacrasnsem
Bhipakenns s Y(t) u () B kpaesnie ycnosus, Tak Kak 'y,
YAOBNETBOPAET NEPBOMY, & Y, — BTOPOMY KPAcBOMY YCIOBHIO,
10 y(t) ynosnersopsaer o6oum ycnosusm, Tuddepenumpys (66)
elile pa3, NOMY4aeM

i
SO =90 j 5(s)1(s) ds + BOLETE) +
4 .

+30 [ o016 ds - sOUO10.
H

CyMMa BHEHHTETpaAbHBIX "wieHoB B cuny (64) pasra f(2)/a(t).
YMHOXas MoMydeHHHe Bupaxenus wii §°,y,y Ha a4, 6., 6,

W CKIARBIBAA, HAXODAM, 4T0 Ly = a,y" + a,' + a,y pasHo

t
(agyy + o9 + a,9,) _/ b(s)f(#) ds +
4

121




fnasa 3. fluneiinsie duddepenyuansioie ypasHenus u cucmemsl

t
+ (o + .8, +a9,) f a(s)1(s) ds + 1.
4

Takkax Ly, =0, Ly, = 0,10 Ly = f(t). Urak y(t) — pemenne
sanaqm (61). .

:- Npumep 18, Haitrw dyrxumio [puHa xpaeeoi 3agaun |
! Y Hy=10, 10=0, y@=0. ().

Pewenue npumepa. W3 opnopopnoro ypaewewua " +y = O npu
#(0) = 0 nonyuaem y = esint. Tak kak ¢/ () =—c, T0 npu f(2) =0
3afava (67) MMEeT TORLKO HYNEBOE PellleHHe, TO eCTb BLHINONHe-
HO ycnosue cyutecreosanus dynkumm [pwna, SyHikumu y, = siné,
% = cost yAoBRETBOPAKT ypasHewno §” +y = 0 W ycnosuaM
y,(0) = 0, g(x) = 0. Noaromy cornacko (63) :
G(t,s) =asint (0<t<s),
G(t,8) =bcost (s<t<7)
Teneps u3 yenopus (62) waw, 410 TO We camoe, (64) umeen
asins=bcoss, —bsins=acoss+1.
13 3700 CHCTEMB HAXOAKM @ = — COS 8, b = — sin 3, Teneps u2 (68)
G(t,s) = —~cosssint (0<t<3),
G(t, 8) = —sinscost (s<E< 7). <

(68)

3adavu OAR ynpowuenud:
[12), §13, N0 764-771.

@ PaccMOTPMM KPaeBYIO 3a8A9Y Wist YPABHEHHA ¢ NAPaMETPOM A
Iy-dy=0, af(t)+pyt)=0, WiK+aye)=0. () |
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me Ly, a,0,7,8 e xe, uto B (61). 3Hauenua A, npM KOTOpHX
sanaua (69) uMeeT HeHyNeBoe pelIeHHe, HA3HIBAKITC COBCMaenHbMI
3HAYeRUAMU FTON 3aNIaUH, 8 CAMH HEHYNEBHE PElICHHA — cofcmeen-
noimi yuxyusmu. TIpy Tex A, KOTOpHE ABAAIOTCA COOCTBEHHBIMH
JHAYCHHAMHM, MMEST MECTO Bropoll cnydadl anvrepHarwBbl, a NpH
OCTANLHBIX — MepBhiit.

et ittt A
| Mpumep 19. Haiktu cobcTBenHbie 3Havenua W coGcTBeHHble |
: GyHKuMK 338344 :
[ [
) . ¥ =ay=0, y(0)=0, y(d)=0. |
| S, e e - — i — |

Pewenve npusepa. B cuny Teopesd 10 HeHymeBue peweHus 3TOH
3324 MOTYT CYUeCTBOBATL TOALKO Npu A < (). Nonaraem A = —a?,
a > 0. W3 ypasnenun u ycnoeua y(0) = 0 nonyvaem y = csinat.
M3 yoroeua y(d) = 0 crepyer csinad = 0, Yvobu Guno y # 0,
Hapo c¢# 0, ad = xk, k= 1,2,.... Nostomy

k 2
a=a,=F A,=—a’=—('—), k=1,2,....

d’ d
Yncna A, — cobCTeennme 3nauenns, a dywkumn y = csin BE —
cofcTeennuie DyMKiinu, T
3adavu onn ynpamwetutl:
[12), § 13, N 782-785,
-

Jna paYIMYHEX KPACBHIX JAa4 HCCACAORATHCE YCNOBHA, NPH KOTOPHX
3383434 MECT CAHHCTRCHHOE DEICHHE,

Baxoe HANpaBneHKE TEODHH KPAEBLIX 3329 — CNEKTPANbHAA TCOPHA,
MIYIAKHIAA CROHCTBA COOCTBEHHBIX 3HAYSHIMM H cobcTheHEIX dynxunil. Bhi-
AENeH KINACC <CAMOCOMPRXEHHBDG KPasshlX 3134, ¥ KOTOPLIX coGCTBEHHEE
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Tnasa 3. Nuneinvie dudipepenyuansnsia ypasHesus U Cucmems

(YHKUHH ODTOTOHANGHH B MPOCTPAHCTBE L, HA ASHHOM OTPEIKE K ROKa-
38HO, Y10 JOGYI0 MAAKYI0 GYHKLHIO HA ITOM OTPEIKE, YAORACTBOPAKMLYID
KPacBbM YCHNOBHAM 370 2a3auM, MOXHO DAIBOXMTS B CXoasupiict paj

no cobcTRenHbM GyHKIHAM Takoll 3a784H, ananorneHbil pagy ©ypse [30), -

1. 7. Taxne painoxeHUA HCTIOABIVIOTCH, B YACTHOCTH, NPH PEIICHKEH PAITKI-
HBIX 33084 1A YPARHEHHH ¢ YACTHRIMIM NPOKIBOAHLIMH METORAOM PANIENEHIA
nepeMeHHBIL,

el k

§ 14. vinHenHble CUCTEMDI
C MOCTOAHHLIMU KOIPPULUUEeHTaMH

@ Pacemarpupalorca NHHeAHREE CHCTEMB HOPMAJIBHOIO BHAA

T\ =8 Z + ... +8y,%, + f,(t), ,
eerencananns rerneneane (70)
zn = anlzl +. nn n + fn(‘)i

e a,; — moGHe ukcna, a f;(£) — u3pectHuie GyHKiUM. B BekTODHOI

sanuch ¢’ = Az+ f(t), roe z(t) — HenzpecTHasi, a f(t) — uaBecTHAd

BeKkTOp-byHKUNH, A — MmoBag NOCTOAHHAA MATPHIIA,

Taxue CHCTEMH YacTO BCTPEUAOTCS M B TeopuM muddepeH- .
UHANLKHIX ypaBHeHull, U B npuaoxenuax. O6iuee pemeHHe Takoi .
CHCTeMHI B criyyae f(2) = 0 Bceria BHIpaXAeTCH Uepes 37IeMSHTapHHE
bynxumu, [Io3TOMY TakNE CUCTEMbI YaCTO TPUMECHAIOTCA I HCCHC- -

noBaHMA GoAee CAOKHHX CHCTeM BOAM3IM TONOXEHMS PaPHOBECHA.
B npuoXeHHAX OHN TIOABNAKTCA, HAMPUMED, TPH H3IY4eHHH IBIDKE-
HHil B MEXaHHYECKHX CHCTEMAX ¢ HECKOABKMMH CTENCHAMM CBOCOAN
M MIPH ONMCAHHH TOKOB B PAIBETBICHHMX MMEKTPHIECKUX Lenax.

MyTeM HCKIIIOMEHHS HENIBECTHIX CUCTEMY MOXHO CBECTH K O

HOMY WIH HECKONBKHM YPABHEHHAM ¢ ONHOK HeuspecTHO! byHKuueH
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§ 14. Slunciinwe cucmeMs! ¢ NOCMOAHHBINY KO3DPuyLURHMany

B KOKIOM. JINd 3TOT0 H3 KAKOIO-JINGO YPABHCHMS BHIDAKAEM OLHO
HEH3BECTHOE Yepe3 OCTANbHBIC H MOACTARNACM B OCTAALHEIC ypaBHe-
HUA cucTeMul. TTonyyaeM CHCTEMY ¢ MEHBUIMM YHCAOM HEH3BECTHRIX,
C HeH MOXHO TOCTYIIHTE AHANOTHUHO. IJT0oT cnocod yaofeH mns
PeLIEHHA NHLIb HECTOXHBIX CHCTEM.

Pewenue npumepa. Ucwnouaen . W3 nepeoro ypasHeHKs HMeem
y =z —t. Noacragnas 8o BTOPOE ypasHenue, nomyvaem z” — | =
& —2¢*. Pewaen 310 ypaBHenne netofom § 11. Haxoquu 2 = cle‘ +
et —tef — 1. 3naumt, y = 2' -t = c et —c,e™ — (t+ 1)e' L. «

@ Pemesme cicremm ' = Az (z € R") B cyvae, korza MaTpuia A
NOPABKA 1 KMEET % JIMHEHO He3aBHCHMBIDX COBCTBEHHHX BEKTOPOB.
Tak GyaeT B ciyyasx, KOEIa WiM ypaBHeHue det (A—AE) = ( He umeeT
KPaTHHIX KOpHe#t A, HAN AAA KaKOOTO KPAaTHOIO KOPHA A paHr r
matpuust A — AE paBeH n — k, roe k — KpaTHOCTb 3TOr0 KODHS
(TaK xax ypasHeHue (4 — AE)v = 0 a1 COGCTBEHHHX BEKTOPOB v
UMEET B — * NHHEHHO HE3ABUCHUMEIX peltieHHit).

Ilycre A — cOGCTBEHHOE 3HAYMCHHE, 4 ¥ — COGCTBEHHHI BEK-
TOp MaTpuu A. Torna ¢ = ey — uacHoe pemenme ypaBHe-
Hua 2’ = Az, TaKk kak 2' = e¥Av, Av = Av. Ecnu cobCTBEH-
HHIE BEKTOPH v, ... , v" NHHEHHO HE3ABHCHME, TO MMEEM PEUICHHA
eMiyt ., eM'y™. OrM MMHEHHO HE3ABHCHME, TAK KAK HX BDOHCKHAH
W # 0 npu ¢ = 0 (ero cTonGue v', ..., v" AHHCHHO HEe3aBUCHMEL).

CnenoBarefibiio, oflliee pellieHHe CHCTEMH & = Az MMeeT BHA

z=ceMv' +... +c M,

THE €, ..., €, = MPOUIBONBHEIE NOCTOAHHEIC,
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Inasa 3. flunednvie Sugddepenyuansubie ypasHeHus U cucmemsi

Nemma 9. Ecnu A, = a + Bi (B # 0) — cobcmaennoe snavenve

sewecmaennoll mampuu A, a v' = (v},...,v})" — cobcmsen-
Huill sexmop ons Ay, mo A, = A\ = a — fi — cobcmsennoe
snavenve, @ v* = ' = (5,...,5) — cobcmeennnid sexmop

0na Ay, fina seujecmaennsix A, colcmeennsil seKmop MOXHO 83AMb
BU{ECNBRHHbIM.

[lloxasamenscmeo. Mimeem Av' = A,v'. Paesicrso He HapyumT-
¢, ecult B HeM )\, M KOODIMHATH BEKTODA v' 3aMEHMTE COMpA-
wenunmi: A8 = X #', 10 ects Av? = M0°,

JAnsa BenleCTBEHHOIO A, KOODIHHATH COGCTBEHHOTO BEKTO-
Pa ONPENENIIOTCA U3 CHCTEMH

(A-AEWw=0 ¢ det(A-AE)=0

H BemIeCTBeHHBIMK KOXDbDULIMEHTAMH, [I03TOMY BEKTOD ¥ MOX-~
HO B3ATH BEICCTBEHHEIM W ¢ # 0. [ ]

OGmuee peteHHe CHCTEMH &' = Az ¢ BemECTBEHHON MaTpuueH
A MOXHO BHPA3HTh Uepe3 BellecTBeHHHe QyHxuuH, Jia »Toro Hano
B3ATH TAKHE COOCTBEHHME BEKTOPH, KaK B JeMMe 9, 1 3areM 3aMEHUTD
Iapy KOMILNEKCHBIX CONpPAXEHHbIX pemenuit 2! = eMfy!,
2* = e**y? napoil pelECTBEHHEIX pemeHuit '
l_z‘+zz_ 1 _z‘-—:cz

4 = 5 = Rez', u,= %

xak 1. 1 § 11, TToayunm BewecTREHHYI0 QYHAAMEHTANEHYIO CHCTEMY
pelLleHMH U Yepes Hee BHPasHM obliee pélmeHKe.

=Imz},
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§ 14. Jlunelinsie cucmembl € ROCMOSHEBIMY KO3PDULUEHmany

Pewenue npumepa. CoCTannses u pewaeM XapaKTepucTHYecKoe ypas-

HeHne
3-A =2 2 R
| l\_‘\ =0, A°=4A45=0, A=2x4
Ara A = 2 41 naxogum cobcreennblii sexTop (:)
(1=9%a-2=0,
lra=(14+9)b=0,

Moxno e3ame b = 1, @ = 1 + £. MNoayvaen yacTHoe pewexne
2=(1+8)c®, g= 04",
Pewenuamn LANHON CHCTEMD SBAMIOTCA BRILECTBRHHAA W MHHMAR
$aCTH ITOTO Y3CTHOTO PELIEHNA:
z = e®(cost ~sint), e e*(cost +sint),

y=e”oost y=e”sint. o«

@ Pemessie » ofinem cxyase, YNpocTHM CHCTEMY, TIDHBENA MaT-
puuy A K npocteituielt dopme — xopnanobpoit., MasecTHo, yT0 AN
moboit kpanpaTHolt MarpHilsl A cylecTsyeT Takag Heocobag MaT-
puna C, yro MatpHia B = C~' AC — xopmauoBa, T0 ecTh

, : (X1
0 A1 0-\
B= ‘. s K‘=(A‘) WK K‘= . .

0 \0

.
N/

().
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Taasa 3. Nunednste dufdepenyuansisie ypasrenun u cucmemst

Knetku K; MOrYT 6HTS M0GHX pa3sMepoB; B KAXAOH KAeTKe Ha Beedt
AMATOHATH CTOMT ONHO M TO XK€ UHCNO A;, 4 B PA3HLIX KNETKAX A,
MotyT GEITh PAMIMMHE MAM OMMHAaKoBH, Tak xak C~'AC - AE =
CY (A-AB)CudetC'-detC=1,10

det [C™'(A - AE)C] =detC"-det(A-.\E)-detC'=ldet(A-Aii-‘).

MosToMy MatpuLs C~'AC M A MMEOT OIHO M TO Xe XAPAKTCDH-
CTHYECKOE YPABHEHME, 3HAUMT, ONHHM M T¢ Xe KODHM A, ¢ TeMH Xe
KDBTHOCTSMH.

K cucteme z' = Az npuMeHdeM nuHeiiHoe npeoGpaloBaHHe
KOOpIMHAT 2 = C¥, T0 eCTh

g=eY ..ty (=1,...,n), (72)

rie MaTpHLta C Ta Xe, 4To Buime. [Tonysaen Cy = ACy. YMHOX2A
cnepa Ha C), mueenm y' = C' ACy, 10 ectb 3 = By, rae Matpuua
B — wopaanosa. Ecnu neppas Knerka Mmeer pasmep k X k, Bro-
pas — { X1 ¥ 7.1, To B nepeui¢ k ypasHeHmit cucreMu ¢ = By
BXOAAT TOALKO HEU3IBECTHHE ¥,,...,Y;, B cnclylomue ! ypasHe-
HUH — TONBKO HEUIBECTHHIE Py, ), - - - , Pgug» H T. A JHAYHT, CHCTEMA
pacniafaeTcs Ha MOACHCTEME, KAXAYIO U3 KOTOPHX MOXHO peilarh
otaensHo. Ileppas noAcKCTeMA MMeeT BuA (rae A = A,)

Y1 =AY+,
% =My + 95
.................. (73)
Yoy = My + Vs
% = Ay
Jpyrue NOACHCTEME OTAHYAKTCA TOMLKO YMCHaMH A B k. Chenan
B (73) sameny y; = e¥z; (i = 1, ..., k), nonyuaem

2=z, H=2, .., 2%, =2, =0 (14
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§ 14. Sluneilnse cucmemst ¢ nOCMoRKKbING KOPPUYuehmamny

Permnas 3Ty CHCTEMY, HAYKHAS ¢ MOCAETHEIO YPABHEHHA, HAXOAMM
5 =0
Za=gltte,

=0 (k ! +Cpy (k % +.. +t'1:' + ¢.
VYMHOXaA Ha e‘*', TMONY4YaeM perieHHe NepBoi NOACHCTEMH
=™
Yy = (Gt + 64y )e™

oooooooooooooooooooooooooooooooooooooooooooo

k-1

"= (c; (k ) +. +czll +°1)
3710 pemeHue — obuiee, Tak KaK NOAyYaeTcs M3 ypasHeHuit (73)
C MOMOILBIO TOXISCTBEHHEX NMpeobpaIoBaHHH,

PelllcHHS APYTHX HOACHCTEM MMEIOT MOAOOHEIE Xe BMA, NUUIL
gHCcaa 4\, k= k H TIPOM3BONBHEE NOCTOSHHEE ¢; GymyT ApYrMMH
(Aj — YNCAo A B j-i Knerke, k; — ee pasmep). CobpaB BMmecTe
peIIEHHA BCeX NONCHCTEM, TIoNMydaeM obiuee penieHHe Beelt CHCTEME
¢ = By. Bosspamasick or ¥ K 2 B cuny (72) nonysaem Tako#
pesyneTar.

Teopema 16. Obwee pewenue cucmenss ' = Az ecmu eexmop-
QynKyus, y Komopoi Kaxoas koopduwama x; umeem sud
z, =2, ...+ B ™ (i=1,...,n), (75

e Ay ooy Ay = paznudnbie colcmaensie 3navenus mampuyst A,
P4 (8) — anzebpauecuil mnozounen, cmenetb komopozo Ha | NeHt-
e pasmepa naubonbieil u3 MOPOAHOBHIX KAEMOK, CODEPMaLLUX Aj
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frasa 3. funelinste Oudepeniuansusie ypasneHun u cucmemst

Komuujemﬁu MHO204ACH08 @ij(t) G=1L....,n;5=1,...,m)
308UCAM OM N NPOUISORLHEIX NOCTIOAHHBIX,

PellleHue KOHKPETHOH CHCTeMB &' = A2 MOXHO NOIYYHTH
H Ge3 TIPHBEACHHSN MATPHI A x xopaasosoit dopme. Hna 3roro
HAIO HAlTH BCEe COBCTBEHHRE 3HAYCHHA A MATPHIIM 4 U3 YPaBHEHHRA

det (A — AE) = 0. Ina xaxaoro A Halo HaliTH YUCAO M NMHEHHO

HE3aBHCHMEX COGCTBEHHHX BEKTOPOB 10 (opMyae m = n — ¢, rlie
1 — nopAgok MaTpuun A — AE, r — ee paHr.,

B chiyuae m = k, rmae k — KpaTHOCTb KODHS A, 2TOMY KOPHIO
COOTBETCTBYET pelliCKME
‘ z =™ +... + M
e b',...,* — nuHeliHO He3aBHCHMBE COGCTBEHHBIC BEKTODHL
Ecid MaTpHlia 4 — BEUIECTBECHHAS, TO HAO BOCTIONL30BATLCS JEM-
MO#t 9 U CKA3aHHBIM MOCTIE Hee.

B cnyuae m < k Hamo MCKaTh pelieHWe T = (:cl,...,o:,,)
B BHJS

z,=(p+qt+ ...+rt')e‘“,
rae 8 = k — m, [oacraBnas 3™H BHPaOXeHHA ¢ GYKBEeHHEMH Ko3d-
dHLHEHTaMH @, b, ... B JAHHYIO CHCTEMY, COKpalias Ha e* M npu-
paBHHBas K03(MPUIHEHTH NPH NONOGHLIX YNeHaX, NOIy4YaeM CHCTe-

MY NUHEHHBIX anreGpaHYeCKRX YPaBHCHHH MUl OTHICKAHMA MMCEN

a,b,.... Hato walitu obutee pemieHue 310l cUCTEMH, 3aBHCALICE
OT k MPOU3BOALHHX TOCTOAHHEIX. (3aMeTHM, 4TO B caydae k 2> 4

BCE CTapillde KO3QMDHLUHEHTH B MHOIOWIEHAX HHOIIA OKA3HBATCH

PABHRIMM HYJTIO, HO 3TO He MeluaeT HaliTi pemterne.) Ilpoaenas 310
IS KaXBOoro A M CROXMB HaHcHHHE peumeHMs, moAyduM obuiee
pPeLICHHE CHCTEMHEL.
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§ 14, Jfluneiinpie cucmempl ¢ ROCMORKKLIMY KOIPPUYUCHMAMY

Ecau maTpuiia A BEeieCTBEHHAN, TO AOCTATONHO NPOIEAATE OIH-
CcAHHO2 TONBKO ANA BEINECTBEHHLIX KOpHell H V1T ONHOIrO M3 Kaxnoit
napH KOMIUIEKCHBIX COMPAXEHHHX KopHelt A = a X 8i (8 # 0),
H OT HONYYESHHOTO PellleHUA B3ATH BELICCTBERHYIO H MEMMYIO YaCTH.
Hanpumep, K3 pemienus ¢! = (e, +c1t)e“ TIOY4Al0TCSE ABA PELICHMSL:
u! = Rez! = (¢, +c,t) cost u u? = (¢; + ¢,8) sin ¢ ¢ woewmu nocTo-

" AHHBIMM €5, ¢,. (OBoCKOBaHHe TAKOTO MeTOMa TPeGYeT ACTANLHOIO
aHanH3a U uaioxeHo B [7], §34.)

Petuerue npumepa. CocTasnsen W pelsaen XapaKTepHCTHYEcKoe ypas-

HeHMe
2-A =2 0 ‘
0 -1-=2A 1 [=-233r-2=0,
2 0 —-1-2A

Al=-2’ *2'331.

Bna npocroro kopHs A= —2 naxoauu cobcTeennuit sextop (a, B,7)

da—-20=0,
B+v=0,
2+ =0.

Moxwo 83aTs @ = 1, § = 2, 7 = —2. HMeen yacTHOR pelueHne

z=¢"%, y= 2, z=-27% (76)
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fnasa 3, Sluneiinwe dughepenyuansusie yposnenun i cucmemsd

AnA KPaTHOFO KOPHA A, ; = 1 HaXOAUM PaHr MaTpuULt A — AR,
YHCHO ™ COBCTBEHHLS BEKTOPOB M CTENEHb 8 MHOTOMMEHa:

.— 1 =2 0
’ A=AE=([0 -2 11},
2 0 -2

Wutem pewenne B BMpe
z=@+We, y=(c+d)e, z=(+gt)e. (7

NoacTasasiem 310 B NaHHYI0 CHCTEMY H COKpaiaen Ha ef, MNpupaeu-
BaeM Kos(huUMEHTH NPK NOROGHLIX YAeHAX, HAYKHAA CO CTApIIMX:
b=2d, 2d=g, 29 =12b,
—-a 4+ b= <2e, 2c+d=f, 2f +g=2a.
Hapo wajitn obuee peulerne 3TOR cucremul, KpatHocTs KOpHS A = 1
paBHa 2, NO3TOMY BCe HeusBecTHHie a, b, ... ROMKHM BLIPAINTLCA

qepes fBa M3 HUX (NOKA ve 3HaeM, vepe3 xaxue). M3 nepsnix Tpex
ypaenenni nueen b = g == 2d. MNoacrasnga & OCTanbHLIE YPABHEHWA,

nony4aem
a-2c=2d, 2~-f=-d, 20-2f=2.

Bce HEn3BECTHLIE MOXHO BUIPA3UTL Yeped ¢ U d, Wueem ¢ = 2e+2d,
I = 2c+ d. Nonaraa d = ¢, ¢ = ¢, nonyvaem b = g = 2¢,
a = 2¢, + 2¢,, J = ¢; + 2¢;. Nopcrasnas 310 s (77) u npubaenas
yacTHoe pewetue (76), yRHOXEHHOE HA €3, NOAYyaes obiee peibenme
CHCTEMBI:

g = (2t + 2¢, + 2¢))¢' + ¢,

y=(at+e)e +20,e,

z=(2¢t + ¢, +2c,)e" — 2¢,e72, <
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§ 14. Nuneiinpre cucmemsl ¢ NOCMOAHHBING KO3 DPuLueHmany

3adavu dns ynpaxnenull:
[12), § 14, N2 786-812; §23, N2 96-98, 105,

Jlunelue neonHOPOIBLIE CHCTEMEL C TOCTORHHNME K03 dHLIM-
eHTaMH. Pelliesne Takoll CHCTEMEL BCETIa MOXHO NONYYHTE METOIOM
BapHaLMH NocrosHHBX (. 5 §9). [IpKH 3TOM HCTIONb3YETCA HHTETPH-
POBaHHE.

OnHeKo B cmyyae, KOIa HeomHopomrHocTH fi(f) B cucTeMe
(70) nupaxamcs TOJBKO Yepe3 CYMMH W MPOH3BERCHHA DYHKLMIH
at™, e, cos Bt, sin Ft, YacTHOS peICHUE CHCTEME MOXHO HaliTH 6e3
HHTETDHPOBAHUSL — MemodoM HEeonpedesennuwX Kodjduyuenmos, Kaxk
NMOKA3BIBAETCH HIDKE.

TaK Kak pemenne cucremsl =’ = Az + f1(E) +... + 17 (t) paBHO
cymme pemienmii cucre (27) = A2f + (@) (G =1,...,7), a cuny-
Chi 4 KOCHHYCH no ¢opMyaaM Jitnepa BHpPaXaOTCH 'lepes noKasa-
TenbHEE QYHKIMK, TO AOCTATOYHO YKA3aTh BUA YACTHOIO peLIeHHs
cucremu 2’ = Az + p(f)e™, e p(t) = a,,t™ +a,,_ ™ +... +a;
@y, ...,8, ~— BEKTODHL

Caenas ¢ stoli cucremolt Te xe npeobBpasoBakns, 4TO B m. 3
¢ cucTeMoilt 2" = Az, nonydaem BMecTo (74) cHcTeMy

7 =2z+ p:(t)eh"‘)',

B =%+ p;_l(t)e(""”',
74 = pp(H)e™™ ™,
rae p}(t) — mmHorowieHsl cTeneHu He Bhime m. H3 310it cHETEME

NOCACAOBATENEHO HAXOAUM 23, Z4_ (5 - - » 2| - BOSMOXHE JBa Ciyyast.
Ecn vy - #0, 10

5= f PO dt = gyl
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frasa 3, JSlunelitie Oudepenyuansisie ypagHesua u cucmems

rae gi(f) — mHorouneH Toi Xe creneHu, uro py(t). 3nech u nanee
TIOCTOSIHHLE HHTCIPHPOBAKHA TOJATaeM DABHLIMH HYNI0, TaK KAK
MINETCS YACTHOE pellieHHe, AHANOTHIHO OTHICKHBAIOTCH 21, -« - 4 Z).
Monyuaenm > -
z=g®e"™™, i=1,...,k

e ¢; () — MHOTOUNCHE! CTENEHH HE BHILIE M.

Ecnu xe 7—A = 0, 10 &7~ = 1, u kaxnansit pas uHTerpHpyeTcs
TOALKO MHOTOUAEH. OT 3TOr0 ero creneHs nosuimaercs Ha 1. IMocne k
HHTCTPHPOBAHHH cTeneHb NOBRIIaeTCes] Ha k. 3HAMHT, B 3TOM wIyvae

z=q(), i=1..,k
e ¢j(f) — MHOTOWIEHS! CTeMeH! He BHIle m + k.

Bosppamasce oT GyHKIHIA 2; X §; M 3aTeM K ¥, NOIYYAEM, YTO
CHCTEMA HMEET YACTHOE pellieHMe BHIA

z = q,(t)e’ft (E=1,...,n), (78)
mae ¢,(!) — MHOTOWNEH CTeMeHH He BHIE M, ECAH Y HE COBMAKAET
HH C ONHMM M3 KOpHEi Aj M CTeneHW He BHILE M+ kj, ecnH ¥
COBMALAECT ¢ KODHEM A,-; qHCNo kj, PaBHO pa3Mepy Haubonpmel
H3 XODARHOBHIX KJICTOK, COUCPXALMX A,. CrienonatrensHo, kjna 1
Gonbiie HaHGONBMEH CTENEHH MHOIOYACHOB, YMHOXACMEX Ha et
B ob1IeM pellieHHH OTHOPORHOH CHCTEMHL.

_____________________________ 9
| Npumep 23. Pewnuth cHcTEMy |
t |
i 7 = 3z — 2y + te?, |
[ t
' y'==l=+y+4excost. t
b e e e = ————————— - —— 4

Pewenue npumepa. O6ujee pewenne OAHOPOHONW CUCTEME NOAYYEHO
8 npumepe 21, anech A, = 2k i. [lnn neopnopopmocreit e M
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§ 14. Nunelinsie cucmemsl ¢ NOCMOAHHBINY KO3putiuenmamy

4e® cost yucna 7 = 2 w7 = 244 PanuYNL, NOITOMY HARO PEWNTE
fABe CHCTEMY

z=3z-2y+te®, y=z+y; (79)
g =3z-2y, v =z +y+decost=
=2 +y + Re de®+¥, (80)

Bns cucrenw (79) Y=2 # Aj, NOTOMY YaCTHOE pelleHie
z, = (at + b)e?, %= (ct + d)e®.
Mopctasasa & (79), vaxopum a = b=c = |, d = 0. 3nayur
z =+ 1)e*, Y = te®.
B cucreme (80) amensem 4e* cost wa 4¢P, uyeno 4

paccuarpMeae Kax muorounew crenenn 0. Tak kak y=24i= A,
&k = 1, TO CTenent MHOTOMARHA YBENWYKBACTCR Ha 1 M

z; = (pt + q)ePH¥* ¥ = ("t + s)e(zm.

Noacraenan 8 cucTeny ¢ otbpowenutid “Re °, nonyvaem
(1-9p=2r, (1+d)r=p;

p=(l~8)g-2s, r+(1+i)s=¢g+4

YpasHeuua 3aeMCHMb, pewendil MHOrO. BepeMm 4acTHOE pewieHwe,
Hanpumep 8 =0, ¢=2i -2, r=2i 4 2, p = 4i, Torma

25 = (4it + 26 — 2)e@H,

¥ = (26 + 2)te™¥,

z, = Re &} = e®[-2cost — (4¢ + 2) sin ],
#, = Rey; = e¥(2 cost — 2sint),

O6uee pewenne CUCTEMH 2 = &y + &, + 5, ¥ = Yy + ¥, + ¥y, 1AE
24, Yo — PeleHne CRHOPOAHON CHCTeM (npuMep 21), 2 2. ¥y, Ty,
Yy, HafneHs 3nech. ’ |
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Iaaea 3, Nunelinsie dugdepenyuansisie ypasHenus U cucmemsl

3adayu dnna ynpamnenul:
[12], § 14, N2 826-845 u N2 846-850.
L~

]
El CHCTeMEL ypRBHEHUIH, He MPHBELCHHEE K HOPMATBHOMY BHIY

2g2™ +a,2" " 4. a2+ 0™ by V4. by =0,
2P +e,2" V4. 4oz +dy P +dp 4+ +dy =0,

oGaazaioT CBOHCTBAMH, OTIMYHLIME OT CBOHCTD cictem BHAA (70), Cornaacho
[7), § 11 Bee pemeHMA ABNNIOTCH AHHERHBIMH KOMOHHALIMAMM PEINEHHIt BURA
z = r()e¥, y = s(t)e¥, me A — moboit xopeHs xapakTepHCTHYECKOTO
ypapHenus M()A) = 0, r(t) u () — MHOTOUNEHH, CTENEHE KOTOPHX
MENBLIC KPATHOCTH k XopHA A (ecnn k=1, 10 r W 8 — yncna), -

anzu+al}“-l+moo+an bo)“'+bla.-l+"c+b.

M(A) = .
@) coA’+clA"'+...+c’ dox'+dl4\""+...+d'

Muorounenst r(t) 1 s(f) MoryT SWTh HalieHB METORAOM HEOMPEACNSHHEX

KO3 PULIHEHTOR. AHANOMMYHO PEUIAIOTCA CHCTEMM Tpex K Gonee ypassenuil,
Cwm, 3anaqu B [12], § 14, N2 813825,

H3pecTHO MHOTO CHOCOGOE PemICHNA JIHHSHHBIX CHCTEM © NOCTOAHHBI-
Mu xoaddunmeHramu,

Ecan M3peCTHH HE TOVIBKO YHCAR A, HO W §a3Kc, B KOTODOM MAaTpHma A
HMEET XOPAANOBY (OPMY, TO PellieHKE CHCTEMH 2’ = Az NUIIeTCH B ABHOM
pune (7], Teopema 11; [12], § 14, 1. 3).

OnepauoHHEI MeTOa pemieHHA IMHeAHIX YpaBHeHUH H CHCTEM ¢ Ro-
croaHHuMn KoadduumenTamy nanoxen B [5], §24.

W38ecTHH YCNOBHA CYIISCTROBAHHA NEPHOIHYLCKOrO PELICHHSA CHCTe-
M 2' = Az + f(t) ¢ nepuommvecxoit sexrop-dynxumert f(t) ([2], rn. 4,
§7, n.3). !
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§ 15. Noxazamenvnan Qynxkuus Mempuys

§ 15. MokasarenbHan (hyHKUNA MaATPHLLI

IMoxkazarenkHan GYHRKIHA MATPHUBL HCTIOAB3YETCS TIPH HIYYEHMH pe-
mWesHH AMHEAHEX CHCTEeM ¢ NOCTOAHHBIMH H ¢ TePHOAHYSCKMMMH

koadpuumeHTAMH. 30eCs PaCCMATPUBANTCA CBOKCTBA 3TOM (hyHK-
LHH, 2 TAKKE HEKOTOpBIX OpyruX dyHKUMK MaTpaLl.

lzlﬂymAnB—xBaupamneuamnuunopm n, E —
eNMHWYHAA MATDHLA, 4;, bi, € — nocToAaHHbe uynena. U3 nuneittoii
anrebpH H3IBECTHH CACAYIOIME ASHCTBHA HAN MATPHUAMH:
A+B,cA AB, AL A,...;
AL A2 =471470 .. (ecam  det4 #£0).

HoatoMy 14 xaxaoro anreGpaHuecKoro MHorowneHa p(z) = a, +
az+...+ a,x" MOXHO ONpeNeAUTs MATPHILLY

p(A) = ayF +a, A +... +a A",

el
Ecnu g(x) = b, + bz +... + b, 2™, f(z) = p(z)/q(z) (a(z) # 0), 10
B ciryuae det g(A4) # 0 MoxHO onpeneaAnTs
£(4) = p(A)(g(4))™" = (o(4))"'p(4).
Tocaennee PABSHCTBO ROEYIALTCH NYTCM YMHOXCHHS OYSBHIHOTO DABEHCTBA

9(A)p(4) = p(A)q(A4) caera u cripasa na (g(4))~'.
el

Onepauns npeaeibHOrO nepexona, AuddepeHURPOBAHNHS, HH-
TCTPHPOBAHKA MNMPOHIBOAATCH € KAKIHM VIEMEHTOM MATPHIM OT-
JenvHo, Hampumep,

AR) = (80 or,.0r A =05 jer,.. e
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rasa 3. fluneidnsie duddepenyuansisie ypasHenus u cucmemsr

JApyrie QyHXIMH MATPHIL MOXHO OTIPEAENNTS ¢ MOMOULBLIO PH-
noB, Pax marpuny A(,)+A(,) +... HA3KIBACTCS CXOUALIMMCS K MaTPHLLE
S, ecou g mobwx £,5 = 1,...,n pan apg T Oy + - M3 EfX
IMEMCHTOB ITHX MATPHL CXOAHTCH K ij-My BNEMEHTY MAaTpHIIM S.
AHanormgHo ompegenserca aGCOMOTHAR CXONMMOCTD PSOA MATPHIL,
a TAKKe PABHOMCPHAA CXOMMMOCTD, CCAH ANEMEHTH MATPULIHL ARAS-
wrcs GYHKUHAMM,

TeopeMsl 0 HEMPEPLIBHOCTH CYMME! PASA M O NMOYNCHHOM JHD-
tepeHuMpOBaAHHK M HHTETPHUPOBAHUH PAIOB OCTAIOTCH CRPABEIHBH -
MU ¥ A DANOB MATPHULL. DTO CAESAYET H3 NPEAMAYIIHX OnpeneneHui
H U3 T0r0, YTO A/Ist PANOB, COCTABNCHHBIX M3 j -X H/IEMEHTOB MATPHLL,
3TH TeOpeMEl CIIPABEUIHBEL

Nlemma 10, Ecnu [lA(m)(t)" e, m=12,...(t €D),uvucno-
8ol pad &, +ay+. . . cxodumes, mo pad mampuy Ay (E)+Aq (. ..
CxXodumces abroMIOMHO U PasHOMEPHO Ha MHoxecmee D.

Hfoxazamenscmeo. Jns moBHIX §, § BMeeM

|8y O < 4@l < e

TlosToMy mist Beex 4, § PARH 6y, (£)+85y;,(£)+. . . cxonares a6-
COMIOTHO M PABHOMEPHO Ha D, 3HauMT, psia MaTpuu — Toxe, B

Remma 11. fns moboid xeadpamnod mompuytt A u mobozo t, > 0
pad

Et—t—t—+... (81)

cxodumcs abcomomuo u pasnomepro & Kpyee \t| < &, xomnnexcrol
nAoCKOCMU.
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§ 15, Noxasamensnas Gyaxuus Mompuibs

»

Hownazamenscmeo, TIpu m 2 |

o I m
15| = 2 s < i =
Z Z (tlllﬂﬂ) T

H JOKAZHBACMOS YTBEPXACHHE CReayeT M3 eMMH 10. |

EI ﬂonmm bymaumei et MATPHIE A HAIHBACTCA CyMMa
pana

RS TR PR R
e‘—E+l!A+2!A tgd e (82)

CHCOBATENEHO, CyMMa priaa (81) pasua €4,
Cpoiicta noxasaTenbHOR GYHKUHH MATPHIIH.
1° Ecnu AB = BA, 1o e**E = ¢4 . ¢P. B camom nene

A eB—(E+ A+-A’ )(E+—B+—B’ )=

= Z ¢ A*B™, , (83)

k,m=0

e?tB= (E+ %(A+B)+ %(A +B)*+.. ) =k;i=0a,,,4*3'“, (84)

Tak kK (A+B)(A+B)= A+ AB+ BA+ B*= A+ 2AB + B?
ur.n Ecnu A 1 B — uncna, 10 e - ef = eA*?, Onna u ma xe
$YHKUMA He MOXET pa3NaraThcd B ABA PASHEIX CTENEHHBIX PAIA,
NO3ITOMY €, = dy,, W15 BCEX k ¥ m. Ec A ¥ B — MaTpHH, TO
Cpm H dy,, Te Xe, MO3TOMY BRpakeHns (83) u (84) Taxxe pasHLL
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Tnasa 3. Jluneiinvie dudpgepenyuanisie YPOSHERUR U CUCTENM

2° Umeem §e'4 = Ae*4. B canom nere, mudxbepenunpys no-
ynexHo pax (81), nonyuaem

t o £ _ i £, Y
A+ IIA +2!A +...—A(E+ l!A+2!AL ... | =Ae”,

Jlestiit paa paBHOMEpPHO cxonuTca B moGoM Kpyre j¢| < 2,, Tak Kak

tm m+1
||:n"=*‘

o0
<ldlle,, m=12..; > ldla, <o
. mm=]

B CHILy Ooll¢HOK B aeMMme 11, TloatoMy nowieHroe aHddepeHUMpOBa-
HHe 3aKOHHO. '

Cnepcreme 1. Mampuya X(t) = ¢' ydoanemsopsem dugpepenyu-
QTBHOMY YPABHENUIO Ut HOYGNLHOMY YCADBUIO

dz
Z=4X, X(©O)=E.
Credosamenswo, ¢4 — Qyndamenmansian mampuya cucmemst

z = Az.

Cnepcrene 2. Ymobbl watimu mampuyy €4 nado wadmu n manux
pewenuil 25(t) (k = 1,...,n) cucmemst &' = A, ymoy k-20 pewse-
Hus Havansioe ycnosue =*(0) cosnadaem ¢ k-m cmonGyom edunuy-
woil Mampuybl. Imu pewieHus RBARIOMCA cMoRGuamy mampuubs e*4,

Crencraue 3. dete’d = ¢, s=a; +ap+... +a,, — cred
Mampuus A.
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§ 15. Noxazamemvnan Qynxyus Mompuybl ' ‘

3mo cnedyem u3 gopmynsi Sluysunna (11), max Kax cmonGus de-
mepmunanma — pewenus u det ecms sposicnuan W(E), a
W(0) =detE = 1.

Pewenue npumepa. Hahpem psa pewenns cucrens ' = Az (z € R’)

€ HAYanbHLIMKU YCROBHAMK ((]i) " (?) COOTBETCTEEHHO, W COCTa-

Bun 43 Hux Matpuly e, CocTaBnsem W pewaem xapaxrepucruueckoe
ypaBHeHHe
4-2 -3

2 -1-2A
Haxopnm coGCTBeHNLIe BEKTODH

=i (3 3)(5)=()
= 30
="'(0)=((1,)naerl l v |
c’(:)”"z(;)’(;) q=-2 =1
s0=-2(1)+(3)-

=A-3A+2=0, A =1 M\=2

B=1

3
2. {
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Faaga 3. Nluneiinsie dudhpepenyuansipie ypasHenus u cucmeMbl

Hauanbnoe ycnosue z2(0) = (?) naer

() +a (D)= (%), a=sam-
2 (t) = 3¢ (:) - (;) .

M3 HafipeHnbX pewenyil COCTABAREM MaTpULy

A ( —2¢! + 3% 3¢’ — 3% )

e = -«
—2¢ +2¢% 3¢ -2¢*
@Qymmmmmoﬁnxmammiuﬂm
Ilycts MaTpMia B nMeeT XopaaHosy Gopmy
1
K, . 0
x, 0 X1
B= .. ., K;= . =MNE+F,
. ey
0 = 0 A
01
o1 0

F= (85)

o
(=2 3

wimn K; umeer pasmep 1 X | ¥ COCTONT K3 OAHOTO UHCAA A,.
Ipu onpeaeneHun ¢yHkuun f(B) cXondmMMCs CTENEHHBIM
psnoM {pamom (81) wan panoM ¢ apyruMH Ko3pOUIHMEHTaMH) BCe
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§ 15. Moxasamenvras ynKuuR Mompuiibl

aeiicTBia ¢ B npoboaTca ¢ Kaxnoi xierkoit K; oTAeNbHO, TO3TO-

My Marpuua f(B) cocrout u3 xnerox f(K,),..., f(K;), pacnono-
XEHHHX HA TABHON IWArOHANH, & OCTANBHLIS IEMEHTH MATPHIH
1{(B) — uynu. Kopaue,

1(B) = diag {f(K)), ..., 1(KD};
B diag {em', veey e‘x'}.

B yacTHOCTH, ec/M Kaxmas kneTka K; COCTOMT TONBKO M3 ONHOIO
9HcAa A;, MaTpHlia B HasuiBaeTcd nuaroHanbHoi. Torna f(B) Toxe
ITHATOHANEHA:

(86)

1(B) = disg {S(1)), ..., 1O,) }; -
e'? = diag {e“‘, cees e"“}.
Haiinem €%, rne K — xopmatosa xnetka passepa kx k, k > 2,
10 ecTs K = AE + F, F onpeneneHo B (85). UmeeM

K = PBHF _ B P

¢ nomoutsio (87) mwn (81) monyuaem
AE — diag {e"‘,... . e“‘} =e’E.

Marpuuu F2, F3, ... umewor sua, cxomusiii ¢ F, Ho y Kaxaol
cneayonei xocolt pan 13 SIMHHLL CEBHTACTCA Ha OXHO MECTO BIIPARO.
Opu m > k umeem F™ = 0. Ilostomy pan (81) ma A = tF
obphIBacTCH,

-1

* -
_E+—F+—F’+ +(k_1).p* b=
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fnasa 3. Nuneilnsie Qugdepenyuansisie ypasHerun U cucmems!

.o [ t & ol
1 F '2-!' ves ﬂ\
¢ 2
N N = (58)

\0 ) 1/

Marpuua ek = euew rlonyqae'rcn YMHOXKCHHEM BCEX DAEMEHTOB
HafiaeHHo# Matprus ¢'F Ha wncro e, Uz xnetox €% cocrarngercs
matpuua e, cM. (86).

3ameuadne. [na TpeyronbHON MATPHUL COGCTBEHHLIMM 3HAYCHUAMK
ABNRIOTCA YHCNA, CTOALMME WA IAABHOM [WAarowank, W TOABKO OHW.
Noatomy Ang MaTPMIL e'? {anaumr, n gna e“) COGCTBRMHBINY 3Ha-
YeHUAMM SEASOTCA wucha e, e A; — cobcTeenHbe 3naveHua
matpuunl A,

Tlycte ang MaTpuiiH A M3BecTHas MaTpuua C, npuBogsiuas A
K XopaaHoBoi Matpuue B = C~' AC. Torma
A=CBC™', A’=cBCc™'.cBC™!=CBC,
..., A™=CB™C\.

Moxcrasnss 370 B (31) ¥ BHHOCK ciesa C, a cnipasa C~!, monyuaem

= C(E+ %B + -B’ )c" = Ce!BC!,

Dra Gopmyna u (86), (88) aawT ewe oaum cnocob orsckanua e,
TMpumep oM. (8], §22.
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§ 16. Jluneiinsie cucmemst ¢ nepuoduveckumu Kospduguenmany

e
Jpyrue $ymxunn Matpun (10Xa3aTeNLCTBA HMEIOTCA B [2], .4, §4).
Myere dbynxuns f(2) onpeasieHa CTeneHHNM PAROM
Iz =a, +alz+azz2 +aeny
cxopAmmMca B xpyre |z| < r. Torna ans moGoit keanparHoii MaTpHum A,
¥ KOTOPOA BCe COBCTBEHHEIS 3HAYSHRA NEXAT BHYTPH KpyTa JA| < v, pax
aE+aAd+ad+...
CXOIMTCA K €T0 CYMMA NpuHMMacTca 38 f(4).
Ecau matpuua A = CBC™, 10 f(A) = CJ(B)C™'. Jina xopnanosolt

warpuusl B = diag (K, ..., K,} umeem f(B) = diag { (K), ..., 1K)}
HNas xopaanoeo#t knetku K = AE + F (F oM. B (835)) paamepa k x k

r'ay 'y "'y

(!(f‘) TR T (k—l)!\

& . f"“’(.\)

1) = N S (k ~2)
" )

\ 0 I

§ 16. Nuneiinble CHCTEMbI
C NepuopnYecKuMn Ko3pduuneHTamu

Jnrelinpe cHCTEMBI M IHHeliHBIE YDABHEHHSA N-TO MOPAAKA ¢ MEpHOTHYEC-
KKMH x03ddbuuveHTaMl — BaXHE 2ag npuaoxeHn#t knace andypepeHim-
anbHLIX ypaBHeHHH K cueTeM. PelueHs ypasHeHHit o CHCTEM TOTO XAacca
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fnasa 3. Nluneilnsie dudgepenyuanbivie YPGENEHUR U CUCMeMb
)

MOTYT OBITHL HCCREAOBAHB H3BECTHMMM MeToaaMH. TIpH TakoM HeCnenoBaHHN
HCMONB3YETCA NOHATHE NIOTAPK(MA MATDHLBL.

E' Jlorapudm marpumsa. TorapudMOM BELIECTBEHHOIO JUIH KOMILIEKCHOTO

MMCAA z HA3HIBAETCA TAKOE THCHO # = In z, uTo €” = 2. Tak xak *H¥ =

e“(cosﬂ+isinﬁ),mmqucnaz—r(cosgo+isinrp) nmeeM ¢ = z

mma,xome =r, B=¢+2xk, k — n0boe uenoce. Moaromy
mz=Inr+i{pe+2xk), me r=|z|, p=amgz

Taxum ofpazoM, Inz — wMHorosHauHas ¢yuxums. Ecnu z #£ 0, 10 Inz

CYIHECTBYCT.

Hozapudimon Keadpamnoii mampuys A HAIHBAETCA TaKad marpuua L,
L
yra e’ = A,

Teopema 17. Jns moGoil nsadpamuold mompuys A, umerowed det A # 0,
cywecmayem In A,

Howasomenscmeo. CHayana HalineM nOrapudM XOPIAHOBOH KIETKH
K = AE+F = A(E+H),tae A # 0, H = X' P, marpuuy F cM. B (85).
Mokawem, yro In (B + H) =N, e N=H - H24+ H}/3~....
Mo onpeneneHuio norapidMa, A ITOTO HANE MOKAZATH, YI0 € =
E + H wnu, yauTsnas (82),tm) S=H,me

SIS, e

Ecaw H — aucno, |H| < 1,10 § =0+ _ | = i, Tax kax pan (89)
OCTAaSTCA CXOATUHAMCA M NOCAE 3aMEeHM BCEX WICHOB HX MORYAIMH, TO
B PANE MOXHO NEPECTABHTH WicHH ¥ OOBLEIHHHTD WICHH ¢ OIKHAKOBH-
su crenenamu H,To eco § = ¢, H + ¢, H  + ¢, H* +.... Kaxxnoe ¢,
NOMYYACTCA H3 KONEYHOTO 4icna KodddHuneHTOB B (89) ¥ He 3aBHCHT
or H.Taxxak S = H nput |H|< 1, 10¢, = 1,6, =0(m > 2).
Hycrs reneps H — marpuua kxk, H = A'F toraa H™ = 0 nipu
m 2> k. Paau B (89) npeppamaorca B KOHEYHHE CYMMBI, NEPECTAHOBKA
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§ 16, Jluneilnie cucmembl ¢ nepuodudeckumu Kodpduyuermanu

H IPYTINKPOBKA YWIEHOB 3AKOHHK, K S = ¢ H + ¢, B +... +¢,_ H*™',
Koodpuunentst ¢, moaydawrcs ¢ NOMOMBIO TeX &¢ acHcTBRil, 910
H B cayuae, Xora H — uMcno, nosroMy ¢, Te Xe caMmue; ¢, = 1,
e, =0 (m > 2). 3uaunr, n s caysae H = 2"'F umeem $ = H, 10
ects In(E+ H)=N.
PaccMATpHBAdS [AMHYIO XODZAHOBY KICTKY Gepem BCeraa omHy
H Ty x¢ peTBb Jorapudua. IMpu A # 0
M = PN = AB (B + H) = AE + F.

Tlosromy npu A # 0 ana xopaanosoit xnerku K = AE + F umeem

mK=FhA+N=

=Eln1+lF—-!-~F2+—-l—F’-e +-S:—l-)-1F'"
P Y Y EpY BT 1
Ecan xopoanosa matpuna B cocrour W3 knerok K ,..., K,
nece A #0, 10 In B ects Matprna D, coctosiuat u3 kaerok In K,
i=1,...,!, Tak xa e” coctour 13 xrerox €&, 10 ects M3 KnETOK K,
“auavmT, e” = B,
Mo moboli Matpuubl A ¢ det A 3 0 cymiecTByeT Takas MaTpH-
ua C, wro marpsua B = ¢! AC xopaanosa, u det B # 0, Torma

A=CBC" = CehBC™! = LSBT
10 ecTh InA = C(In B)C™'. Cymnecteosanne marpuust in A joxa-
3aH0, n

Jorapudm peniecrseHHOH MATPHLE A MOXET OHTL KOMIUICKCHEM.

Onuaxo ecay marpuua A ¢ det A # 0 papHa KBAIPATY BEWIECTBEHHOMN
MATPULH, TO CYIECTBYeT BemecTeeHnbiil In A [7], §33.

IE PaccMoTpHM AHHEHYIO CHCTEMY B BEXTOPHOI 3anucu

& =Al)z (z€E€R". (90)

IpeanasaraeTcs, yro MatpHua A(t) — HenpepuiBhas GyHKIMS oF 2 ¢ ne-
pronom T'.
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fnasa 3. Jluneiisig Suddepenyuanionbie YPaBHEHUR U CUCMeMbl

Iycrs X(t) — mofan dyraamenTanntad MaTpHua cicremst (90). Toraa
marpuua Y(t) = X (¢ +T) — toxe dynaameHTanbHan, Tak Kak det V(i) # 0
H

Y@y =X'¢+T) = AR+ T)X( +T) = ARY ().
Mo Teopeme 3 (§9) cymecrpyeT Takas Heocoban Marpuua M, 910 Y{t) =
X({t)M, 10 ecTb
X(t+T)=X({)M. (91)
Marprua M nasupaerca sampuuelt monodposuit, 3 ee coSCTBEHHBE 3HAYE-

HHS — MYAMURAUKCmOPAMY,
H3 (91) cnenyer, ¥ro A mooro uenoro k

X(t+kT) = X)M*. (92)

Reuma 12, Ans dpyaoll dyudamenmansholi mampuyst Z(t) umeem Soyzyn
mampuy M, amecmo M, nodoBuyro mampuye M, mo ecms M, = c'MC.
floarmomy ace Mamputht MOHOGPOMUY UMEIOM OOHY U My We Xopdarosy popmy

t OOHU U me e MyALMUNAUKGMOPST,

Howazemenscmao, Ecnn Z({t) — npyras dyupaMeHTaRBENAA MATPHLA, TO
o Teopeme 3 Halaerca Takas Heocofad MOCTOAHHAA MaTpuua £, IT0
Z(t) = X(t)C. Torna asanornuso (91)
Z(t+T)=Z(t)M,, (93)
M, =Z"'O2¢+T)=C"'X'\®X(t+T)C=C"'MC.
n

Teometprweckuii CMBICH MATPHIN MOHOAPOMEN ¥ MYISTHIINKATOPOR.
Mycre X{t) — dynmamenransHan Marpuua ¢ X(0) = E. [as mwoboro
2, € R® dynxuma z(2) = X(t)x, ecth pemenne chetems (90) ¢ HavanbHEM
yonoskem £(0) = z,. B cuny (91) 2(T) = X(T)z, = Mz,. To ectp capur
No HHTETPANLHLM KPHBHM CHCTEMBl 33 NIPOMEXYTOK BpeMend 0 < £ < T

148




AL

§ 16, Jlunelinvie cucmemst ¢ nepuodudeckuMu Xoapduyuenmamy

ecTb AMRelinoe npeoGpasosanue 2(T) = M=(0) ¢ marpuuelt M. Benen-
CTBME MIEPHORHYHOCTH CHCTeMH! (90) chBur 33 BpeMA CHEXYIOILEro NepHoaa
T < & € 2T ecrb Taxoe xe npeobpasosanme: (2T) = Mz(T) n 1.1

Myers v — colceenuii Bexrop ana M u Mv = py. Torma 2(t) =
X (v — pemenne ¢ 2(0) = v. B cuny (91)

2+ T)=Xl+Th = X(é)Mu = X(t)puv = p=(t).

To ectb 3a KaXART NPOMEXYTOK BpeMeHH AnHHL ' 3T0 pelneHKe YBeIu-
BacTCA B g pas (ecau p > 1), TO9HES, YMHOKRCTCH Ha M.

3]

Teopema 18 (reopema Onoxé—Aanywosa). Jas cucmemsi (90) mwobos
QyHOOMEHIGALHAR MaMpLiya moMem Bbims npedcmasneHa 8 sude

X(t) = K(t)e?, (94)

20e mampuyo K(t) wenpepsiena u umeem nepuod T, a B — nocmomnnas
sompuya, B=T""1n M.

Hoxazamensanso, Tycre X(t) — mobas GyHEAMEHTRILHAA MATPHLA.
B cuny (91) umeerca Takan Heocoban matpuua M, uro X(1 4 T) =
X(t)M. Mo Teopeme 17 cymecrayer Takas Marpuua B, aro 72 = M.
BoasMmem marpuiy K(t) = X(t)e™?. Oua nenpepusna, K'(f) Toxe.
IMokaxeM, uyro oHa HMeeT nepwoa T'. Hmeenm

K@ +T) =X+ T)e" T = x(t)Me T80, (95)

Tak kax Me™T2 = B, 10 upaxense (95) pasvo X(t)e~*? = K(f). To
ects K(t 4+ T') = K(t), n 7eopeMa aoxasaHa. * [

m HanoxeHHNE Pe3yAbTATH NOZBOAAIT HCCAENOBATE PELICHHA CHCTEME
90) Ha Gecxonewrom HuTepBane, Ecam Ha ompesxe amumm T Halinenw
(nanpumep, Ha OBM) 1 AMHEHHO HE3ABUCHMEIX pelCHHH cucTeMut (90), TO
ecTh M3BecTHA MaTpHa X (f) Ha ITOM OTpe3Ke, TO MOXHO HaitTH MaTpHuy M.
Torna dopMynn (92) u (94) NOIBONAOT CYEHTL O MOBEACHHH BCEX petleHHH
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Inasa 3. Nuneiinvie dudepenuuanshsie ypasHeNus U cucmemsl

cHCTeMH Ha GeckoneyHoM uuTepsane. Hampumep, mas cTpemsieHust Beex
peuieHHit K Hymo npH ¢ — 00 HEOOGXOAHMO H JZOCTATOMHO, YTOOH MOAVAK
BCEX MYRLTHILTHKATOPOB GLUTH MeHbiLe ennHuus (toraa B (92) M* — 0 npu 1
k — 0a).

B cnydae, xoraa cucrema (90) noayyesa 13 ypasnenns y” + p(t)y =0
¢ neproanuecxolt dynkumeit p(t), A. M. JIanyHoB nonyuna ycrosHs orpa-
HHYCHHOCTH BCeX petieHui npk —o0o < ¢ < oo ([2], rn.7, §2, n.2).

. |




TNABA 4

ABTOHOMHbIE CUCTEMBI
M YCTOMUYUBOCTD

OTH BOTIPOCH COSIMHEHE! B ONHY TEMY, TAK KaK IIPH MIIOXKCHWH BO-
NPOCOB YCTOHMHBOCTH HCIOMB3YIOTCSH MOHATHA H Pe3YILTATH TCOPHH
ABTOHOMHBIX CHCTEM, & INDH HCCNCAOBAHKHH OCOGHIX TOMEK HYKHE
MeToanl TeopHH yeTolumBocTH. PasyMeercs, BONPOCH YCTORIMBOCTH
M3NAraloTCA He TOJBKO A/ aBTOHOMHBIX CHCTEM.

§ 17. ABTOHOMHBIE C.HCTeMbI

@ CrereMa audpepeHIHATBHEY YpaBHEHMH HA3HIBACTCH aemo-
HOMHOl, €CH B Hee HE BXOAMT ABHO HE3ABHCHMOE NEPeMEHHOE.
Hanpumep,

%.-_-;,.(z,,...,z,,), i=1...,mn, (1)
HNIH, B BEKTOPHOH 3aMHCH,
% = f(z), z=(2,...,2;) (2)
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Thasa 4. Asmoromnble cucmemst U yemoiivusocms

— ABTOHOMHAA CHCTEMA HOPMAIGHOTO BHAA, ABTOHOMHOCTB CHCTe-
MBI MPHPOAHT K TOMY, YTO PEeMICHHA CHCTCMR MOXHO H306paxar:n
AMHWIMH B MPOCTPAHCTBE MEHbUleH PasMEpHOCTH. J10 ofnerdaer
MCCReROBAHME DElICHUA.

- Dasosss npocmparcmeosm aBTOHOMHOM cucreMHl (1) HasmBaeTcq
MHOXECTBO, Ha KOTOPOM ONPEACCHH KOODIMHATH £, ..., &, H 3a-
Aaka cuctema (1). ®a3oBoe MPOCTPAHCTBO MOXET GHITH, HANPHMED,
obnacteio B R® win magkolt mopepxHOCTHIO, HanprMep, GoxoBol
NMOBEPXHOCTHIO LIMAMHADPA,

Hanee cuuraem, uro B (1) dynxume f; u 8f;/0z; onpegenerut
H HenpephiBHE B o6aacTy G C R”. Toraa G — dasosoe npoctpai-
crso. Kaxnoe pemenue cucreml (1) =, = (%), ..., z, = 2,(f)
onpegenseT B $a30BOM MPOCTPAHCTBE JIHHMIO (WM TOUYKY, €CAH BCE
dyHKumn z;(f) NOCTOAHHEL). DTa NHHHA WIH TOYKA HASHBAETCH Mpa-
exmopueii (WHOTAA dhazoeoli mpaexmopueit). Touxa ¢ = a ABAAETCA
TpaeKTOpHeit TOrma ¥ TONBKO TOrAA, KOrIa B 3TOH TouKe Bee QYHKIHK
J; paBaH Hymo, T0 ectb B (2) f(a) = 0. Takad TOYKa Ha3LIBACTCS
ocoboii WIH cmaulonapioli, WIN NOJONCEHIEM PAGHOGECUA.

NpuMep 1. ASTOHOMHAR CHCTEMA 2} = Z,, &) = —2, Wweer
pewexus

g, =¢sin(t+¢), zm=ccos(t+c). (3)

B npocrpanctee £, 2, z, dynkuny (3) H306pama0Tca BRHTO-
BLIMM IHHUAMM, 3 B PA30BOM NPOCTPAHCTBE (3AECL OHO ABARETCS
NAOCKOCTHIO T, T)) — OKPYMHOCTAMK T3 + 25 = ¢i. Kaxpan
OKpYIKHOCTL H306pamaeT GECKOHEYHO MHOO pellieHnH, OTANYa-
IOLMXCA TONLKO 3HAYEHUAMN ¢;. Touka x, = @, = 0 TOoMe
fBARETCA TPaexTopued (ocolan Touka).




§ 17. Asmonomubie cucmembl

Cucrema (1) wnu (2) B Kaxno# ﬁmxe z= (=,...,2,) dasosoro
NPOCTPAHCTBE ONPENENAeT BEKTOD

Hz)= (fl(z,, VSR 0 JUUOUS X ¢ o zu)).

B ocoGolt Touxe f(z) = 0. Ecnu iunus ¢ = 2(f) SRIAETCH TPACKTO-
pueH cHCTeMSL, TO B KaXno# cBoeit Touke, rae z'(2) # 0, oHa kacaercs
Bekropa f(z), Tak Kak sekrop z'(¢) = (z|(2),..., 7, (t)) xacaercs
AWHHM, NAPAMETPHYCSCKH 38NaBHOH ypaBHeHHAMH 2, = (1), ...,
z, = z,(t), a 2'(t) = f(x(t))  cuny (1) wan (2). Taxum o6pazoM, as-
TOHOMHA5 CHCTEMA 3a1Ia¢T sekmopioe nose B $Ha’oBoM NPOCTPAHCTEE,
a TPAEKTOpHH — JMHMM, KOTOpEIE BO BCeX Toukax, rae f(z) # 0,
KacaloTC BEKTOPOB 3TOr0 nonid. Ha TpackTopHAX NMPHHATO CTABHTH

CTPEJIKK, YKA3HIBAWOUIME HANpPARICHHe RBIKCHHA ToYkH z() mpu
BO3PACTAHHM &.

‘Zl Cnaenyionme yTBepKACHHSA OIMCHBAIOT CBOHCTBA TPAcKTOPHH.

1° Ecm 2(t) — pewerne cucreMu (2), To wia moboro ¢ € R
dynkuna y(t) = z(t + ¢) — Toxe peiueHHe, W BCe 3T PEHICHUS
MMEIOT OHY H Ty X¢ TPASKTOPHIO.

Hoxasamensemso. Tax xax z(t) — pewenue, 10 2'(2) = f(2(2)).
3amenan & Ha ¢+ ¢, umeeM Z'(t + ¢) = f{z(t + ¢)), TO ecTh
¥ (t) = f(y(t)). 3uaumr, y(¢) — pemeHne. DTH pelIeHHA HMEKOT
OIHY ¥ Ty X TPACKTODHIO, TAK KaK depe3 Miobyio Touxy &* =
2(t*) nepporo pewmenns pemeHue y(t) = (i + ¢) npoxoanT npn
t = t* —c. Takum 06pa3oM, KAXAAS TPACKTOPHSA, He ABJAIOLIAACA
TouKoit, H306pakacT GECKOHEYHO MHOIO pellicHMH. | |

2° Jpe NI0GHE TPACKTOPHM MAM HE HMEIOT OGIIHX TOYEK, HIH
COBMANAIOT.
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Inasa 4. AsmonomHbie cucmemsi ¢ yemoiuusocims

Hoxazamensemso. Tlycts Tpaekropun pemienuit (f) u y(t) ume-
10T obmryio Touky b. Torma cymectsylor Takue £, u {,, 4ro
b= z(t,) = y(t,). Pymama 2(¢) = y(¢ +¢, — ¢,) — Toxe pe-
wenne, n 2(¢,) = y(t,) = 2(t,). Mo TeopeMe enMHCTBEHHOCTH
#(t) = =z(t), 10 ects y(t + ¢, — ¢,) = =(t), u pemenua z(t) u
y(2) HMelor omMy B Ty Xe TPAeKTOpHIO. n

Caepcrane. Peiterue GBMOHOMHOLU CUCMEME! HE MOXeEr soimU 8 0c0-
Bvio MOYKY 30 KONEHHOE 8pEMA,

Hoxazamenscmeo, Tlycth a — ocobas Touka, To ecth 2*(f) =a —
pemenue. Ecnu Tpaextopuu pemexnit 2(f) u 2*() He coena-
AAI0T, TO OHK He MMEIOT OGIKX Touek, 3HauuT, 2(i) # & npu
Beex 2.

Pemenue (i) MoXeT NpHGMXATECA K 0C05O0I TOYKE TONb-
Ko ApH £t — 400 WK nipu § — —00. [ |

3° Ecan z(t) — pewennue, 2(¢) = z(t,), ¢, > ¢,, n z(t) # const,

TO pelicHHe — MEPHOAHYECKOE, ¥ HETO €CTh HAMMeHbIIKI ToNoXuU-

TEABHBI! NEPHON, 3 TPACKTOPHS — 3aMKHYTas Kpusas Ge3 camone-
peceeHHi.

Hoxazomensemso. ®yuxums y(t) = «(t +¢, — ¢,) — Toxe pe-
weHne no ceoiictey 1°, y(t,) = z(¢,) = a:g,). o Teopeme
emuHcTBEHHOCTH Y(E) = =(t), T0 ectb 2(t + d) = 2(t), nepnon
d =t, — ¢, > 0. Moryr GHTh M APYTHE NePUORHL.

Tak xak z(f) # const, To HaliaeTca Takoe ¢*, yto (1) #
z(¢,), 10 ects |2(t*) — 2(t))| = £ > 0. B cHily HenpepsIBHOCTH
z(t) waitnerca Takoe h > 0, uro [2(f) —z(¢)| < rmpu t, —h <
t < t, + h, 3uaunr, 2(f) # 2(*) npu a3mmx £. Ho 3a Bpems,
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§ 17. Asmonomnue cucmenst

papHoe nepuony, peltenne () AOMKHO MPOHTH Yepe3 Bee TOUKH
cpoelt 1paexropun. IlosroMy MmMEA JI0GOI0 NMOAOKATENEHONO
NEPHONA He MEHbue, YeM 2k, H HIDKHAA TPaHb UX IUIHH P 2>
2h, Ecnu p He €CTb NEPHOA, TO HMEETCA TOCHSIOBATENSHOCTD
nepyonos p; ~ p+ 0, o(t + p;) = =(¢). [Ipu p; — p monyvaem
z(t + p) = 2(t), 10 ecTb p — nepHon.

Tpaexropua z(f) (0 < ¢t < p) — 3aMKHyTa# Kpusasd, TaK
kak z{p) = 2(0). Ecniu oHa MMeeT camonepecedyenms, TO
z(t,) = =(t;) npu Hekoropuix £,i, € [0,p], |t, — 4] < p.
B cuny noxasaHHoro Bhe, Torma pemenue z(l) umeno 6u
nepuox 4 = |t, —i,| < p. D10 HEBOIMOXHO, TAK KaK P —
HaUMEHBINMH NONOXKHTEALHLIH NePHOLL. [ |

4° Kaxnasa TpaeKTODHS ABTOHOMHOM CHCTeMH ABAACTCA WIH

TOUKOH HIM 3aMKHYTOH Kpupoit Oe3 caMonepeceveHnit, Hnu He3aM-
KHyTolH KpHBO#t Ge3 camonepecedeHui,

Boxazamenscmeo. Ecom pemuerue 2(f) = const, 10 TpacKTOpHs —
Touka. Econ z(¢,)-# =(¢,) npn mobux ¢, u ¢, # ¢,, T0 Tpa-
eKTOpHR — He3aMKHYyTasd Kpupas Oe3 camonepecedeHnii. Ecan
z(t) # const u z(f,) = =(t,) npu HexoTopux ¢, u ¢, # ¢,, TO
TPAEKTOPHS ~— 3AMKHYTad KpHBad B cuny 3°. |

5° Tpenessabie MEOXecTsa TpaexTopal, na Tpaekropun Tz =

p(t), —00 < ¢ < 00) nAK WA ee NONOXMTENLHON MONYTPAEKTOPHH
TH(z = (t), t* <t < 00) w-npedessnoil mouxoii HA3WBACTCA TaKasd
TOYKA P, YTO CYLIECTBYET NOCICAOBATENBHOCTD £y, {5, . . . — 00, IO KO-
Topoit ¢(t;) — p npk § ~ co. Muoxecrso Q(T) Beex w-NPeENLHEIX
TOYEK TPAeKTOPHH T' HA3WBACTCA €0 W-NPedetbHbiM MHONCECIIBOM.
AHAIOTHYHO, HO NPH §; — —00, ONPEACIIONICHA @ -Rpedebible MoK
H MHOXECTBA.
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Frasa 4. Asmonomusie cucmemsi U ycmoduusocms

Hanpumep, ana Tpackropan ¢ = ¢ (z € R') MHOXecTBO qT) .
nycro; ang nonyrpaexropuu T (z = e™, 0 < ¢ < c0) MHOXKecTBO
QUTt) ~ Touxa 2 = 0; ana TpaekTopun z, =¢'cost/(1+¢'), z,=
e‘sint/(1+¢’) a-npenciiboe MHOXECTBO ecTh Touka Z,=,=0,
W-TIPEAENBHOE MHOXECTBO — OKPYKHOCTS T3 + %2 = 1.

[

Teopema 1. Ecru nonympoesmopus T*(x = o(t) € R*, ¢t < ¢ < )
O2paHUYEHa U aMecme o cBoell £-OKpeCMHOCMbID CODepMumEs 8 obAGami
G, & xomopoil sce f; u 8f,/8z; Henpepsients, mo mHoxecmso ATY)
HERYCINo, C2PAHUNEHO, IGMKHYMG, CBAIHO U COCIIOUM U3 UeAbX Mpaekmopu.

HAoxazamensemso. ina moGok NOCAEROBATENBHOCTH ¢, ~ 0O MOCACAOBA-
TensHocTb ¢(2,), § = 1,2, ..., orpaHHIeHA, 3HAYHT, HMEET TIPSACALHIC
rouxs u (T*) menycro, U3 orpaniyentocts T cheayeT orpaHmyeH-
noers Q(T). )

3amkHyTocTs. Ecnk p, € TY), p, = p, i=1,2,..., To DA
57 = 27 ualtaerca Taxoe p;, wro [p, — pl < . Jaa sr0r0 P, Cywecrsyer
nocaenosarenbHocTb d, ;, j = 1, 2,...,1axas, yro ¢(f, ) — p, (j —+o0),
no3ToMy Haltaercs Takoe j = j(i), uro tiw > b |tp(tu(..)) —p..l <.
Torma |¢(t, ;) — Pl <20 =2"7, ¢, ;o > i — 00, Juaum, p € YT*).

Hokaxem, yro (T} cocToMT K3 uUeAHX TpaeKTopHl, TO €CTH
yro uepes mobyw Touky a € QT) npoxomwr Tpaexropun T, (x =
z(t), —o0 < t < ®), cosepxamasca B QT). Mo onpenenenno
T) cywectsyer Taxan nocaenosareasHocts t,4,,... = 00, 4TO
glt)) = a (i - o). Oyuxunn x,(t) = ot +8) ( =1,2,..) —
pewmenus no ceoiletsy 1, x,(0) — a (i — 00). OSoanaunm vepes z(t)
pemenne ¢ z(0) = a, a wepes F — samxuytyio (€/2)-okpecTHOCTb
nonyrpacxropuk 1. Toaka ¢t = 0, 2 = a AEXNT BHYTPH 3aMKHYYOH
HeorpasAgentol obnactk D(—~o00 < ¢ € o0, x € F). B cuay cnencrena
Teopemsl 4 §6 pemenue z({2) NPONONKAETCA B KAXKIYI> CTOPOHY HAM
IO BHIXOHA Ha rpaHsuy ofnacrk D, man #o.cxone yronHo Sombmmx
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§ 17. Asmonomusie cucmemsi

|t]. Mipeanonoxnm, 10 2(¢) BLXOAMT HA rpasuLy obaacTH D B Touxe
t =2, 2 =z(t")=0>. Torna b nexnr Ha rpaHuue MHoXecTsa F,

CACAOBATENBHO,
p(b.T*) = . (@
Cornacro caencTsrio TeopeMul 6 §7 K3 x,(0) — a = 2(0) caenyer:
x({t)—- 2t =0 (- x) (5)

Tax xak x,(t') = ¢(t; +¢*) €T* npu ¢, > ¢, — t*, 70 (5) npornsope-
auT (4).
(Homuy peuiente z(t) He MOXET BHtTH HA rpaHuuy oGmacTw
D, cacsiopatensho, NPOAIXAETCA HE HHTepBan (—oo,c0). A Torza,
KaK Bhie, umeeM And moboro t @t + &) = x,(t) — z(t) (i — o).
Cnenosaressno, z(t) € Q(T) nps seex ¢.
CBA3HOCTD RE BOKA3KIBAEM, OHA Hibke HHEOe He Henoasayerca. M

HiayueHn o apyrie CBOHCTBA NPEACbHHX MHOXESCTB ARTOHOMMBIX CH-
crem B R?,

Teopena Beuguxcoua, Jzpawuvennce w-npedensHoe MHOKECMEo HA NAOC-
KOCMU, e codepmoiyee ocobbix MOYeK, ABARCMCH 3aMKRYMOl mpaexmopued
([7], § 28, meopema 21},

B npoctpancree R®, n = 3, cTpyKTYpa NpeIeAbHHX MHOXECTE MOXET OHTD
IHAYHTENbHO GoNee CNOXKHOK W Mano HiyueHa.
iyl

6° Tpymnozoe cBoiicTso ABTOHOMHOH cucTeMil. O603HAYHM Yepe3
@(t, p) pemenne cucteMmu (2) ¢ HavansHeIM ycnosueM (0, p) = p.
Torna
w(t vlt,, p)) = ot +¢,9) ©6)
Ha noboOM HMHTepBane, HA KOTOPOM oOmNpeacicHH obe 4acTH 3T1oro
PABEHCTBA.
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Inasc 4. Asmonomnsie cucmemst u yemoilvyeocms

Hoxasamenscmso. OGe yacTH paBeHCTBA — pelleHna (npapas —
no ceoficrey 1°). O6a pewenns npn ¢ = 0 npoxoasT dYepes
ofHy Touky ¢ = @(t,, p). [1o Teopeme EIUHCTBEHHOCTH OHK
" COBNANAIOT NPH BeeX ¢. [ ]

—-

7° QOynxkuna (i, p) HenpepuBHA N0 COBOKYNMHOCTH NEPEMEHHBIX
(=10 caenyet u3 Teopemu 7 § 7).

8° Ilycte Boe pewmnesius CHCTEMH (2) onpefeneHd npH ~o0 < ¢ < 00
H HX 3HayeHMA z(t) sanonuslor MHOXeCTBO P, Toraa npu Mo6oM ROCTOAH-
HOM p € P u nepemernom ¢ Touka 2 = ¢(t, p) npoberaet Tpackropiso, Tlpu
moBoM nocroarnoM ¢ € R' u nepemennom p dyuxuma ¢(t, p) onpenenser
HenpephipHoe oTobpakeHne MHoxecTsa P Ha ceba, 3asucAwee OT napaMeTpa
t € R'. D70 0rOGPAXCHHE HAILIBACTCA COGUZOM N0 MPAEKMOPURM 38 BpeMS L.

Cemeflerno Taknx ovoGpaxenuii CIBHIa COCTABNACT OAHOMApAMETPH-
YeCcKylo KOMMYTATHBHYI0 IDYNIY ¢ IPYNNoBok onepauneii, onpenensemMolt
nesoit wacTbio papeHcTEa (6) (MocnenoBaTeabHOe BRINOMHEHNE ABYX oTolpa-
XeHUA 43 DAHHOTO ceMelicTBa eCTh TAaKKe OTODpaXeHME, NPHHANICKAIICE
cemeicTny).

Hoxasamenscmeo, KoMMYTATHBHOCTE M aCCOLMATHBHOCTD IPYINOBOH
onepaun# caeayer w3 (6). EImHuua rpynnsl ecTh TAXKASCTBEHHOE OTO-
Gpaxenue ¢(0,p) = p, a obpatroe orobpaxenwe ana @(t,p) ecmm
¢(-¢, p). u

E’ Ipynna oTobpaxenuit MuoxecTsa P Ha ceba, obnapaomaa cpoiicTpa-
M 6°-8°, HaswiBaeTcA duramuvecxoii cucmemoii. [IHHAMPWYECKME CHCTEMEE
MOTYT H3YYaTBCA M BHe CAN3M ¢ KOHKDETHHM BHIOM IH(OhepeHUHATBHEX
ypastiennti (1), To ecTs ToNbLKO HA OCHOBe 3TX csottcts (Hanpumep, [36],
masel 5 ¥ 6). PeayabTaTsi, ROJXYYCHHKIE TAKWMH A0CTPAKTHEIMH METOLAMH,
PAIBHBATHCE ¢ MPHBAEYCHHEM NMOHATHH M3 APYIUX OTACAOB MATEMATHKH
H NPUMCHAAKCH K KOHKPETHEIM 3a034aM.

el
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§ 18. Monamue yemodivusocmu

§ 18. MoHATHE YCTOHUUBOCTH

@ MareMaTHueckas TeOpHA YCTOHYMBOCTH M3ydaeT NOBeAcHHE
pewieHHit cucTeMH aHbdepeHUIHATBHEX YpaBECHUN nipn ¢ — 00,
OcHOBHO# BOTIPOC: B KAKHX CRYYasX MOXHO YTBEDXIATh, YTO peiile-
HHE MANIO MEHSCTCH HA BCeM GeckoHewHOM MHTepsane ¥, < ¢ < 00
npM MoGHIX DOCTATOUYHO MANBIX M3MEHEHHAX HAYAMBHHX YCIOBMHA
H GyHKUMH, BXONAIMX B ypaBHEHHS PacCMATPHBACMON CHCTCMEL
TeopHs ycTOMUMBOCTH MMeeT 6OJIblIOe 3HAYEHHE B TEXHHKE, TAK KAK
B PCANBHEIX 333a4aX HCXOTHRIC AAHHEE, 8 4aCTO H YPABHCHHUS ABHXE-
HRA (HATpUMep, H3-33 HEYYHTHBAEMBIX TIOMEX) H3BECTHH JIHILb MPH-
6moxenHo, Jng coaMaHMa MANIMHEL, CNOCOGHOMN BHNOIHMUTE ONpeNe-
JICHHYI0 paGoTy, He BCErma ROCTATOMHO KAYSCTBEHHEIX DUIMIECKHX
coobpaxennit, B0 MHOIHX CAYHAAX HYXeH MAaTeMaTH4eCKHH aHanu3.

IleppEiM BaXHHIM TEXHHUSCKMM BOTMPOCOM, PEIIEHKHERIM C HO-
MOIIBIO TCOPHH YCTOHUMBOCTH, ObUT BOmpoc 06 ycnoBHsX paGoTH
perysiropa Yarra. B n3obpereHHoit YarToM napopoit ManiMHe HMme-
eTcd MEXaHM3M — LeHTpOOeXHHH peryIsTop, KOTOpHME JOmKeH
NOANEPXKUBATE TOCTOAHEYI0 CKOPOCTH paborm Mamuuu, Ho xor-
JA CTaAK CTPOMTH GOJbIIHE MapoOBHE MAUIMHH, PETYIATOp Yarra
yacTo He cnpaensncs ¢ paGoroit. Pycckwit mHxerep BrtiHerpan-
ckuii, YTOGH HAlTH NPHIMHLL IAOXOH paboTH peryasTopa, cocTaBua
cucTeMy AudxbepeHUMANbHBIX YpaBHEeHHH, OMMCHBAONIYI0 pabGory
NApoBoH MaLlIMHEL BMECTE C PErYATOPOM, H HCCASAOBAN ITY CHCTEMY
Ha ycTouuBocTs (cM. [7], § 27). OH nonyuwn ycAOBUS YCTOHYHBOCTH
B BHll¢ OTPAHWYCHMI HA KOHCTDYKTHBHBIE MAapaMeTphl PEeryasaTopa.
PerynaTopel, HIrOTOBACHHHE ¢ YUETOM 3THX OIrpaHHYCHHI, paboTaim
XOpoIlo,

B HacTofllee BpeMsA B CBASH ¢ aBTOMATH3allMel! MPOM3BOACTBA
BCE ITMPE NPHMEHAIOTCH CHCTEME RBTOMATHYECKOTO YNPARTEHHA, KO-
TOpHEe BOMEKHE 06eCNeYUTE paGoTy YNIPARNAEMOro 0OLEKTa B 3a0aH-
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Tnasa 4. Asmowomupie cucmemsr U ycmoiyugocms

HOM peXuMe. MatemMaTHUSCKOE MCCAENOBaHHE YCTOHYHBOCTH TAKHX
CHCTEM ellle Ha CTRIMH MX NMPOCKTHPOBAHHSA YCKOPACT H YRCIICHIA-
€T CO3faHMe TAKHMX CHCTEM, 03B/ 3apaHee OTOPOCHTL MHOTHE
HerofHie BADHAHTHL.

- BaXHaf ponh B COMAHHH M PA3BHTHH TCOPHH YCTOMYMBOCTH
NMPHHARNEXKT COBETCKHM H POCCHIICKMM yueHHM, HAYHHAA ¢ OCHO-~
BOHOAOXHMKA 3710/ TeopuH A. M. JIanyHosa.

EI Ocnosabie onpenesenns. PaccMATPHBASTCA CHCTEMA B BEKTOPHOIL.
3ATTMCH

dz %

F =16 ==|: ] U

H ee uacTHoe pemieHue z = () (¢, <1 < oo). Bexrop-pyHKumua
Jit, z) unce 87,/6x; onpepeneHst W HenpepuBHLI TIpH [x—p(2)| < p,
ty<t<oo.

Pemenne = = @(t) ¢ HasanbHbM yoioBueM @(t,) = x, HasLBa-
erca pemoiivusoim (WIH yemoiiuusom no JTanynosy), ecnu ona moGoro
€ > 0 naitmerca Takoe § > 0, yTO MAs KAKIOIO TAKOTO &y, YTO
|Z, — 24| < 6, pemenne E(t) ¢ HauanbHEIM ycnoBueM (1) = £, npn
t, < ¢ < 00 CyLIeCTBYeT H

[E(f) — @) <& (¢ <t < o0). 8

D10 3HAYMT, YTO KAXJOE pellleHHe ¢ HAYANLHEIM YCAOBHEM H3
6-OKPECTHOCTH TOYKM T, NPH §; < ¢ < 00 CYWIECTBYET H HE BRIXOZHT
U3 €-TpYGKH, OCh XOTopoit — pemeHue 2 = p(l) (puc. 12).

- PewleHMe 2 = (l). HA3LIBACTCH BCUMRMOMUYECKE YCMOUUBHIM,
ecan 1) oHo ycroituuso no JIsnyxosy, 2) Bee pemeHus Z(f) c Ha-
YaNbHEMH YCAOBHMAMHA T(1,) #3 HexoTOpOH 8,-OKpPeCTHOCTH TOUKH
%, HeOTPAHHYEHO CONKAIOTCA C pemieHHeM Z = @(t) npu £ ~+ +o0,
10 ecth E(t) — p(t) — 0 (t — +o00).
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§ 18. llowsmue yecmoiivusocmy

A&y,

[—]
&+
ohy

Puc. 12

TpeSosanua 1) u 2) nezaBucumu, U3 1) He creayer 2), Tax

KAK W3 HepaBencTra (8) He cyenyer, uto Z(f) — (t) — 0, a u3 2)

He centyer 1), oM. ChEAYIOIHIA NpUMeEp.

| ety it "
I Mpumep 2, Nycte AnHuK H3 puc, 13 n3oHpamalor TpaeKToOpUM :

: CHCTEMbI

t
= P(z! y)’ % = Q((B, y). :

& &

Mycte ¢yHkuun p, ¢ wenpepushe; p(0,0) = ¢(0,0) = 0, 3naumr,
z(t) = y(t) = 0 — «uynesoe» pewenwe, Ha OAHOR M3 RPUBLIX,
nayuux u3 toukn O(0, 0) sneso, BosbMem Toukn B n D. Bozbmen
unena 0 < £ < |OD) u cxonb yropHo Masice § > 0, Pewenne Z(t),
F(t) ¢ wavanpuuin ycnosmes B Touke B, newaueit na ayre OD 8
d-okpectHocTH Toukn O, waer no ayre OBD. B touke D uMmeen
|OD] > €. Henu3s nofobparte Takoro § > 0, wTo6u pewerne K3 Toy-
xu B ocrabanoCh B £-OKPECTHOCTH Hynesoro peweuus. [oatomy
HYARBOE PeUIeHHe HEYCTORYMBO.
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Inasa 4. Asmonomnbie cucmemst U yemolvusocme

Hanwyme wnn oTCyT- /]
CTBME YCTOHYMBOCTH He 3a-
BHCHT OT BubOpa Mauans-
HOFO MoMenTa £;. B camom D
Aene, NYctb NPW Havanb-
HOM MOMenTe f, pewenne
z = p(t) ycroiumeo, 1o Z
ecrs 3 |F(t,) —p(t,)| <8
chepyer HepaeeHcTeo (8).
MNycTe HAYANLHHIH MOMEHT
4 >t (umm t) < 1) w Puc. 13
|Z(¢) — et} <. Ecnn
1) MOCTATOMHO Mano, TO W3 3TOM0 HEPABEHCTBa B CHNY HENpepuiBHON
33BHCHMOCTH PEWICHUR OT HaYaNbHbIX YCNOBMK CREefyeT HEPaBeHCTBO

[Z(¢) — ()] < & wa otpesxe ¢ xonuamu %, u £, a ovciopa —

Hepasencteo (8). To ecTo W npu HavanbHoM Momente #, pewenne
z = p(t) yeroitumeo. <

HccaenosaHue ycroftunnocTi moGoro pemeHHs ¢ = (t) cucre-
MH (7) MOXHO TIPHBECTH K MCCIGAOBAHMIO YCTOWYHBOCTH HYAEBOTO
pelwenms apyro#t cucremMu. Ins 31oro B (7) AENACTCS 3MEHA HCKO-
Moii dpynkuun 2z = (i) + y. Honyuaerca cucrema ¢'() + ¢'(f) =
" f(to(t)+y). Tak kak 2 = p(f) — pemenne cucreMul (7), To
P'(2) = 1(t, (t)), u MBI MeeM

¥ =St ot)+9) - £t o(t)). (9)

Pewrenue z = ¢(¢) cucrempl (7) npu Takodt 3aMeEHE NEpPEexXOmHT
B pemienne y = 0 cucremsl (9). YerofiunpocTs (HIH HEYCTONYMBOCTD)
pEllicHHs! NpH ITOM COXPAHAETCH, TAK KAK PasHocTh Z(t) ~ p(f)
NEPEXOaMT B PaBHYIO el pasHocTs (L) — 0. ~
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§ 18. Nowamue ycmoiivusocmu

YcToliuMBOCTS Hy/IEBOTO peleHUs cucTeMnl (9) 03HavaeT, ITo
u3 {§(tp)] < 6 caenyer |5(t)] < £ npu £, < ¢ < oo,

@ HceenenoBatsh ycroiuMBOCTb, MOAB3YACH AHUIL ONPEACTCHHS -
MU, MOXHO TOJLKO TOITA, KOIMA yAaeTCH HARTU B TOM WIH HHOM
pulie obIee pewieHMe JaHHOH CHCTEMBI HIH KOrAa YHACTCH BHIAC-
HHTH TakHMe CPOHCTBA pellieHHN, KaK OrpaHHYeHHOCTR, BO3PACTaHHE
H yﬁmaanqe.

Pewenue npumepa. O6wee pewewne y = 1/(t + ¢), ¢ = const;
y = 0 — vome peweune. M3 Toro, uto y(t) — 0 npn ¢ — 400,
ownbouno Guino O penarth BM- 4
20 00 YCTORYMBOCTH HYREBOro pe-
weHnn. fing yeToiduMBOCTH Hyne-
BOrO peweHns Hago, 4robnt W3
ly(0)} < & cnepopanc 6w

wor<e
npu 0<E< 00
Mpu y(0) > 0 pewenus y6iu-
BT M CrpemaTca K Hymo. [lpu Puc. 14
y(0) < 0 pewenna yGuBawT 4 ume-
T BEPTHKANLHLIC ACUMITOTH (PHC, 14), TO &CTh HE YAOBARTBOPAIOT
yenoeuio (10). Mo3Tomy Hynepoe peleHHe HeYCTOH4MBO,
Apyro# cnoco6. [ins pewenus ¢ y(0) = y, u3 dopuyne y =
1/(¢ + ¢) nonysaen ¢ = !/90' y(t) = y/(ty, + 1). Ana aworo
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Inaea 4, Asmoriombie cucmemsi it ycmolvugocms

Yy < 0 mmeenty,+1 =0nput = —1/y, > 0, noatomy y(t) ~ —co

npn ¢ — —1/y, — 0. Hynenoe pewenne HeYCTORYMBO. -«

_____________________________ -
I Npumep 4. YCTOHYHBO AW HYNEBOE PRIEHHE CUCTRML [
I, dz dy |
I & __ = - I
I dat 4y, &t z? |
e mrc e, _r e e ccm————————— — d

Pewenue npumepa. fens BTOpoe ypaBHeHMe Ha Nepece, nosyyaew
dy/dz = —z/(4y). O6uee pewenue z° + 4y = ¢ > 0. ITn au-
nuu — sanunce. Econ 22(0) + y2(0) < 62, 1o npu ¢ > 0 pewenne
2(2), y(t) naxopurca BRyTPN anaunca @ + 4y? = 467, onmcanmoro
okono kpyra =% +y* = 6%, Tak
KaK Kpuenie, W3obpaxaioume pe-
WEHUA, HE NEPeceKalnTCs, TO pe-
wenne 2(t), y(t) ocraetca BHYTPH
atoro anamnca (puc, 15), 3Haumr,
W BHYTPM Kpyra z° + ¥ = €,
£ = 28, ONHCAHHONS OKOAO BANH-

Puc. 15 nca. HyneBoe pelieHHe YCTORYM-
BO. ACMMNTOTMYECKOH YCTOHMMBOCTH HET, TaK KaK KaXAOE peleHde
OCTaeTch Ha CBOEM MNCe X + 4y> = ¢ U He CTPEMHTCA K HymO
npu ¢ — 00, -

3adaqu onn ynpawuenui:
[12], § 15, N2 884888, 890--892; § 24, N2 140-147,

Yenosua ycroirmeocTs Ana mBeliBON CHCTeMM © NOCTOSHBLIMH
koadpburmenramu. [lycTh B cHcTeme dz/dé = Az MaTpuna A umeeT
COGCTBEHHBIC SHAYCHHSA A, ..., A,.
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§ 18, Mousmue ycmodivusocmu

Teopema 2.

1) Ecau ece Ref\,- < 0, mo Hymesoe petiienue GCUMNMOMUNECKY
yemoiluuso.

2) Ectu sce Red; < 0 ¢ ns mex X, y womopsix Red; = 0,
8ce Mopdanossi Knemxu pasnepa 1, mo nynesoe pewiexue yemoti-
Yuso,

3) Ecau umeemca Ay, y komopozo Red; > 0, usu y xomopozo
Re); = 0 v mopdanosa nemka pasnepa > 2, mo Hynesoe
peitieHue Heyomoiivuso.

Hoxazamenscmeo. TMo Teopeme 16 § 14 moGoe peleHHe HMeeT
sul (75) § 14, 10 ecTs B BEKTOpHOH 3anuCH

z=R)eM + ... + 2 ()™, (11)

v g}(l) — MHOTOUACH CTCTICHH He e k, — 1, k; — pasmep
HanGonblleH M3 XOPAAHOBHX KIETOK, COREpXKALIKX Aj; K03 (-
UUMERTH MHONOYACHOB — BeKTOpH: 3 R®. Ilpr A = a + P

P(t)e™ = P(t)e™(cos Bt +isin Bt), |cos Bt +isinft| = 1.

Ecnnt @ < 0, 70 € — 0 (£ — 00) H, KAK M3BECTHO 3 Kypca
MaTeMaTHuecKoro aHanmuza, P(t)e® — 0. l'loarrouy\Q cry4ae
1) Kaxaoe pellense CTPEMHTCS K HYRIO Npu £ ~ 00, 3HAYMT,
orpannycHo npH 0 £ ¢ < o0, Toraa n dyHEAMCHTANILHAA Ma-
tpuua X(¢), cronbun xoropoii — pemenus, v X(0) = B,
Toxe orpaHnveHa, ||X()f] < m (0 <t < o0), ¥ | X(t)|| — O
(t — o00). inst moGoro pemenns umeem z(t) = X(t)z(0). Ilo-
atomy 13 |2(0)| < 6 = &/m cneayer |z(¢)] < | X - [=(0)i < €

(0 € t < o0), xpome TOrO, 2(t) —+ 0 npu ¢ — oo. Hynepoe -

pellieHHe aCHMITTOTHYECKH YCTOHYMBO.
B cnysae 2) Te cnaraemuie B (11), B xoropuix ReA; <0,
orpaMuycHet npu 0 < £ < oo, xax B cayuae 1), Cnaraemule
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Iraea 4. AsmonomHbie cucmemMy U ycmoiivusocms

¢ Re Aj = ) ¥MewT MHONO4WNeHH HyNeBoll cTeneHH, TO ecTs
KOHCT2HTH, H TOXe orpaHMyeHH. ONATh Bee PEIIEHHS OrPAHH-
JeHBi, M B CHJIY TEX X& OUEHOK, YTO BHIUE, HYIEBOES PELICHUE
ycToftuHBO,

B cayuae 3) npu wanwuam xomi 6ut ogHoro A; = a + Bi
¢ a > 0 umeerca pemenue nuga z(f) = ¥y e v —
coGCTReHHE BeKTOP U1 37070 A;. Tak Kak e® — 00 (t — 00),
le*¥] = 1, 10 370 pemenne HeorpanuyeHHo npn 0 < ¢ < oo,
Ecau Matprua A beuiectBeHHass U § # 0, To pemieHne z(2)
KoMILIeKcHoe, Ho Re z(t) u Im 2(f) — peuecTBeHHBIS peleHHs,
H3 KOTOpPHIX X074, 6K OAHO HeorpaHHueHHO, Ilyets § > 0 aoGoe
u ¢ = §/(2|z(0)[). Toraa ana pemenns x,(t) = cx(t) umeem
l2,(0)] = 8/2; =,(t) HeorpannuerHHo npu 0 < ¢ < oo. Hynepoe
pelicHHE HEYCTOMYMBO. )

Ecnr xe Her A; ¢ ReA; > 0, Ho ects A ¢ ReA =0
H XopnaHosoi kneTkol pasmepa k 2> 2, To U3 dopMya, AAIOLHHX
pewenre cucteMu (73) § 14 ¢ xopaaHoBo# xnerxofi, cnemy-
eT, YTO CYIIECTBYET pellienue Buna y = P(H)e*, e P(t) —
MHorouneH crenenu & — 1 2 1 co crapuimM KoxhduimeHToM,
He paBHbIM Hymo, Tak Kak anech |e**] = 1, To 310 pemeHHe He-
OrpaHUYEHHO, U HYJIEBOE peilleHHEe HEYCTOHYMBO, KaK peine. §

3amewanne. 3fect HOKa3aHna AOCTATONHOCTL YCNOBMIA Teopembt 2,
HeTpynHo AOKA3aTh TaKkKe UX HEOBXOAKMOCTD.

3adauu Ons ynpammenud:
[12), § 24, N2 156, 157.

| =

EI Kpome noHaTHit ycToMUMBOCTH M ACHMITOTHYCCKOH yCTOHYWROCTH,
0 KOTOPHX TOBOPHACCH BHWINE, A NPHIGKEHMH BRKHO NOHATHE ycmoil-
wHaocIe npu nocmosiio delicmayouux soamyuenusx. Takasg ycrolaupocTs
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§ 19. Heenedosarue yemolivusocmu ¢ noMowsio gyHruyud Sanysosa

O3HAYACT, 410 NpH ¢, £ ¢ < 00 peHIeHKE MAT0 MEHACTCH ME TOABKO M3-34
MAZHX HMIMEHCHHH HAYANBHHX YCAOBHi, HO H H3-38 MODLIX BOCTATOMHO
MATKIX BHEUIHHX BodaeHcTRKIL, HAMpHMep, noMex, BeHiCTBYIOMIMX BCE BpEeMS
(1341, §70).

Pemenvie & = @(t) cucremu (7) ¢ HauansHuIM ycnoBieM ¢(t,) = =z,
HAIHBACTCH YCTONYHBEIM NPH NOCTOANHO AeHCTBYIOMX BOSMYIBCHHAX, SCNH
nna moGoro ¢ > O Haftmyrea Taxne § > 0w 9 > 0, tn'onpunmﬁmzo
hit,z) € C Taxux, 4r0 [, — x,| < 4, |h(t,z)| <5 npu ¢ > t, |z} <e,
KAKAOE PEIICHAS z(t) 3ANAIH

= f(t, ;) <+ h(t, ;)’ s(‘o) = EO

npH §;, <t < 00 CYWIECTBYET H YAOBRETBOPAET HEPABEHCTBY (8).
Ycnoeua, obecneuHpaowide SCHMRTOTHYSCKYIO YCTOHUHMBOCThL, YACTO

ofecnedHBAIOT H YCTONYHBOCTD NPH NMOCTOSHHO ACHCTHYIOUIHX BOIMYIIECHM-
fix. TaKUM ABESETCA, B YACTHOCTH, YCaoBHe 1) Teopembi 2.

sl

§ 19. MccnepoBanne yCTOWUYHMBOCTH
¢ nomoubio (pyHKUMIA JlanyHoBa

El Tipon3apomHoi dyHxuMH v(t, T) B CHITY AAHHON CHCTEMbE

F=1t2) GER, feR), (12)
HasmBaeTcd byHKUMR
dv v B 8v
= — crt— 10 13
|(:2) +3“’1 h +33n 5 (13
mevuf,..., [, sasucarort, 2,,...,2,. Gopmyna (13) nossonser

HAfTH NMPOHIBOIHYIO CNOXHON (yHKIMH

olt, (1)) = v(t, z,8), ..., %, (1)),
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Inasa 4. Asmonomubie cucmeMst u yemodyusocms -

rae x(t) — moGoe peweHHe cuctemu (12), He 3Hast pelreHH
cHcTeMbl. T1o TeopeMe 0 NPOH3BOIHON CAOKHOK dHyHKLIMM

%v(t,zl(t),. (t))mﬁ+%-%+...+£-d—;ﬁ. (14)
Tax kax 2(t) = (z,(),...,2,(¢)) — pemenue cucremu (12), 10
de;/dt = fi(t,2,,...,2,) u cymma B (14) pasHa (13).

[2]

Teopema 3 (Teopema JianyHosa o6 ycToiuweocTr),

Nyemp 2(t) = 0 — pewenue cucmemsr (12), u nyems npu |2| < p
(p > 0) cyuiecmeyem dymayua v(z) € C', ydoesemeopsowan
yenosusm v(0) = 0, v(z) > 0 npu z # 0, dv}’dthu) < 0. To2da
Hynesoe pewenue x(t) = 0 yemoiivugo.

Joxazamenscmeo. BosbMem moGoe ¢ > 0 u g, = min{g, p}.
HenpepuieHas GyHkuna v(a:) Ha mHoxectee S(lz| = ¢,) noctu-
raeT B HEKOTOPOH Touke 2° € S CBOSIO HANMEHBLIETO JHAYCHUS
rmno(a:) = v(z"). Tak kaK v(z) > 0 Ha S, 10 v(2*) =m > 0.
d)ymmml v(2) HenpepueHa, v(0) = (, nosToMy HalineTcs TaKoe
6 > 0, yro v(x) < m npu |z| < 6.

TIpeanonoxuM, uto pemenue z(t) c |2t} < 6§ wm cy-
IECTBYET HE Ha BCEM HHTepBane £, < { < 00, HAH HE OCTACTCA
B obnacti |2| < ¢,. Torua B cway caeacTeus Teopemsl 4 § 6
Haiinerca Takoe £, > &, 9o |z(})| = £, |2(¢)] < £, npu
ty, <t < ¢, Torma v{z(t,)) < m, v(z(t,)) > m B cuny ctibopa
mué, 910 HEBO3MOXHO, TaK KakK

do(z(t)) dv
= &=
dt dt gy 0
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§ 19, Hccnedosanue yemoilvusocmiz ¢ nomouibio gyrxyuid Slanyrosa

u v(z(t)) ue pospacraer. HiTax, NpeanonoXeHHe HeBepHO, U Te-
OpEMA OKA3aHa. ’ [ |

Teopema 4 (Teopema Jianywosa o6 acuMNTOTMYECKO# YCTORYMBO-
cn). flycmo sbinonwensi ycnosus meopemb: 3 ¢ samenoii nocnedne2o
Hepasencmaa Ha do/dt]uz) € —w(z) <0 npu 0 < |2| < p;
dynnuun w(z) nenpepusna npu (x| < p. Tozda Hynesoe pewenue
acumnmomuyecky yemoliyueo,

Hoxasamensemso. V3 npeppimymedl TeopeMH H e¢ JOKA3aTENb-
CTBA CJIefyeT, Y10 HYJIEBOEe pellieHHe ycroHumBo M uro mioboe
pemenre z(t) c ix(t,)) < & ocraerca B mape |z| < &, npu
i, < £ < 0o, JokaxeM, yro x(f) — 0 npu ¢ — oo.

B mpotuBHOM ciiyyae Haurmuch O Takue uuchna 9 > 0
H ¢,1,... = 00, w10 |2(t)| 2 7 (§ = 1,2,...). B 3aMKHy-
Tolt obnactH % < |l € £, nmeem v(x) > p > 0, noaromy
v(z(t)) > >0 (i = 1,2,...). Tk xax dv/dt],) <0, 10
v(z(t)) ne pospacracT; noaromy v(x(t)) > p npu Beex ¢ 2> €.
(Ecnu 61 6uu10 v(z(t)) < 45 npu HexoropoM &, TO npw Beex §;,
66npIKX 31010 ¢, TOXe 6BUTO 611 v(2(¢;)) < #, a 310 NpoTHBO-
PEYHT NPEATIONOXEHHIO. )

BosbmeMm Takoe 8, > 0, aro v(z) < p B obnactu |z| < §;.
Pewrenne o(t) He MOXET BOUTH B 3Ty 06NAaCTh, MOITOMY OCTAETCS
B 3aMkHyTo#t obmactn §, < [¢| < ;. Tam w(z) = B > 0,
dv/dt| (12) £ —P <0, nosromy

¢
i) -stet= [ T2 dr<—ple—t)~c0 (t—o0),
b
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fraeo 4. AsmonomHbie CucmeMs! U ycmolyugocms

HO v{z) > 0. TIpoTHBOpeYHE TIOKA3LIBALT, YTO MPEATONOKEHHE
z(t) -» 0 HesepHO. ]

3amevanwe. TIpw BHINOAHEHUU YCAOBUA 3TOW TEOpEMbl HyneBoe pe-
wexue Gyper Talwe YCTOHYHBLIA NPH NOCTOAHHO ASHCTBYIOWMX BO3-
mywennax ([34], §70).

A. M, JIanyHos mokasan Gonee ofiive TeopeMH — € (QyHK-
umeit u(t, z) BMecTo v(x), ynorneTeopAIOHUICH HEKOTODHIM ADYIHM
OIPaHHYECHHAM,

Pyuxuna v(z) win v(l, 2), NpUMEHAEMAs NPH JOKAIATEIILCTEE
YCTOWYMBOCTH, Ha3umBaerca wvaxyueil JIanynoea. Nt KOHKpeTHEIX
cHcTeM mudpbepeHIHAMBHEIX YpasHeHHH ¢ noaOupaTs Henerxo. JIna
HECNIOXHBX CHCTEM MHOIAA MOXHO Gpars GyHKUMIO v(T) paBHOM
KBAIpaTy PACCTOAHMA TOYKM 2 OT NONOXEHHs paBHOBecHS, Bonee
COXHHE npueME: noadopa dbyHxuHM JIanyHoba oGBYHO HE BKIKYA-
107CS B NPOrpaMMy Kypca mhhepeHLHANSHEX YpaBHeHHH,

e e o — - “
I Mpumep 5. YCTORYHBO NM HYNEBOE pelIEHHE YPABHEHNA 1
|

L o e e o e = —————— . ———————— — — — J
Pewenue npumepa. Bozsmen v = 22, Torga

d

% =222’ = 2e(sinz — ) <0 (2 #0).
No Teopeme 4 wynesoe pelleHHe ACHMNTOTHYECKH YCTORYMBO. -
s s s s e e e e e e e e e e e “
t Npxmep 6. YeTOHYMBO MM HYREBOR pPellieHHe CHCTEMBI [
]
I d=y-z, o =-22 (15) 1




§ 19. Hcenedosanue yermodivusocmu ¢ noMoubio ywxyuil Jlanynosa

Petuenue npumepa. NIMHEHHAA YaCTb CHCTEMbl MMEET MATPULY

-1 1
Dns wee A, = 0, A\, = —1, cobcreennme sextopu v' = (:),
#= (1Y revar va npaMbix ¥ — 2 = 0 u y = 0. Bostmen

0
v=(y-z)’+y’. Toma

2 =2y - o) - o)+ 20 =
15}

di |

=2y - z)(z - y — 2°) - 2y2°.

10 — MHOFOUACRH 2-7 CTENEHU OTHOCHTENBHO Y. YTobH CYNTD O efo
3Haxe, SHIENAEM NORHLIA KBaApaY

4 .
2l = oy -2+ - 2%~ 2Y).
d lgs)
3710 MeHbue Hyna B obnactr || < 1, kpome Touku (0, 0). Mo Teope-
Me 4 Hynesoe pelieHMe aCUMNTOTHYRCKM YCTORYMEO. -

Ona cucreM puna dz/dt = f(z) (z € R") yacto GrBaet ynobHee
BMECTO TeOpeMbt 4 IONB30BATHCA CeAyIolmeit Teopemolt.

Teopema 5 (E. A. Bap6awun, H. H. Kpacoeckuii [20), reopema
5.2), fixms 8 (2) £ € C', £(0) =0 v nyems npu {z| < p
(p > 0) cywecmayem maxan dywiyun v(z) € C', ymo v(0) = 0,
viz) > 0z # 0), dv/dtkz) < 0, o mwoxecmeo N mex z, npu
KOMOpRIX dv/dt]m = {0, #e codepwum yensix mpaexmopuil, Kpome
& = (. To200 HyResoe pellieHte acuMNMOMUYecKy ycmolyuso,
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fnaen 4. Asmonomuble cucmemsl U ycmotliyugocms

H

Hownazomenscmso, TIpu RAHHBIX YCROBHAX BHIONHEHH TAKKE YCIOBUA
TeOpeMH 3, MOITOMY HY/JICBOE PEIICHHE YCTOMIMBO M BCE PEIEHHA C
|2(0)] < & ocrarorcs B mape S(jz| < ¢). ¥ moboro Takoro pemexns
z(t) no Teopeme | cymiecTByer w-npejenbiioe MHoxecteo 2 C S,
cocTosImee M3 USNBX TpaekTophit. ®ynxkuma v(z(Z)) He Boapacraer
M CYmeCTByeT ‘lim; v(z(t)) = 1. MoGar Touxa b € Q ecms lim z(Z,)
ABA HEKOTOPOH NOCACIOBATEABHOCTH £; — 00. B CHIY HempepupHOCTH
dynxumr v n3 z(t,) — b caexyer #(d) = limo(z(t)) = 1. Touxa
b € §} nponaponbHa, nModToMy Ha £ scwoay v(z) = 1. B cuny Teope-
Mu 1 cymecrayer penienue z(2) € Q ¢ z(0) = b. Torma v(z(t)) =1,
H Ha TpackTopuk z(l)

' dv|  dv(z(t))

dtm dt

3nauut, TpaexTopHa () comepimrca B muoxectee N, Tak kak N
HEe COAEPXKHT LEABX TPAeKTOopHi, KxpoMe Touku ¢ = 0, 10 2(2) = 0,
b=10. Tax kax b — mwolas Touka w3 2, To MHOXECTBO ! COCTOMT
K3 onHolt Touks z = 0. 3Hawur, Bce pemenus ¢ |2(0)] < 6 crpe-
MATCA K HYMO NpH { — 00, ¥ HYICBOS DEIiCHHE ACHMITOTHMECKHK
YCTOHUHBO, |

=0

1
I
I
|
I
I
I
I
|
¢
|
i
|
|
i
|
|
|
|
|
|
I
i
I
'
I
I
]
t
I

A

: Mpwmep 7. Ypaswewwe x” +ax’ + x° = 0 coogurca K cuctene :
! d=y, ¥=-2"-ap (16) !
| |

Hecneayem, yCrofiuMBO Mt HyNneBoe peldeHre CHCTEMEL,

Pewienue npumepa. B cnyvae a = 0 n3 (16) cnepyer dy/dz = —-2°/y,
2% +2* = . Bepa v = 2y’ +2*, nonyuaen dv/dt| g = 0. o Teopeme 3
Hynesoe pelleHMe YCTORYMBO. ACUMNTOTUYECHON YCTONYMBOCTM HET, TaKk KaK
ana moboro newynesoro pewenns z(t), y(t) wmeenm 29°(t) + 2%(t) =
const - 0 npu ¢ = 00,
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§ 19. Hocnedosanue yemolwusocru ¢ nomowsio dyriuull flanysosa

B cnyqae a > 0 Gepem Tome v = 2y 4 2*. Torpa
% = ~day’ < 0.
{16)

Pasexicreo goctvraerca Tonbko Ha npamoidl ¥ = 0. Ha aroi npamoit umeen
V = =2 # 0 npu z # 0. Creposarensio, ace peleHns, NpoxoaAlmMe
Yepes TOUKW RPAMoi ¥ = 0, KPOME HYNeBOTO pelleHHs, TYT Xe CXOAAT C Hee,
Mo Teopeme 5 Hynesoe pelseHHe ACHNITIOTHYECKH YCTOHYNBO.

B cnyyae a < 0 cucrema (16) 3amencit £ u y Ha —¢ u —y ceopuTCa
K cucrene 7’ = g, ¥ = —2° + ay, ommyawmeica o1 (16) ToNLKG 3HAKOM
nepes a. o poxasanHOMY, Bee pelleHns 310l HOBOW CHCTEMb U3 HeXOTOPOl
ofinactu z’+y3 < p’ CIpeMATCA K Hymio npu £ — 00. 3HawwT, paR
cHcTenb (16) peweHun CTPEMATCA X HynW npu & — —o0a, B npumepe 2 Huino
NOXAIAHY, YTO NPK HANKYUK XOTA Gl OHOrC peleHus, crpeuuuleroca K HYNIO
npu & =+ ~00, HyNEBOES pelCHKe HEYCTORYNBO, <

]
[3.]
Teopema 6 (Teopema Yevaesa 06 HeycToHuMBOCTH).
fiyems z(t) = 0 — pewenve cucmemst (12). flycmos obnacms D -
npocmpanemea = aewum 8 wape S(lz| < €), a ee 2panua T =
ILUT,, 0€T, kx| <& wa Ty |x| = ¢ na T, mwomecmso T
moxem Sbims nyemeM. flyems 8 D U T oyiecmayem Henpepsignasn
gynauus v(z), v(z) =0 na Ty, a 8 D umeen v € C', v(z) > 0,

dv/dtl(u) 2 w(z) > 0, w wenpepoisna 8 D N T. Tozda nyﬂesoe
petenue cucmemst (12) weyemodiuuso.

Hoxasameascmeo. TIpeanosioXHM, YTO HYIEBOE pellicHHE YCToii-
ypo. Torma Halizercs Takoe & > 0, uyro moGoe pemelne z(t)
¢ HauanbHHIM yenoskeM 2(f,) € D, |2(£;)| < &, ocraeTcs B mape
S npu &, <t < co. Toka z(t) € D, umeem dv(z(t))/dt > 0,
snaunt, v(z(l)) Bospacraer u v(z(t)) > v(z(ly)) = v, > 0.
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Trasa 4. AsmonomHwe ;:uanenu u yemoluusocms

Ta uacts D, muoxectra D UT, rae v(2) 2 v, — orpaHHgen-
HOC 3aMKHYTOE MHOXECTBO (B 6r0 MpeieAbHBIX TOIKAX WMEeeM
Toke & € DUT, v(z) 2 v, BonencTsue HenpepuBHOCTH v(z)).
Pewenne z(t) we moxer puiit w3 Dy, 6o ua [, v(z) = 0,
a Ha I'| pemenue He monagser, Tak Kak |2(2)] < €. Ha D,
umeeM w(z) 2 8 > 0,

Zo(a(t) > w(e) >, o(z(t) ~olalte) > Bt —to) — oo

(¢~ 00).

3T0 nPOTHBOPEYHT OTPaHHIEHHOCTH dyHKMH v(z) B D). Cne-
HOBATCABHO, HYJIEBOE pellicHHe HeycTolumBo. [ |

I Mpumep 8, VCTOHYMBO A HYNEBOE PeLIeHUEe CHCTEMH [

! !
d=ax+by-y, ¢ =cet+dy-2o’ !
(@, b,¢c,d>0)?

Pewenue npuvepa. Npu manuix @, ¢ B 1-# veraepTn umeem 2' > 0,
¥ > 0, 3HauuT, Tan pewenus ypansiotca or Touku (0, 0). Boswmen
v=gy sobnacu D (z >0,y > 0, 2% +¢* < ¢&?). oma

dy ,
2| =iy =azy+by’ —g'+ea’ +dzy-2’ = wle,y).

an

Mpu manom g n 0 < z < €, 0 < ¢y < & cymma nopuepRHYTHIX YACHOB
nonoXurensHa, noatomy 8 D w(z,y) > 0. Mo Teopeme 6 Hyneece
peutenie HeyCToHYNBO, «

3adayu das ynpaxnenull:
[12), § 15, Ne 923-930.
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§ 20. Yomoilyusocms no nepeoMy npubnuxenuio

——]
Benencrere TpynmocTedt npu nonGope dynkuun JIanyHopa Bo3HHKaeT
BOTIPOC O €¢ CYIECTEOBAHHH — BOTIPOC, KOTAA MOXHO NETATECA MonbHpaTs
dynknnio v(z) m v(t, z), YIORACTBODAOWYIO YCAOBHAM TeopeM 3 u 4
(W momo6HEX Teopem), a xorna Her. Maccepa JOXA3AN, 91O IS CHCTEM
suaa ' = f(x), # € R*, B OKPECTHOCTH ACHMITTOTHCCKH YCTONYHBOTO
TIO/IOXEHAA PABHOBECHA BCETIA cywecTsyeT dynkuys JlamyHosa v(z), a ana
cuerem 2’ = f(2, 2) ¢ nepromaeckodi no ¢ dynxuke#t f — neprozMuCCKaT
dynkuma Jlsmynoea v(t,z) ([34], §73). Ana ycrolumeoro noaoxenns
parHOBecHA cucremu 2’ = f(¢, #) cymecrnyer dynxums Manmymosa v(t, 2)
([28], rn. 4, §9), a hynxuss v(x) MOXET He CYLIECTBOBATD AAXE LT CHCTEMbE
7' = (=) ({32}, c1p. 57).

OnHaxo He cyliecTEYeT O0IIHX MeTONOE NocTpocHUA dyHkuuH JIanyHo-
Ba B CAYYAAX, KOLAA PELICHHA CHCTEMB HEKIBeCTHE. JUIA HYXKA NpHACKeHAH
pa3pabaTHBAIHCh METOAN nocTpoeHHd GyHxumil JIsnyHOBa DA OTACHBHELX
KAAcCOB CHCTEM, Hanpuwmep, s [21].

el

§ 20. YcroiumsocTs no nepeoMy npubnikeHnio

E’ B Teopeme 2 GELTH NONYNEHH YCIOBHA aCHMITTOTHYECKO#H yCTOR-
YHBOCTH M YCIOBHA HEYCTONIMBOCTH And JHHEHHON CHCTEMB ¢ 10-
CTOAHMBIMM KoodduuHeHTaMs z' = Az. Crefyiowas TeopeMa 7
YTBEPXIACT, YTO B Caydac max Re A; # 0 3™ yCnoBHA NPHIOMHE
H AN HeNMMHEAHOMN CHCTEMH 2 = Az + o(t, z), tie A — MoCTOsH-
Haa Marpuua, lp(t, z)| € ¢*(z) = o(|2|) npu 2z — 0.

K 1akoMy BHHY NpHBOIATCA H MHOTHE ApyrHeé CHCTeMHL. ITycTo
2=2,= (2,9, .., %py) — NONOKEHHE PABHOBECHA CHCTEMH &' = f()
(z € R"), 10 ectn f(x,) = 0. Paanaraa f(x) BOAH3N TOUKYN 2 = &,
nio topmyne Teltnopa A0 WicHOD NepBOTO MOPAAKA MAMOCTH, TONY-
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Tnasa 4. Aemonomnbie cucmemsr u yemotiyusocms

4ACM CHCTEMY
Zi=0,(@ ~2ig) + ... + 6, (@, ~ ) +04(2), P=1,...,5,

e a;; = 3)"/82“-'”’., ?’i(’) = of|z - %D npH z ~ 2,. Ileperoca
HAYAIO KOOPIMHAT B TOUKY Z, 3AMEHOH = = Z, + ¥, fONydacM

! (B BEKTOPHOM 3a8MUCH)

¥ = Ay+0,¥), o) =o(lyl) npm y—0,

Matpuua A = (8;5); juy, .. as G;; OM. BHILE. B Gonee obmen ciyvac,
KOTRa MaTpMia A 3aBHCHT OT ¢, TeopeMa 7 He NPUMEHNMA.

Teopema 7 {06 ycrofiumsocTi no nepsomy npubammennio). Pac-
CMOMPUN CUCTIeNy
' = Az +pt,z), z€R" (18)
flyems npu ¢ 2 0, |z} < py dywryus o € C, |pt, 2)| < Y(2)iz],
7(z) = 0(z — 0).
- 1) Ecnu mampuya A umeem sce Rc.\,- < 0, mo nynesoe pewenue
acumnmomuvecxu ycmodiuso.

2) Ecru mompuua A umeem xomm 6 000 A ¢ Re X > 0, mo
nyneeoe pewenue Heycmolivuao,

3) B axpumuvecKoM» CAYNGR, MO eCMb Ko20Q maxRe A, = 0, Ha-
nuNUe YCmoldyusocmu uni Heycmoltuisocmy 3G8UcUm He MONsKo
om mampuysl A, #o u om Pynxyuy (i, z).

JHoxazamenscmeo, JokaxeM TeopeMy B Cliydae, Korna Bee
OlieHMM CTONGIN MaTpuis e'4, Dra Matpuua — dyH-
NAMEHTANBHAA M cHCTeMH 3 = Ay, ee cronbum ¢'(2), ...,
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§ 20. Yemoliyusocms no nepsomy npubnumenino

9¥"(t) — pemenua 1ol cHcremm. Kaxnoe pemeHMe MMeeT
BuA (11). Itycre @ > 0 Takoe, uro nee Red; < —a < 0. Torna
Red; +a < —p < 0 nna Beex j; &(t) — MuorowreH, no-
IToMy |9'}(t)e(’"+“)‘| < |#(t)/e*} — 0 npu t — oo, suaumr,
|?}(t)e(“’“"")‘| £ (0t<o),u
[£303| = ) ]e™™ < cje™
TloaToMy npH HEKOTOPOM € == COnst HMEeM OLICHKY
WrOI<ee™ (k=1,...,n). (19

Oynkunio JIAanyHOBa BOSLMEM B imne
- m N
o(z) = f le"Az|? dr. (20)
0

PemeHne CHCTEMH ¥ = Ay ¢ HavyansHEM yonoBueM y(0) = ¢ =
(z,...,2,)7 ecms
yt) =z =29'@®) +... + 2, 9"@),

TaK kak $*(t) — pemenue, y koroporo ¥*(0) ecrs k-it cronbeu
eauKuuHoOH MaTpuum. Ioaromy

|¢‘M-"=|2 = |5'(""')|2 =y-y= i dij('r)zizj; ’ dij(‘r) = ?"‘(f)ﬁb!('r)'
1,f=1 .

3
B cuny (19) [d;;(7)] < Fe™>*". Homsaysics M, u3 (20) nony-
dacM

v(z) = 2 byzi®y by = / d(r)dr =b,. (21
i, =1 0
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faoac 4. Asmonomuble cucmemst U yemotisusocms

B cuay oueHkH GyHxuui d‘j(‘l') HHTErpanbl OT HMX, & 3HAYHT
H usrerpan s (20), cxonarcs,
Haiinem dv/dt B cuny cucremst y' = Ay. Hmeen

M = _d”(y(t)) = 1 f ™ 2 ;
dt y.A,_ dt Lﬁ30 &.0[[ y()| d"'lho, (22)

rme y() ~— pemenne cucteMH y' = Ay ¢ HAYAIBHHM YCIOBHEM
y(0) = z, 10 ectn y(t) = e'Az. MonuuTerpanbioe BHpaxeHHe
paBHo |eTAefz|? = [elr 9422, Mepexons or 7 K 8 = 7 + 4,
NONYYACM, YTO BHpaxeHue (22) paBHO

d o
:‘t— f |8’Aﬂ!|2d8
¢

Teneps Halliem dv/dt B cuny cucrems: (18)

d':i(tz) = (grad v(2)) - (A2 + (2, 7)) =
)

= (grad v(2)) - Az + (grad v(z)) - (¢, 2).

Tlepeoe caaraemoe B cuny (13) ects dv/dt|,_, , 3naunuT, pasHo
BaipaxeHmo (22) u (23).

Ouenux Bropoe. U3 (21) nonyuaem, nons3ysch HepaneH-
crpoM Kouni (§4) u cumras b1 <b,4,j=1,....,n,

dv d dy 2 d 2 d 2 w2 2

= ?|G‘AGI2

=0

= —~|af’. (23)
i=0

" 2
wado@ =3 (g) <@wlel's lot.al <veel

i=l
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§ 20, Yemoiluusocms no nepsomy npubnuxenino

TtoaTomy
dv(z)
@ las)

B Toit ofimactu, me y(z) < 1/(4bm). Kpome toro, u3 (20)
uMeeM v(0) =0, v(x) > 0 npu z # 0. CnenoarensHo, v(z) —
dyukung JianyHosa ans cucreMst (18), U HyAeBoe penierue
ACHMIITOTHYECKM YCTOHYMBO TIO TeopeMe 4.

HAoxazaTenscTso yTBepXAcHMA 2) (0 HeycrofumpocTH) He
BXOAMT B NporpaMMy Kypca. OHO uMeercs, HanpuMep, B [28],
cTp. 262-264. ‘

VrBepxaeHne 3) 0 KpUTHUECKUX CYYaAX MOATBEPKAAETCA

1
< ~le’| + 2bmle] - (efal < -5l

npuMepoM 10. [ |
_____________________________ .

I Npumep 9. MNpw Kakux 3nayenunax napasetpa @ € R wynesoe |
: pelieHye CHETEMB :
: :B' =z4 (2 - ‘a)y, (24) :
l l
; ¥ =az~3y+ (e’ - 2a-23)2’ |
I

: ACHMNTOTHYECKH YCTORYMBO? YCTOHYMBO? HEYCTOHYNBO? i
S S -

Pewenve npumepa. COCTABAREM XAPAKTEPHCTHYECKOR YpaBHeHME ANA

nuueﬁuqﬁ YacTH CUCTeMbI

1-2 2-ea
a =3=-X

=0, M+ +a*-2a-3=0.

Mo reopeme Bueta

A+2=-2<0, AA=d~2a-3=(a-3)(a+1).
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Tnaso 4. Asmonomnbie cucmemst u yemoduusocms

B 32aBMCHMOCTH OT 3HAYEHWS NAPAMETPA G HORYuaeM

1) -1 <a <3 Toma A - A, <0, cymeceyer kopens A > 0,
Mo Teopeme 7 Rynesoe pelieHHE HEYCTOHYHBO.

2) a<—1 nan a>3, Torpa A -2, > 0. Yuurueas, uto A, + A, =
—2, nonyvaem fsa cayuan, Ecan A, A, eeuecTsenuue, To
A, <0, A,<0; ecam A ,=api, 10 Re), ,=a=-1. B obo-
HX CRY4AAX HYNEBOR PEIEHHE ACHMITTOTUYECKH YCTOHYKED NO Te-
opene 7,

3) e==1 nm a=3, Toma A 422=0, A =0, A, ==2. Kopun
NPocThe, a cucrema (24) nuneidnas. B cuay Teopemm 2 uyne-
BOE peweHue YCTORYMBO, HO HE ACUMNTOTHYECKH M3-32 HANWYKHA
kopus A, =0. .

Npumep 10. Ycroiuuso nn Hynesoe peﬁ:enue CHCTEMbI |

[
' |
! 2 =g-c®, y=-bt-q’? (25)

4
Pewenue npumepa. Mpn b = ¢ = 0 cucrena nuneina, A, 2= 0,

MOPAAHOBa KneTka pasmepa 2. Mo Teopeme 2 nynesoe pewenne He-
yeToiuuBo. Npw Apyrux b ¥ ¢ MEEM KPUTHYECKHH Cy4al, BO3MOXKHA

_ KaK YCTORYKBOCTb, TaK W ueyc-roiiquaom

Npw b > 0 Bo3smen v = 2y? + ba*, kax & npumepe 7. Toma.
dv

&t
(25
Ecu ¢ > 0, 10 dufdt < 0 (Iz| + [y} # 0). No Teopeme 4 —
aCKMNTOTHYECKAA yCToRYmMeocTs, Ecu xe ¢ = 0, 1o dv/dt = 0.
Mo Teopeme 3 yYCTOWMMBOCT, HO HE ACHMNTOTHMYECKAR, TaK Kak

= —4bez® — 4y’

v(z(t), y(£)) = const = 0.
Mon d € 0, ¢ < 0 weycroAuMeOCTs — KaKk B Npwmepe 8,
v=2zy. «
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§ 21, Ocobvie movxu

e———

A, M. Jlanysop Jan METOAN MCCHENOBAHUA YCTONTHBOCTH B OCHOBHHIX
KDHTHUCCKHX CAYMaAX, ¢M. [34], . 4. 06 HCCCIOBAHKAX APYTHX KPHTHIEC-
KHX Chydaes M, [19], . 3.

Teopema o6 yeroliaHBOCTH MO NEpBOMY NpHONEXKeHKI0 0GoOmanach
B PA3HLIX HANPABNCHMAX, B JACTHOCTH, Ha Cayyall, KOTAa CHCTEMA NEPBOIo
NpHGMDKEHHS HMEET HE NMOCTORHHEE, 8 NMEPHONWYECKHE KodddDHEnenTH
((28), vn.4, § 12).

B paznuanux pabotax oueHuBanach odnacTe ycrofiunsoctH — obnacrs
PO3MOKHEIX HASANBHEIX BOIMYIIEHMIt, AN XoTopoil OTKNOMCHHE peIlieHHA
z(t) or p(t), cm. (8), npu Beex ¢ > ¢, ocTacTca OrPAHHYCHHEM (HWIH CTpe-
MHWTCH X HYJI0 TipH ¢ — 00).

O 4aCTOTHLIX METOZAX HCCNERoBaHNA yeTolumbpocTH oM. [27). Comcox
Gonee noasHux paboT No TeopHH YCTORMHBOCTH HMeerTea B [35].

§ 21. Ocobbie TOYKKN

HayyaeTes pacnonoXeHue TpaekTopuil cucTeMu
2| =az, +be), zh=cz +dz, (a,b,c,d€R), (26)

B6AM3K 0co6oi TouxH (0,0). PaccMaTpHBaeTCs Takxe HelHHeiHan
CHCTEMA IBYX ypaBHEHMIH.

E Hna uccneaosaHHa cHcTeMH (26) cHavana Hamo HaliTH cob-
CTBEHHBIE 3HaYCHMA A, A, ¥ COOCTBEHHBIC BEKTOPH MATPHLL A =
(: z) . BOSMOXHE clieaylolie CRydau.

A. Yucna A, A, BELIECTBEHHE!, PASIHYHMEL H OTNHYHE! OT HYMA.
B Gasuce u3 COBCTBEHHHX BEKTOPOB MATPHLIA AHANOHAJBHA, CHCTE-
Ma (26) npuBoANTCA K BHAY

H=Ay, =\, (27)
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fnaso 4. AsmonoMuble Cutmembl U yemotyueocms

n uMeef obmee pemenie 9, = e, §, = e ¢ m g — i
NpPOH3BONBHEE MMOCTOAHHBE. Mcknovan i, monyuaeM ypaBHeHMe
TpaeKkTOpHil

. |
n=e(L)" @ 20 w n=0 @ q=0. (8

Ecan A, ¥ A, OOHOTO 3HAKA, TO TPACKTOPHH CXORHE C AYTAMM . |
napaGon, kacalomnMucs ock Oy, B Toake (0, 0) (ecmm |Ay| > A, - |
puc. 16 1 17), mau ocu Oy, (ecam |A,| < [A)]); xoopauHaTHHe
MOJYOCH TOXE ABRIAIOTCA TPAeKTOpHAMM. Ocobast TOYXa Ha3biBaer-
ca yasom. TIo BCEM TPAeKTODHAM IPOMCXONMT ABIDKEHHE K TOuKe
(0,0), ecnu A}, A, < O (yeroitummsils y3en, puc., 16), u or Hee, ecin .

A Ay > 0 (Beyctoltunrseiit yaen, puc. 17). Hanparnenne asikeHus
YKa3LBACTCA, CTPENKAMH HA TPACKTOPHAIX,

¥ o !

] I ¥

i e e e B ke

Puc. 16 Puc. 17
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§21. Ocobuie moyku

Ecnu xe A, A, pas-
HBIX 3HAKOB, TO TPaEKTOPHH
(xpoMe maymmx mo Koop-
HBRHATHEIM FIOAYOCAM) HO-
XOXH Ha runepGone, TaK
xaKk B cuny (28) |y, — oo
npu y, = 0 u y, — 0 npn
ly,] = oo (puc. 18). Ocobas
TONMKA Ha3bLBAETCH cedroM.
Ceanio cerza HeycTolunso,
TaK KaK OfHO M3 A; > 0.

Ecmu A, <0, A > 0,
T0 10 006eHM NONOBHHAM
ocu Oy, ABMXeHre Hanpa-
BACHO K Touke (0, TaK Kax

2\
-

Puc. 18

¥, = ¢e™ — 0 (t — 00), a mo obeum monosuHam ocy Oy, —
oT TouKkH O, TAK KaK y, = g™, |y,| — 0o (£ — 00).

B. Ecou A = A, # 0, To MaTpuua B XopaaHoso#t dopme Mo-
XeT GHTh AMArOHANLHOH HAM HeT. B mepBOM cydae CHCTEMA HMMeeT
% Buz (27) ¢ Ay = A, uTpaeckTopuu (28) — no-
AYTpAMEIE ¢ KOHLIOM B To4Ke (0, 0) (pHc. 19)
Boaydae A = A, < 0. Ecnu Ay = A, > 0,
TO CTpeiKH —— B APYIYIO CTOpoHY. Ocoban

¥ TOYKA HA3HBACTCH JUKPLIMHNECKUM VIA0M.

Bo BTODOM CAydyae CHCTEMS HMEET BHN

Y| = ,\yl”+ ¥, ¥; = Ay,. Obuiee pemenue

Puc. 19

a

y|=‘.1

h=6,4= cle"‘ + Qte‘“. VpapHenus
TpaeKTOpHit

1
y,-i-xyzlny—’ H y,=0

e
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Taasa 4. Asmonomubie cucmensr u yemodyusocmb

Ocoban TOYKA HA3LIBAETCA Stipocdensm yasom (puc.20 B cayuae
A < 0). Yanu AByX MOCAEHHHX THNOB, KAK M PACCMOTPEHHEE BRIE
YUIE ¢ A # Ay, ABIAOTCA YCTOHUMBLIMH, CAM A, A, < 0, H He-
: YCTOWUMBRIMH, eciH A, Ay > 0,
B COOTBETCTBHM ¢ 2TMM CTABRATCS
CTPENKH HA TPACKTOPHIAX,
B. Ecm Ay, =agi, §#0,
¥ 10 cOGCTBEHHMWE BEKTODH KOM-
IIEKCHEE, JIMHCHHO HE3aBHCH-
Muie (Tak Kax A, # Ay). Iycts
w — cOOCTBEHHEIH BeKTOp ANA
Puc. 20 A = a+bi, 10 ecTh Aw =
(@ + Bi)w. 3ameHsn Bee umMCna,
BKIIOYAS KOODAMHATHI BEKTOpa %, HAa CONpSOKCHHHE, TOAYYacM
AW = (o— Bi)i8, To ecTh & — cobGeTBeHHI BeKTOp 2NA Ay = o — fK.
Ilycte w = ¥ + fv, e BEeKTOPH % H v — BEIICCTBEHHBIE. TOrAa
# = u — fv. Bekropu % = (w + #)/2 B v = (w — @)/(2) nnmeii-
HO HE3aBHCHMEL, TaK KaK MORYYAIOTCA M3 w W  HEBHPOXRCHHHM
JHHeHHRIM NpeobpaiobaHHeM,
Bekrop-dyHkunsa z = ce'“H#*¥yw e ¢ — moGoe uncno, sens-
etca pemenuem cuctemut (26). Toncrasnas ¢ = pe®®, w = u + iv,
nonyyaeM

z = pe™ Py 1 in) = (3, () + iy () (8 + iv),

¥, (8) = pe™ cos (Bt + 6),  wy(t) = pe™ sin (Bt + 6).
Matpuna A — BemiecTBeHHas, MO3TOMY pellleHHEM CHCTeMH (26)
annserca Takxe Rez = uy,(t) ~ vy,(t). BemecrseHHoe pemenne
Rez B BemecTheHHOM 6a3snce 4%, —v UMCET KOOPAHHATHI y,(t).
¥,(t), oM. (29). Tlepexons x NMONAPHHM KOODAMHATAM T, @, TO €CTh
nonaras ¥, = rcos{, Y, = rsin p, noayyaem

(29)

r=pe”, p=pt+9, (30)
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§21. Ocobsie moyxu

e p 2 0 u § — npoussoasHHE nocroannne. Gopmyna (30) aser
ace BCINCGCTBCHHLIC PEIIEHHA, TAK KaK HAYAALHAA TOUKA pPelicHMA

,(0) = pcosd, y,(0) = psind hy -
€CTh NPOH3IBOMBEHAA TOYKA TINOC-
KOCTH ¥y, ¥

B cnyvae a = 0, TO ecTB
A, , = +8i, Tpaexropuu (30) —
o:lc’;yxmocm » = const {puc.21), ﬁ :\\\
Ocofan Touka HAIBIBACTCH yeH- ¥
mpom. &'ﬂ I
B cayuae a # 0 Tpaexto-
puu (30) — norapudmmueckue
CIIMPANH

w:-ﬁ-m%w < <o), Pme. 21

Jenaomue 6eCKOHEYHO MHOTO 050pOTOB BOKPYT Hayana KOOPHHHAT
{puc. 22), Ocobaa Touxa Hasupaerca goxycom. GoKyc ycToHUUBLLL,
KAK Ha pMc. 22, ecny a < 0, U Beycroiuusnii, ecnu « > 0,

I. Ecnu Matpuua A MMeeT OfIHO WIH XBa COGCTBEHHBIX 3HaYe-
HHS, PABHBIX HYMO, TO ee XopranoBa GOpMA HMEET OXMH M3 TPEX

(63): (o) (55)

Tak kax det A = 0, T0 cucreMa a2, + b, =0, ez, + dz, = 0 umeer
GeCKOHEUHO MHOTO PeliieHHH, SHATUT, OCOGHIX TOUYEX ¥ CHCTeMH! {26)
GeCKOHEUHO MHOTO.

CucreMa ¢ Takoit MaTpHue#t nerko pemaerca. PUCYHKH amech
He TIPUBOASNTCA, TAK KaX MpH AoGaBNEHHM B TaKyio CHCTEMY cnara-
eMBIX, MATHX N0 CPABHEHKIO C NHHEHHRMI, KAPTHHA TPaeKTopHit
OGLIMHO Pe3Ko MeHseTCH.
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Tnaga 4. Asmonomnsie cucmemb! u yemotisusocme

¥

i

Puc. 22

NS \)\X{v@z

Puc. 23

. E’ Pucynku 16—-22 n306paxaioT TpACKTODHK B KOOPAHMHATAX Y, , Us-
OHu CBA3aHH CO CTApPRIMH KXOOPAHHATAMH 2, £, MHHSHHLIM npe-
obpazoBaHueM. Ha niockocTH 2, 22, TPASKTOPHH MOTYT HMETH, Ha-
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§21. Ocobste mouu

ANpHMep, Takoll BUA, KaK Ha pHC, 23, CTpenxu MOryT GHTHL HANpaRIe-
HH B TY WIH APYTYIO CTOPOHY B 3aBUCHMOCTH OT NAHHOH CHCTEMEL

Y1006 BHSACHHTH DACTIONOXCHHE TPAcKTOPHH B XOODEHHATAX
x> Ty, HE HYXHO HAXOAMTH 3TO Npeobpasosasue. Tur ocoboit Touxku
H ee YCTOHYUBOCTD HAH HEYCTOHIMBOCTE ONPEICHAKTCA MO COBCTREH-
HBIM 3HAYEHMAM A, A, MaTpHUIK A, TIpAMonuHeHHEEe TPACKTOPHH
BCEra MAYT MO HANPARICHUAM COGCTBEHHMX BEKTOPOB, 3 KPHBHE
B ciydne yana ¢ A, # A, Kacatores B Touke (0, 0) Toro cobersenHoro
BEKTOpa, ¥ KoToporo |A] Mexswe. B ciayyae ¢dokyca Kamo B TOUKE
2, =1, 2, =0 (um 2, =0, 2, = 1) NOCTPOHTH BEKTOP CKOPOCTH
(2}, 2). TpaexTopus, NpoxonAMIAA Yepes Ty TOMKY, KACAETCH B Helt
3TOTO BeKTOpA. Jlanee oHAa AciacT OGOPOTH BOKPYr ocoboil TOMKH,
npufnxasce K Helt B cimyyae ycmﬁqnnoc'm M yAandsch B CAyUne
HEYCTOMYMBOCTH,

fipumep 11. Mpu Kakux 3HAYEHUAX NapamMeTpa @ 0coban Touka |
cHcTeMbl
z =2z -4y, y'=a:c—6y,

TOALKO OfHA U ABARETCA CeanoM? yanom? dokycom? Aatsh yepTex
TpaexTopuid npu @ = 8.

[———— ===

Peurenue npumepa. Tuwem ypasneHne 1A Ay, A, M €0 ANCKPUMH-
HaHT.

2-X —4
a -6-X

ancupumunant D = 64 - 16a. No Teopeme Buera

<0 npu a <3,
A+d=—4, A-A=42-12=¢ =0 npn a=3,
>0 npu a>3.

=N 4+4A+4a-12=0,
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faasa 4. Asmonomusie cucmenss U yrmoiduugocms

>0 npn a<4, A,A, — peuwecTBeHHse paInKYHLIe,
D=< =0 npu a=4, Apg=d,=-2,

<0 npn a>4, Al — KOMAARKCHUE,
CnepoBarentio, np a < 3 umeeM A, - Ay < 0, ocoban- Touka
cepno; npu a = 3 umeeM A, =0, A, = —4, ocobuix Touek MHOro;
npu 3 < @ < 4 «opun Beujectsennme, A, - A, > 0 ~ y3en (npu
a = 4 supoxfienHu, A, = A, = —2), y3nd ycroiiumsele, TaK
Kak A; + XAy = —4 < 0; npnt @ > 4 xopHu A, X, NOMNAEKCHBEE,
Re A = =2 < 0 — ycroiiuuenii gokyc.

oy Mpn a = 8 umeen &’ = 22 — 4y,
v = 8z — 6y, ocobas TouKa — YCTO-
Yupbtid Gonyc. B Towke 2 = 1, y = 0
A M) umeen ' = 2, ¢ = 8, 3nauwT, TpaexTopus
(L/ Z w3 vouxn (1,0) wper cnavana B obnacte
y > 0, cosepwaer o6opoTH NpoTHe daco-

BOR cTpenky, npubauxasce K Touxe (0, 0)
Puc. 24 BCNGACTBHE YCTORYMBOCTH (PHC.24). 4

3ameyanwe. MuterpancHuie KpHesie ypasHeHus

dy ez+dy
dz  ax+by

ABAATCA TPACKTOPUAMM cHCTeMt (26). Yrobuw nceneposarh 370 ypas-
HeHHe, HAAO KCCNEROBATL CHCTeMY (26) W HE BIAIONATL B OKOHYaTeAb-
Hbie BHBOAM 32IUHOMEHHR 00 YCTOHYHBOCTM (MAM HRYCTORYHBOCTH)
H O HANPaBAEHHH ABHKEHHUA NC TPAEKTOPUAM,

3adayu Onn ynpaxHenuli:
[12], § 16, N2 961-980; § 25, N 161-173.

IZl Jna apToHOMHOM CHCTEMEB
2y =f 12y, ), )= 5=z, 2,) (31)
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§ 21. Ocobvie mouiu

KOOPAWHATH 0COOHIX TOYEK OMPEACIMOTCH H3 YpABHECHMKR
fl(plipz) =0, fg(?l, Pg) =0.

. Jn uccnenosanua ocoGolt ToukM (p,, p,) HANO MepeHeCTH B Hee
HAYAN0 KOOPAMHAT 3aMeHolt z, = p, + y,, £, = p, + ¥, M Bufe-
RUTH AMHERHEE 110 ¥,, ¥, YWICHH, HANPUMED, ¢ NOMOLIO POPMYNE
Tetinopa. IonyuaeTca cHCTEMa

{yi=lavl+byz+so.(ﬂl.yz). 4 (a b)=(_a_;,_)
Y2 =y, +dv +0,(y,, %) c d 82,/ i5=12

21=P1»
£2=p2

(32

Py =0ofr) npr r=1/y]+4} 0.

Matpuuy A MoXHO Ha#tTi 13 (32), He ONB3YACh 3aMeHON &, =P, +Y;,
a YCROBHE Ha ¢; BHNONHEHO, eCIH f,, £, € C? B (31).

Teopema 8. Ecnu dnn mampuust A umeem Red, # 0, i = 1,2
(0 8 cyvae A, = X, ewe @, p, = O(r'*°), £ > 0, unu 8 (31)
11» 1, € C?), mo ocoban mowna (0, 0) cucmenms (32) umeem mom e
mun, wmo 0n8 cucmemst (26) ¢ memu we a,b,c,d. fpu 3mom
coxparaomca wanpaenenun nodxoda mpaexmopuil k¥ ocoboili moyxe
(W0 npaMonunelinsie MpaeKMoOpuU MO2YyM 3aMEHUMBCA KDUSLIMUY),
HGNPOBACHUA 3GKPYNUBANUA U yemoilyusocms,

HoxazarenscTBo Hempocrtoe, cM. [7], § 30, oko B mporpaMmy
He BXOAMT,

2adavyu Ons ynpemmetudl:
[12), § 16, N2981-992; § 25, N2 175, 176, 182, 183.
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Inasa 4, Asmonomisie cucmemst u yemodiyusocms

e
H3pecTHH METOLH, MOIPOMAIOILME HCCIEROBATE OCOGME TOIKH Gonee
CHAOXKHBIX CHCTEM, B YaCTHOCTH, CHCTeM Bupa 2’ = P(z,y), ¢ = Q(z,¥), ]
rae P, Q — anreGpandeckue MHOTOLICHE HAH CXOIAUINECH B OKPECTHOCTH
ocooh Touku (0, 0) crenermmie panu ([14]; [19], rn. 5; [16], §20~22).
HayueHH yCNOBHA, NPH KOTOPHIX CHCTeMy BHia (32) B OKpecTHOCTH
ocoboit Touku (0,0) Moxio npuBecTH Kk AuHeNMON CHCTEME ¢ MOMOMIBIO
anddepeHuBpyeMoro npeobpaloBalua xoopauHar (cM., B uacTHocTH, [2],
. 6, §8). Hayuanuch HOpMANbHBE POPMBL, K KOTOPHM MOXKHO MPHBECTH
CHCTEMY B TeX CHyYasx, KOrga OHa Hé NPHBOONTCA K JHHeliHOM cHcTeme )
([19), . 5; [2], r=. 8).
Hna ocobux Towek cucreM 2’ = Az +p(z), z € R*, n > 2,
@le) = 0(|z|*) (2 — 0) wsysanuch MHOXECTBA peleHut, CTPEMAIIKXCA
X ocobolt Touxe npu & — oo WK mpu ¢ — ~00, MIMeOTCA METONR, NO3BO- 5
AKIOUHE MOAYIHTb NPHOAHKENNBIE MPEACTABACHNA TAKHX perernli [25].
Al

§ 22, MpepenpHbie KUKADI

El 3aMKHYTHIE TPAaGKTOPHH ABTOHOMHBIX CHCTEM HA TLIOCKOCTH
yajie Bcero GHRAIOT ABYX THIOB,

A. HuMeercd GeCKOHEYHOS MHOXECTBG 3aMKHYTHIX TPAaeKTOpHit,
BROXEHHKX OPYr B JOpYra M JANOJMHMOWMX HEKOTOpYId OfIacTs.
ITpumep: TpaekTOpHK BGAN3H 0coboi TOYKM THNA LECHTD.

B. OmnenbHbe 3aMKHYTHE TDACKTODHH, K KOTODHIM BCe Gu3- 1
KHME TPAacKTOPMH HEeOTpaHMueHHO NpuGnHxaloTcs (HeoGA3aTenbHO
MOHOTOHHO) TpH ¢ — +00 Win npu £ — ~oo, TaxMe 3aMKHyTHE
TPASKTOPHH HAHBAIOTCA NPeOetbibiMu YUKAGMU.

IMpenenbHBie UHKAB OHBAIOT ycmoliviuewe — K KOTOPHIM BCE
6nn3Kne TpaekTOpHM MpHGmMUKAIOTe Npu ¢ — +00 {puc. 25), #He-
yemotiuyesie — K KOTOPRIM TPAeKTOPHH NpuGnuxatorcd npu £ — —oo
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§ 22. lpedenvHuie yuKa

Pnc. 25 Puc. 26

Puc. 27

(pMC. 26), ¥ noayycmoiinussie — XOTAa ¢ ONHOH CTOPOHE OT LINKJIA TDa-
eKTOpHH NpuGiKkawTed npu £ — +oo, a ¢ Apyrot — npu £ — —o0
(puc. 27). Taxum 06pazoM, 31eCh YCTOHUMBOCTD NOHMMAETCH B HHOM
CMHCHe, 9¢M B § 18.

fpumep 12. Cuctema (B NONAPHBIX KOOPAMHATAX)
r=er(l-7%), ¢'=1 (MmeN)

MMEeT 33aMKHyTYI0 Tpaektopuio ¢ = 1. B cayvae ¢ > 0 # ne-
wetHoro m > 1 8 ofnactn 0 < r < 1 umeem #' > 0, r(t)
Bospacraer, a B obnactw ¢ > 1, wanpotwe, ¥ < 0, r(t)




Trasa 4. Asmoromubie cucmemst u yemoliyugocms

youpaer. Mpu ¢ — 400 TpaekTopun ¢ ofenx CTOPOH Nph-
GAMMAITCA K OKPYKHOCTH + = 1, OHa ARNACTCA YCTOWUMBEIM
NpeaenbHLM HKNOM. AHANOIMYHO NOKAILIBAETCA, YTO B Chydae
¢ < 0 u neyetHoro 1 2 1 umkn £ = | Heycroduueniit. B cnyvae
€ 7 0 ¥ YeTHOrO T 2 2 UMK NOAYYCTORUMBLIN,

@ MpenenbHue MRKAR GrumM ofHapyxeHn ITyaHxape npu mc-
CAepOBaHMM HEeKOTOphX RHbdbepeRUManbHEX ypasHeHuit. IToamsee
| I_l |_| " dusuku oGHapyxumM dhu-
| ' FHYECKHE CHCTEMH, B KO-
TOPHIX YCTOHYMBLIE TEpH-
OIMYECKHE ABIKCHHA BO3-

CZ— nepuoamyeckoit BHemHe#
T CHIH. DTH IBHKCHHA Ha-
3BIBAKYICA gemoxonebanus-
Mit. A, A ARApPOHOB TIOKA-
331, YTO TaKWe CHUCTeMHEl
onucuBaloTeA AuddepeH-
UMATEHEIMH YDABHEHHAMH, HMEIOILIHMH YCTOHYHBHE TMpeACHbHbIC
uMkss. TIpHMEDE! TAKMX CHCTEM: YacH, TeRePATOpH SNCKTPHMECKHX
Kojie6aHHH# PHCOKOH 4acTOTH, HMEIONIHECH B pAaHonepeNaTIHKAaX,
Tpocrelinnait aamnonstlt reneparop (puc. 28) COCTOMT M3 pagHo-
JIAMNB ¢ KUTHIO HAKANA, AHOJOM U CeTKOIi, KoneGaTenEHOrO KOHTYDA
LCR, cBA3aRHOINO MHAYKTUBHOCTEIO M ¢ ceTkoil, aHogHol GaTapeu
u Garapeu Hakana. Cuna Toxa I, npoxoaginero 4epe3 CONpOTHBACHHE
R H ka1yiuKy caMORHAYKUMH I, yIOBACTBOPACT YPABHCHHIO

Puc. 28

LCI" + RCI - f(MI') +I =0 ( =§ , (33)
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§ 22, lpedenshsie yuKns

rie f(v) — XapaKTepucTHKA JaM- FYA
net (pHc. 29), BHPaXAOIIAN 33BH-

CHMOCTB CHAB AHONHOIO TOKA I, =
OT HANPAXEHKA v HA ceTke. PYHK-
wia f(v) € C', pospacraer npu

9 <v<u, f() =0 (v ), J

flv)=I =const (v v,). 0

3amena VIC = 7, I(t) - Puc. 26
J(0) = 2(r) npupoauT ypasHe- ue.
HHe (33) X suay

dr
Fly) = R\/gv -1 (%y) + £(0).

2"+ Fh+z=0 (:c' = E),
(34)

3necs F(0) = 0. Or ypaBHeHus (34) nepexomuM K CHCTEME
=y, ¢ =-z-F@) (35)

TovioXeHne PaBHOBECHS TOABKO OgHO: z =y = 0, 10 ecrn I(t) =
§(0) = const. C noMousio TeopeMsl 7 MOAyYaeM, Y10 B CAydac
F'(0) > 0 oHO ACHMITIOTHYECKH YCTOHuMBO, 2 B ciyvae F'(0) < 0
HEYCTOHUMBO,

[3.]

Teopema 9. Ecnv F € C', F(0) = 0, FI(0) < 0, F(y) < k
(y<=b), Fly) =m >k (y=b>0), mo cuemema (35) umeem
nepuoduveckoe pewenuve x(t) # const, y(r) # const. (B cayvae
MJ'(0) > RC dyuxuus F s (34) ydosnemsopaem 3mun ycrosusm,
max xax Qywxyus f ozpanuyena.)
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fnasa 4. Asmonomubie cucmeMs! U yemoiluusocms

e

JHowxazamenscmeo, Ha NAOCKOCTH 2, ¥ TIOCTPOKM 3AMKHYTYIO KOABUEBYIO
ofnacte K ©ea ocoGHIX TOYEK, W3 KOTOPOH HE BHIXOAAT PeileHHA
cucreMH (35).

BHyTpeHHAA rpaHKuA komblla K — oxpyxrocts 22+ = r?, me
r TaKoe, w10 yF(y) < 0 npu 0 < |y| < r, Tex xax npx |y| < r B ey
cucremsl (35) £(z? + %) = —29F(y) > 0, 1o pemienns cHcrembi (35)
HE MOTYT BHXoANTb K3 K BHYTDS KpyTa 2° +3° < 2.

Hapyxuas rpaHKLA XOAbLUA COCTOMT U3 HECKONbKHX Yactelt, B no-
AYIIOCKOCTH ¥ 2 b rpanmua — Ayra oxpyxsocts (2 +m)* +3* = R?,
R smbepem noaxe. Toraa B cuny (35)

-‘-;-i;[(z +m)? +¢'] = 2y(m - F(y)) <0,

TaK kax F(y) > m npu y > b. AnanornaHo, npH y < ~d Gepem myry
(z + k)* + v = R?, puc. 30. Ha pepruxansnux orpeskax AH u CD
HMEEM cooTReTcTBeHHO 2’ = y > 0§ 2/ =y < 0, NosTOMY 9epes HMX
TpackTopal Bxopar B K,

Yraoeue koatbbHumeHTH orpedxos BC u EH pasHuH —ﬁ,

2 HA TPASKTOPHAX, MEpECceKalOWMX JTH OTPEIKH, 2—-—-—-‘-'-‘91
} 3necs |yl < b, F(y) orpann-

yeHo. BubGupaa R nocrarou-
\B HO GONBILIKM, MB YBEAHIHEA-

em |z| # nensem L < -o

S

S
o

/ ," Toraa TPaeKTODHH dYepe3 ITH
_ oTpesku GymyT exomuts B K,
ik \-\M c TakHm ofpa3oM, K3 3a-

HY

H / MKHYTO# konbuesol obnacTd
K Ge3 ocobrix ToweK He BH-
E Y b D XOIMT MM ONHA TPAEKTODHA

cucremst (35). M3 reopemut
Bexpuxcosia (§17, n. 2, 5*)
cacayer, ¥ro B K umeercs aa-
Puc, 30 MKHYTaf TPacKTODHMH CHCTe-
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§22. fNpedenshuie yunab

MH. TaK KaK Z0KA3TENALCTBO TeoPeMbl BEHAHKCOHA HE NMPHBOMMNOCH,
JaAAM A1 AAHHOTO CAYYAS KOPOTKOE AOKA3ATENLCTRO.

Paccmarpypasi 3uak ' npu y < 0 u y > 0 w 3uak ¥ Ha nosmyocsx
ocH Oz, BUAMM, YTO TPAEKIOpHA W3 Mookt Touxw (z, 0) orpeska MC
NpH BO3pacTatn ¢ xenaet o6opot Boxpyr 10uku (0, 0) K BosBpawaeTcs
Ha MC B 1ouxy (p(x),0). Tak kax F € C', 10 paannunuie Tpaexro-
PHH HE HMEIOT OGIIMX Touek, noaroMy dymkuusa ¢(z) BospacTaOmAan,
# B Kaxayo Touky otpeaka [p(z,,), p(zo)] (2, — abeusicea Toukn
M H T.1.) NPUXOOHT OAHA TPACKTOPHA M3 KAKOH-TO TOMKH OTpeIka
MC, 3uauut, GyHKinis ©(2) BOPACTAET H HE HMELT CKAYKOR, NOITOMY
HenpephinHa. Tax xak @(z) —2 >0 npn 2 =2, 1 @(z) — 2 < 0 mpu
2 = z,, To Hafinerca Takad TouKa z, € [2,,,2,], uro (z|) = =,.
TpacKTopH4, BEXOAAWAR 3 TOUKH (2,,0), — 3aMKHyTad AuHuA. Pe-
HIEHHE CHCTEMH (35) © HAYANBHEIMH YcaoBHaMK z(0) = 2,, 9(0) =0-—
NEPHOTUIECKOE,

Bonee noapobHO © ipeneAsHbIX unkaax oM. [7], § 28. dpyrue duaiue-
CKHE 3a089K ¢ BTOKONeGaHuAMH pasobpasi B [15], rasw 3, 8. HspecTHH
paxHuHEe ZOCTATOMHBIC YCNOBMA CYILECTBOBAHMA 3AMKHYTHIX TPAeKTOPHH

W NPEASNBHEX HUKROB, A TAKXKE YCAOBHS MX EMMHCTBCHHOCTH. '

Pa3paGoTaHK METOOE, MOIBOAKIOLIAG PO MHOTHX CAYUSAX HOCNSIOBATE

0COBCHHOCTH PACTIONOKEHHA TPACKTOPHI ABTOHOMHEIX CHCTEM HA MIOCKOCTH
(ocOBHE TOYKM, NPEENEHBME HHKALL, CETIAPATPHCH) M HX KAYCCTBEHHEIS
HaMeneHHA (GHOYPKALUMK) NpH MAnoM K3MeHEHHN MaHHO#H cHeremu ([15],
[16], [17], [19]), tnaset S, 6, {22]). Tpackropux B R*, n > 3, MayueHH
SHAYHTENEHO MeHbILE,

el




[NIABA 5

RuddepeHuymupyeMocrsb
peweHus no napameTpy
U ee NPUMEHEHUS

§ 23. indpdepeHumupyeMoCTd pelieHHun
no napameTpy

@ PaccMaTpHBacTCa CHCTCMA YpaBHCHHI ¢ napaMeTpoM g

—=f(t,z,p), z(t0)=a(y');
e=(2y,.0n2)y J=(L1oeean to)

[pu XaxaoM g CHCTEMa MMeEeT peieHHe. OHO 3aBHCHT HE TONb-
KO OT #, HO ¥ OT BHOpaHHOINO 3HAYEHMA MapaMeTpa i, TIOITOMY
o6oanauaerca z(t, u).

(1)

Teopema 1. fiyoms npu (8, 2) € D, p € M, (D — obnacms &
R, M — unmepean e R') sce gynryuu f,, 8,/0z,;, 81,/0n,
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§ 23. fudgepenyupyemocme peuienun ne napamempy

o' (1) wenpeputsnur. flycme npu ecex s € M na ompeswe [¢,,8,] 3 ¢,
pewenve z(t, 1) 3adavu (1) qyuecmeyem u npoxodum e obracmu
D, To2da smo pewenue umeem npoussodnsie 82;/8p, Henpepsishbie
no (&, ). Pyuxquu u; = 8z;/0p (§=1,...,n) yoeremsopsiom
Cucmeme ypasHenuil g sapuagusx

/ ,m
2 wrah, w)=d) G=l..m. @
7o, —wo { \u.. w.qm-u{,,g _.4_5,.‘;.4-,.‘

i B(2)n M

3BOJHHIC OT f; 3aBHCAT OT aprymenToB ¢, z,(L, p), ..

z, (¢, p), 15, tne z;(¢, p) — xoopamHaTel pewrenus z(t, js) NpK 'nou
3HAYEHKMH K, IPU KOTOPOM pasBHICKHBaeTca Ox/0u. .

Ecnn peuienue z(¢, i) n3BecTHO XOTA GH NP OMHOM 3HAUCHHM
it, TO cucTeMay(2) NO3BONSET HARTH 82/ npu 310M . CrcTemy (2)
MOXHO HE 3aNOMUHATE, OHA NOAYYaETCH NOCPeAcTsoM nuddepeHIH-
poBaHHa oGenx yacTeft cucTeMsl (1) nO f; Npu 3TOM CYMTaeM, YTO
z = z(t, p), u 8z;/0p obo3HayaeM ;.

| Npumep 1, Haiitw 8z/8p npu g = 0 0T pewenns 3apaum I

. E =g, d)=p-1 (!

Pewenue npumepa, Ycnoeua Teopembl 1 BHINOAHEHM, Tak Kak QyHK-
wwm f =2+ 4ut+ p u a(p) = 25 — 1 HenpepuiBHY M HMENT

HenpepuiBHe NPou3BoAHsIe No = W k. finddepenumpya (3) no p

 of03Hayan z;, = 4, NOAYNALH

% dou+4t+28, w(l)=2. @
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Inasa 5. Juddeperyupyemocme pewenus no napamempy

"~ 3pect p =0, a ¢ — peuenne 3apaun (3) npn g = 0, T0 ecmy
sapauu dz/dt = 2%, (1) = —1. Orciopa @ = ~1/¢. Teneps (4)
NPUHUMAET BUA

u(l) = 2.

Pewan 310 nunelinoe ypasHenHe (BHIKNAAKK NPONYCKAEM), NOAYYaeM
8 = £ + ™2, M3 wavanbHoro yonosua Haxopum ¢ = 1. Wrax,
w=8 472, |

Hoxazamenscmso meopemb. 3admkcupyem p € M, Umeem

dz T-2
o Fli-m B-p’ ©)
rme ¥ = x(f, i) — pemenne 3anayu (1), HO C i BMECTO #, 1O
ecTb
=J1tL.7,B),  F(t) = a(@). (6)

O6oaHaunm apobs B (5) vepes v(t, i), Wnes Aokasarenn-
cTBa TeopeMsl. CocTasnsieM AnddepeHIMANTLHOE YPABHEHHE A
v(t, ) npu & # p. Ero npasas 9acTh Npu i — g5 CTPEMHTCS
K npaBol uacTk ypasHeHus (2). TToaromy u pemenue v(t, i)
pH J — g, TO eCTh Apobb B (5), CTPEMMTCA K peilueHHKIO ypas-
HeHus (2). 3naumT, npenen B (5), To ecTs J/9, CyweCTBYeT

M YAOBNETBOpSiET ypasHeHUIO (2).
U3 ypasuenu#t (6) u (1), BLuMTan H Aend Ha § — p,
nonyJaem
io(t,F) _ S5 1) - 1,20
* o(7) - als) / >" @
a(ft) — e(p
oty 1) = S0
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§ 23. fuipdepentupyemocnid peisenus no napamempy

Ipeobpasyem nepeylo apobs B (7). Hopoxum
F(’) = f(h 2‘3 F.)g
'=z+8(F-2), p'=p+aE-p).
Torza

1
£.5, ) - £t 7, 4) = F(1) - F(0) = f Fs)ds,

81
op*

——  eCTh MATPHLA ( ) )
(‘9“" 025 / ij=t,..n

TloaToMmy 13 (7) uMeeM

F(s)=

- B)

_ 8f(t, =), FT-=w 8f
_o 52 ds ﬁ-p"' 3# (8)

Tak xak 8f/0x, 8f/6p HenpepHBHE NO COBOKYNHOCTH Nepe-
MEHHBIX, TO NOAHHTEIpaNsHMe GYHKMHH HENPEPHBHH 110 £, 2,
Z, u, i, 8, a waTeIpU — 1o £, 2, T, p, i. U3 (l) z = z(, u)
HenpepuBHo no &. W3 (6) no Teopeme 7 § 7 ¥ HenpepeBHO
o (¢, i) — no coBoKyNnHoCcTH nepeMerHbX. TToaToMy nocnen-
HKe aea uuTerpana B (8) — nenpepiBubie dyHkian or (t, i),
BKMIOYas sHayeHue § = u. OGoskavas ux H{E, i) n AL, ),
TIONYaeM

ig. = H(t, B)v + h{t, ). o)
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Inasa 5, [Judepenyupyemocms pewenus no napamempy

®Oyuxums v(i, §) 6bina onpeneneHa npu i # x. Joonpeaensem
ee NpH Ji = p KaK peiicHHe ypasHeHHs (9) ¢ HAYANBLHEIM YCAO-
BueM v(ty, ) = a'(p), nonyverHbIM W3 HAYANBHOTO yCaOoBHS (7)
npu g — p. Ito Teopeme 7 § 7 dynxuns v(t, &) HempepusHa
no fi, pmovas & = p. Ilpu i = p umeem 2* =z = 2(¢, p),
#' = p, NONBHTErpanbHbe BHpaXeHus B (8) Me 3aBucAT oT 3.
Toraa B (9) MaTpuua H ¥ BeKTOp kb NPHHUMAIOT JHAYCHAN

_A_ (s 2o

Takum oBpasoM, wis v(t, i) ypasHenne (9) u HAYaNLHOE YCNO-
sue v(ty, u) = a'(p) copnanawr ¢ (2), To ects v(t, u) yno-
mnerBopser (2). B cwiy HenpepuinHocTw w(l, /i) cywmecreyer
Jjn:‘ v(t, 5) = v(t, p). To ecrs B (5) cymecTsyeT npoM3BOAHAST
ji=,

8z/8p = v(t, 5) u KoopauHaTH v, BexTopa (L, i) ynosneTso-
PAIOT CHCTEME YPABHEHKIL H HAYANEHHIM YCHOBHAM (2).

Tenepb nycth g MeHAeTCS Ha uHTepBane M, Torma npasnie
4aCTH cHcTeMHl (2) (M npousBoaHbie §/8u, or HIX) HeNpepLIBHL
no (I, p). Mo Teopeme 7 § 7 pewenne cucreMsl (2), To ecrb
npoussofHe 8z,/8p, Toxe HenpepwrHLt no (2, 4). [

IZ‘ JnddepermpyeMocTs pellieRHs N0 NATAABARM YeRoBUSM (Cnea-
CTBME TeOpeMH 1), PacCMOTPUM HAUANBHYIO 3a7avy

dz : .

—‘ = filt,2,...,2), zl)=24 @E=1...,8). (10)

HYCTB npu (t,2) € D sce Qynxuuu f; v 8],/84: HETIPEPHBHL,
u Ha otpeske [i,,¢,] 3 ¢, pemenue sanauu (10) cywecTnyeT u npoxo-
aut B oGnactk D. Torma npu #, € & < £, CylIecTBYIOT HenpepHBHHEE

npouspoaHbe pemenus 2,(t) (f = 1,...,n) NO HaYANBHHIM YCIIO-
BHAM 2, (k = 1,...,n). Oynxumu u; = 8;/0z,, = 1,...,7n)
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§ 23, fuddepenyupyemocms peiuenun no napamempy

YAOBACTBOPHIOT CHCTEMC

[(oG#),
, tilt) =
,Z,l: “iu,  ulty) {1 b (11)

3necs f; = fi{t, 2, {t), ..., 2, (2)). me z,(t),...,%,(¢) — pemenue
3apauu (10).

)

HAoxazamenscmso. Tlycth 2, = g, & Npu § # k 2, He 3aBHCHT
ot p. Torma cucreMa (10) yIorneTBOpseT YCIOBHAM TEOpEMH 1.
Cnencparensto, npoussoassie dz,;/dz,, = 8x,/81 = u; cyme-
CTBYIOT, HEMPSPLIBHK M YRORNETBOPAIOT cucteMe (2), KoTopas
B 3TOM CJtyyac nipespatuaerca s (11). n

Jadayu dna ynpaxHenuil:
[12], § 18, N2 1064~1073 u § 26, Ne 186~194, 196-199.

Hoie no &, jt npoussodnse no i Go NOPAGKE M BKAVYUMENLHO,

Teopema 2. flycms asinonnens ycnosun meopemsl 1 u, kpome mo-
20, Qymapue f;, a,(p), umeiom wenpepsisnbie npoussodwsie no
Zyeres Xy, o 00 NOPAdKG M = 2 BHAIOYUMENbHO, 8 MOM NUCAE
cmewanibie npoussodnsie. Toeda pewenue z(t, p) umeem nenpepbie-

Bokazamentcmeo NPOHIBOMMTCA € TIOMOWIBIO MHAYKUMK MO m.
Jng m = 1 yreepXaeHHe TeOpeMbl 2 CReAyeT H3 TeopeMH 1.
Tlycts yTBepXIeHHE BEpHO AJIA MNPOMIBOAHMX HC TNOPAIKA
m—1 2 1. DoxaxeM, YTO OHO BEPHO H A NPOHIBOTHHX
nopsaka m. Tak kak 8™z, /ou™ = ™1 u;/Op =1, a dyuxumn
u; = 8z;/8p (i = 1,...,n) yroeaersopaior cucreme (2), 10
HAZIO NIPOBEPHTE, TTO TPABHIE YACTH B (2) MMEIOT HEMpPepHBHEE
NPOH3IBOMMEIE 110 %;, f5 JO MOPAAKA M — | BKMOYHTEABHO.
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faasa 5. Juipdepenyupyemocms pewerun no napamempy

Ilo ycnommio, f; € C™ no z,,...,%,, 5, 3Ha4ur, B (2)
81;/0=; u 8f;/8p npunannexar €™ ! no aprymenram =, ..

T, b Ho Kaxnoe z, = (i, g} ecrs KoopauHara Belcmpa
2(t, 1), ABnsIonierocs pemeHueM 3anauk (1), e f v a(p) npu-
Hamsexar C™, 3HavuT, npuHawtexar 1 C™! no . O I
To ONOXEHWIO MHAYKUMH, Bee 2,(2, ) € C™ ! no p.
3Ha4MT, B (2) cnoxHan GyHKIMA

8.% 7:(t 2, @, n), ...z, (¢, p), 8)

npuHamiexur C™~! no p; ananormuno 8f,/0u; raxxe o' (1) €
C™ !, o npemnONOXeHKI0 HHAYKLIMH, TIPHMCHEHHOMY K CH-
creme (2), petenne u,, .. . , %, cHCTeMH (2) npuHawiexut C™!
no p. Tak xak w; = 8%,/9p, 10 (¢, p) € C™ no 4. n

§ 24. AcHMNITOTHYECKHE METOAbI PetieHUA
auddepeHynanbHbix ypaBHeHHH

El ACHMIITOTHYECKHE METONN NO3BOMAIOT OTLICKMBATL NPHOIH-
XeHHHE pemeHHa muddepeHimansHuX ypasHeHn! (WM cucTeM),
GNHIKNX K TAKHM YPABHEHHAM (HJIM CHCTEMAM), PEIlIeHUs] KOTOPHX
H3BeCTHH. B NpHKIAmHHX 3apavax dacro OHBaeT, Y10 HA TeUYCHHS
paccMaTpHBaeMoro HINYECKOrO NMPOLEcea BIMAIOT KAK OCHOBHHIC
(aKTOpH!, ONpENENAOIIME XOI MpoUecea, TaK M Apyrue GakToph,
OKA3BIBAIONINEG MEHBIUEE BAMAHHME M MCHAOIIHE KOMHYSCTBCHHLIC
XapakTepucTHky npouecca. Ilpu ydere ToMbKO OCHOBHEIX daxTopos
MOXHO MOMYYHTS TOYHOE PeLiieHHEe CHCTEMEL ypaBHEeHUT, a npH yyere
BCEeX H3BECTHRIX (DAKTOPOB CHCTEMA CTAHOBHTCA CHOXKHOI M He pelta-
eTca. B Takux ciyyadx acHMOTOTHYECKHE METOAB YACTO TOIBONSIOT
HaltTH pemeHHE ¢ HYXHOH TOYHOCTBIO.
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§ 24, Acumnmomuveckue Memods pewenun

Paznoxcane pellcHRN N0 CTENCHAM MAAOIO NAPAMETPA — OOWH
13 HauGonee yoTpeGUTENBHEX ACMMITTOTHYECKHX METOIOB.

Creacraue Teopemss 2. fyems npu (t,2) € D, |p| < p, sstnon-
Hewsi yenosun meopemst 2, u nput g =0, 1, < ¢ < {, pewenue
3adayu (1) npoxodum & obnacmu D; i, € [¢,,¢,]. Tozda pewenue
z(t, p) sodavu (1) npu ¢, < t < &, pasngzoemcs no opmyne
Teiiropa no cmenennm napamempa p 0o ™ BRAOYUMENBHO:

2(t,8) = )+ 89, 8) + B0+ ...+ 0 (O +o(u™). (12)

3nech z(t, ) 1 v;(t) — n-MepHHe BexTOp-DYHKIMH, v,(t) =
2(t,0) ecth pemerne cuctemu (1) npu g = 0, oHO cuMTaeTCH M3-
BeCTHEIM. Yro6Ht Haltti v,(2), ... , v, (t), Hano moACTABHTE pasnoXe-
HKe (12) B cucremy (1) ¥ HaYaBHBIE YCHOBHS, M PAIOXKUTE NPABRE
YACTH [0 CTEMEHAM & A0 4™ BKMIOYMTENsHO. Janee Hamo npupas-
HATD KO3(PULUMEHTH NMPH ORMHAKOBHIX CreneHsx gz. Ilomywaercs
AN V), ..., ¥, cHcTeMa AnddepeHUKANEHBIX YPABHCHHH ¢ Hauab-
HHMH ycnoruamu, [locnenomarenbHo peiiad YpaBHEHHMS CHCTCMB
¥ NONB3YACH HAYANLHRIME YCIOBHAMM, HaXoRMM ¢y(2), ..., v, (¢).

e ettt 1
: Npumep 2. HaitTn pasnomeHne petleHua 3afaum :
X dz ¢ 2 B W ¢
' — T e — 3 v — — |
l il 2utc, x2(1)=1 5+ 3 (13) l

, I
: NO CTENeHAM NAPAMETPa f5 A0 A2 BIAIOYHTENLHO, |
b e e e — Jd

Pewenue npumepa. Npaean vacTb ypasuenna & obpactu 2 > 0 ume-
eT npou3eoausie MmoGoro NopaKa no z, fi. YenoBus Teopembl 2
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Inasa 5. flupdepenyupyemocms pewienun no napamempy

BLINOAKEHW anA Awboro m, NoKa pemwenne 3apayk (13) c =0
npoxoput B obnactu 2 > 0. Mpu s = O 3agava (13) npuHumaer

ewa dzjdt = t/z, (1) = 1, w nmeer pewenne z(t) = ¢, ono.

NPOXOAMT 8 obnacth 2 > 0 npu t>0. l'loa'rouy @) =¢ (¢ > 0).
Paanoueuhué =1+ po, + pv, + op?) nonmmeu B YpaBHeHUe
# HauanbHbie ycnoswa (13), unensl nopagsa o(ps®) we nuue,

¢
¥ 21 — _
l+po+po,+...= E+pv, + 520, +..) 2w, (14)
2 B8
L+ po,(D+po(D)+...=1-% ==, (15)

2 8

PasnaraeM npobk B (14) NO cTemenAs i, wnens ¢ u*, k > 2,

' HE NUIHEM,

ot 1
E+poy+ploy ... 14 pi-loy 4 pdt-lo, 4o

2 2
=1- (%vl+%v2+...) + (%‘.‘”H‘---) T

S
Noacraensem 370 8 (14) W NpupasHuBaEM KOIPPUUMEHTH CHeBa

K CNPaBa NPH ORWHAKOBLIX CTENEHAX NapaMeTpa 4:

v 1
opu gl v=—t -2, w(l)=-3; (16)
2
v, ¥ 1
npu  pl vh=-—-2 T+ ‘21 , B = s (17)

3nece HavanbHue YCNOBUA nonyvenw u3 (15). Bee guddepenumant-
Hbl@ YPABHEHWA ANA ¥, ..., ¥, BCema uHeinbie. U3 (16) noryuaem
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§ 24, Acumnmomudeckue Memodsl peieHus

1
(3.]

y, = —5;-. Nopcrannsa 3o B (17), HaxopuM v, = 1 + % Wrax,

z(t)=t- #5:— + 4 (-1-% + -;;) + o). (18)

TaKk KaK YCAOBMA TEOpeMbl 2 sbinonHeHw ans moboro m 2 2, To
Cheyluil YieH PanoXeHns UMeeT BHA p3v3(t) W, He Haxoad v;,
8 (18) BMecto o(u?) momno nanucate O(n’). <

3adavu dnn ynpawrenuil:
[12], § 18, N2 1074~1078.

OTsickanie nepuoauvecknx pemennii. Hiokecneayiomue aeMma 2

W TeopeMa 3 AAI0T YCAOBUA CYISCTBOBAHUA MEPROAUYECKUX peltieHuti
COOTBETCTBERHO INA NHHEHAHOH cucreMBl ¢ nepuomnyeckoil npasoit
yacTLIo B KA HennHedHo! cucTeMbl, 6MH3IKoN k AnHeiiHOM, H yKa-
3EIBAIOT METOAR! OTRICKAHMKA TAKHX pelleHuH.

Remma 1. lyems npu 0K EK p BEHMOD-PYHKYUS z(t) — pewenve
ypaswerus x' = f(t,z), 20e sexmop-gymeyus | u sce 8f;/dz;
nenpepoisusi u f(t+p, z) = f(&, z). Ecau o(p) = 2(0), mo pewenue

z(t) npodonwaemcs wa uwmepaan (—oo, c0) € nepuodom Pp.

Hoxazamenscmso. Tak Kax
o (P) = (2, 2(p)) = 1(0,2(0)) = 2,,,,,(0),

T0 TPOAGIIREHHA ¢ hiepuoaoM p ysxuus z(f) € C'. Oua
BCIOAY VHOBJICTBODACT NaHHOMY YPaBHCHHIO, Hbo ana jmoboro
k € Z nmeeMm

T+ kp)=2'{) =10, 2()) =f(t + kp,2(t + kp)). W
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Inasa 5. [uddepenyupyemocms pewenun no napamempy

Remma 2. Ecnu dnn scex cobemeennbix snavenuil mompuys A umeem

mo cucmema ' = Az + f(1) dnn xawdoil wenpepuisnoll ywiaiuu
J(2) c nepuodom p umeem (u monsKo 0dHO) pewenue ¢ nepuodom P.

A;&g-;-,-‘-i, k=0,%x1,3%2,..., (19)

Ycnosue (19) Ha3HBACTCS yeaosueM oMCYmCmeun pesonanca,

JHoxazamensemso. TTyers v(t) — vacrHoOe pellicHKe JaHHON CH-
ctemu ¢ v(0) = 0. B cuny Teopemut 5 §9 u caeacreus 1 § 15
ofiee pemeHne HMeeT BUA & = e'4b + v(t), rae b — npous-
BONbHE BekTOp M3 R". YTOGM 910 pellicHHe HMENO NIEPHOX P,
no nemMe 1 Hano, wrobu z(p) = z(0). To ects
&b+ v(p) = b+ v(0), (™ - E)b=—v(p).

3ra — AMHelHaa anreGpanueckas CHCTEMA OTHOCHTENBHO He-
H3BECTHHIX XoOpAHHAT Bektopa b. JinAa cymiecTtBOBAHHH CHWH-
CTBEHHOIO pellleHHs HOCTATOqHO, YTobh det (¢?4 — 1 - E) # 0,
10 eCTh YTOGK MaTpHua P4 He uMena cOBCTBEHHBIX 3HAYEHMH,
PaBHHYX 1,

Eenu A, ..., A, — COGCTBEHHHIE 3HAYCHMSI MATPHIH A,
10 cOMNacHo 3ameuannio B § 15 P4 mmeeT cOGCTBEHHHE 3HA-
uerus €%, i = 1,...,n. Oma A = a + §i uMmeeM e =
eP*(cos pB + isin pf). Dro umcno pasHo 1 TONBKXO B CAYdae
a =0, pf = 2xk, k = 0,%1,=x2,.... Tlosromy np1 ycno-
Bu (19) uMeem e £ 1. [ ]

Teopema 3. Nyems dyscuuu J(E), 9(¢, 2, ) nenpepsianst npu x €
R", (¢, z) € D, 1p| < p,, umeiom nepuod p no t; g € C™ no
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§24, Acumnmomusveckue Memodsi pelteriun

z, 4, 20¢ m 2 L. flyems esnonneno yenosue (19) u pewenue z(t)
€ nepuodom p ypaswenus ' = Az + f(t) codepmumen 8 obracmu
D, Tozda npu acex D0cmamoyno Manwix |gs| cucmema

z' = Az + () + pg(t, z, p) (20)

umeem peuerue nepuoda p no ¢, cmpemaueecn x z°(t) npu p — 0.
Takoe pewenue edurcmeenro u npunadnexum xaaccy C™ no pi.

f

Hovasamemsemeo. Tlycts 2(t; b, p) — pemreHne cucremst (20)
¢ HavamsHHIM yoaoBueM z(0; x) = b. ITo nemme 1 oHo Gyner
HMETDb NEPHOA P, ECAM

z(p; b, p) — b =0. (21)
JlokaxeM, 470 NpW MaNsIX p cymecrsyer b € R®, ynosaerso-
pmowee ypapHeHuio (21). Oyuxuna z(p; b, x) € C™ no b,

B ciuty TeopeMu 2. IIpn g = 0 ypassenue (20) nnKeitHoe, xaK
B neMMe 2, ypasHeHue (21) npuHUMaeT BUA

(¢ -Ep=-v(p), det(¢*-E)£0  (22)

H HMeeT eaMHCTBeHHOe peiiieHue b, Hanee, axobGuaH nepotlt yacTH

paBeHCTBa (21) o koopauHataM by, ..., b, Bexropa b nipu g = 0

COBNANaeT C ASTEPMHHAHTOM (22), 3HAYMT, HE DAaBEH HYMO.

Torma mo TeopeMe O HeABHHIX GYHKUMAX ypaBHeHne (21) npu

AOCTATOMHO MANBIX ft WMeeT pemteHne b = b(p), crpemAmeecs
x 5® npu g — 0, Takoe pemeHue eanHCTBEHHO M b(i) € C™.

Torna pemenue z(¢; b(s), #) € C™ no p, u 8 cany (21)

H IeMMBI | MMeET NEpHOT P. [

CneactBue. /lpu ycnosusx meopemst 3 Hasgawnoe nepuoduvecnoe
peuienue umeem paanoxenue no cmenenam (i suda (12) ¢ pynxyusmy
v,(t), umeiouumu nepuod p.
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fnasa 5. Juipdepenyupyemocms pewenus no nap&nempy

foxasamenscmeo. Pemenne z(t, b(u), 5) € C™ no g, nosromy
HMeeT paznoxeHHe Buaa (12). CnenosarensHo,

z(t +p, (), ) - 2(t, b{), ) =
=d°+d1”+"'+dmﬂm+oo‘m)9 (23)

e d; = v;(t+p)—v(t), i = 0,1, ..., m. B cuny nepHomRIHOCTH
pellieHHs epas 4acTh B (23) papHa Hymo, noaToMy Bee d; = 0,
10 ecte v;(E + p) = v,(8). u

3amevanue, lycrs faHo ypaBHeHue

¥ +a 3"V . ray = F) + palt. v, 6) (24)

C NOCTOAHHBLINK KOIDPULUEHTANN @, W HENPEPUIBHLIMN QYHKUMAMN
J.gnepwoga pnodt m g € C™ no gy, p, a KOpHM A xapaKre-
PHCTHYECKOTO YpaBHEeHUs yrosnetsopawT yenoeno (19). Toma ana
OTLICKAHUA PRIEHHA NEPHOAA P HE HYIKHO NEPeXOfUTL OT ypasHe-
HUA (24) K CHCTeMe, MOXHO Cpa3y OTHICKATL pelledMe B suge (12),
rae Tenepb v;(1) — cxanApruie GynKuuM ¢ nepuosiom .

i Npumep 3. Haiiti c TounocTeio o) nepuoguueckoe pewenue !
| YPaBHeHna :
' z" + 3z = 2sint + pz’. (25) 1

A

Pewenue npumepa, 3pecs p = 2%, XX +3 =0, A = V3 #
2xkifp = ki (k € Z), yonoewe (19) suinonneqo, Miem nepropu-
4eckoe peienwe B BUAE T = v, + pv, + p’v, + ... . Nopcraensa
B ypasreune (25} w NPHPABHHBAA KOIPHUUKEHTH NPU OANHAKOBLIX
CTeneHsX f5, NONYYAEM CHCTeMY ypasHeHNit

v) +3v, = 2sint, o +30,=v}, of +3v,=2up,....
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§ 24. Acumnmomuneckue memoosl peiesus

Hano HaWTH pewenna v,, v;, ¥, C NEPHOAOM 2X . [INA KAXKAOND H3 ITHX
ypaBHeHH HANO HAWTH AMIWL YACTHOE pewesue (MRTOAOM Heonpe-
AeneHHNX KO3dpMUKEHTOR), TaK KaK RO TeapeMe 3 NPH SHNOAHEHHY
yenopus (19) pewenne ¢ nepuofiom P epauncreenno. Mocneposa-
TenbHO HaxopuM v, = sini; v'l" + 3y, = sinft = 1/2 - 1/2 cos 24,
v, = 1/6 + 1/2cos 2L, Nopcrasasa v, U v, B ypasHeHne AnA v,,
HMEeM

1 1 1 1
o;+302 =2sint (3+§cos2t) =—Esint+ Esin3t

OTciona Haxoaus
1

1
92=—Esil‘lt—ﬁsiﬂ3t.

CneposaTenbHo,

1 1 1 1
z =sint+,u(g+§ cmzt) -H.lz (—E Sil'lt—-l—z- sm3t) +0(].lz).

Kak & npumepe 2, BMecTo o(p?) moxno nanucams O(i’). -

K crcreme suna (20) cpomurca 3amaua O BHHYXICHHHX KO-
neGaHNAX ABTOHOMHOH CHMCTeME: BOMM3M TIONOXEHHN PABHOBECHA,
BHIHBAEMEX MEPHOANUECKHM MANIHIM BHEIIHHM BoaaeiicraueM, Pac-
CMOTDHM CHCTEMY

g = F(z)+pr@), fE+p=yt), =z= (zp ceey z“)T. (26)
Mycts z° — nonoxenme papHosecus npu g = 0, To ecTh
F(z°) = 0; p — manoe aucno, dynkuus f(t) nenpepunsa, F(z) €
C™! (m 2 1) B oxpecrHocTH Touku 2%, 3amena 2 = 2° 4 py naer

py = F(@ + py) + pf(t). Tax xax F(z%) = 0, 0 no dopmyne
Teitnopa

F.(2° .
F(2 + py) = pAy+r(p,y), A= _5a(=° )) .
5 iJ=l...n
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Tnaea 5. Juipdepenyupyemocms pewenus no napamempy

OcTatounHi wieH T € C™*! (160 ApymHe WieHH B paBeHCTBE NpH-
Hamnexar C™+), r = ulg(y, u). Tlanyanem cuctemy Buaa (20)

¥ =Ay+ 1) +p9ly, ), geC”. (27)

Ecam coGcTBeHHEIE 3HAYEHH MATPHIN A YIOBASTBOPSIOT YCHO-
o (19) (uer pezonanca), To mo Tteopeme 3 cucreMa (27) npu
ROCTATOYHO MANHIX }j| HMeeT pelleHne ¢ NepUOIOM P.

t RApumep 4. PacCMOTPUM ypaBHeHne t
'

|
: 2" +2¢' 4+ 2 — 1= psint (ze€R). (28)

Pewenue npumepa. Npu g = (0 NORONEHUs paBHOBECHA X, = 1wm

z, = —1, Haiipem nepuopnueckoe pewenwe, Gauance Kk z = 1,
3amena 2 = | + uy paer
‘ " +24 +2y =sint — py’. (29)

3pech p=2x, A= -1 +14 # 2xki/p (k € Z), ycnoswe (19)
BuiNOAHENHO, Mo3TOMy Npu Manbix p ypaBHeHWe {29) wMeeT pewenwe
NepHOAA 2% W BMAA ¥ == v,(2) + pv, () + ..., me sce v, (t) umewor
nepuop 2x. Nopctasnas 310 & (29), nonyvaes, KaK B npumepe 3,

vy + 20} 4 20, = sint, o) 420 + 20, = —v},
Orciona Haxopwm v, = acost + bsint, a = -2/5; b = 1/5;
07 = 1/10+ 3/50 cos 2t —2/25 sin 2¢, v, = h+ccos 2t +dsin 2f,
= —1/20, ¢ = —1/100, d = —1/50 u 1. p. CnegoparentHo,

2 1
= l+py=l+p(—§cost+ -s-smt) +

of 1 _ L eean-Ls 3
+;t( 20~ 100 “* 2 s031112!!)+l£)(}1). (30)
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§ 24, Acumnmomuveckile MemooOsi peuiesus

YpasueHue (28) npu manuix g WMEET W pyroe peieHne ¢ ne-
PHOAOK 2%, OHO GANIKO K MEYCTOHYMBOMY NONOMEHMIO PABHOBECHA
2, = =1 ¥ OTHCKYUBAETCA aHaNOTUIHLIM Cnocobom. MOXHO AOKa3aTh,
4TO OHO HeYCTOHYMBO. «

3adauu dna ynpaxuenuis;
[12], § 18, Ne 1079-1083.

el

E’ EcTecTBEHHO BOFHHKAET BONIPOC, B KAKKX CAYYAAX PAVIOKESHHI O CTe-
nNeHsM MapaMeIpa f2, TOAYUCHHBIC B CACACTBHAX TEOpPEM 2 H 3, MOXHO
NpoAQDKHTL 10 OeckoHeuHoro pana Teitmopa, cXxopmmerocs K HCKOMOMY
PELICHHIO NPH MANKX #. DTOT BONPOC PEHIALTCA ¢ MOMOMWEK TeopeMul [Ty-
aHkape o6 aHamHTHYECKOH 3aBHCHMOCTH DPELICHHS OT NApaMeTpa, CM. [13],
. 1, §6, Teopema 1.3 % [2], .6, §2, Teopema 6.2.1' w §3, m. 1. |

O Merofax HCCNCAORAHUA YCTOMMMBOCTH TMEPHOTMYECKUX perneHmil,
NONYSAEMBIX METOXOM MANOro mapamerpa, oM. [2], .7, §3 w [33], m. 3,
§ 10-15. B 9acTHOCTH, TIPH YCIOBHAX TEOPEMB 3 ACHMITOTHYECKAA YCTOH-
YHBOCTE MEPHOOHYECKOTO PEICHUA NPH JOCTATOYHO MANHX | obecneuena,
eCH Y15 MATPULIL A BCe COBCTBCHHEIE 3HAYEHMS A, Mewor Re A, < 0, a He-
YCTOHIHBOCTD — eC/IM €CTh XoT OH onto Re A; > 0. Tloatomy B npuMepe 4
1pH MaalX g pemierne (30) aCHMITOTHICCKH YCTOHTKRO, A NEPHOAHIECKOE
pemenve, Ganakoe K 2 = —1 (AA Hero A = —1=% \/5), — HeycToHYMEBO.

MeTon OTHCKAHHA MIEPHONHYECKHX peLIeHHH NPH PE30HANHCE, TO eCTh
Koraa yonosne (19) He punonHeHo, kanoxen b [13], ra. 2, §8, nyHxTsi 2 1 3;
npHMepst TaM Xe; B [2], . 5, §3, n.2 v 5 [33], . 2, §6, 7.

06 OTHCKaHHH NEPHOAWYECKUX PEWCHHI aBTOHOMHOMN cHCTeMM 2’ =
Az + pf(z, ) B cnyuse, xorna npn g = 0 NEPHONHIECKOE PELIEHHE W3-
pecTHO, oM. [13], ™. 2, §8, nyuxr 4; [2], .5, §3, n.3 u [33], ;. 2,
§11-13.

Merol Manoro napaMeTpa NPHMEHAACH X WHPOKOMY KpYTY 3amad,
B YacTHOCTH, B {33], masut 4-8. MeTonn nochesoBarensHLIX NpHOMKeHHH
AR YPABHeHHH ¢ MATHIM RapamMeTpoM paspabotarn B [24].
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Inaeo 5. JQudiepenyupyemocms pewenusn no napamempy

CymecTseHHO OTHMYHBIM OT NPEARAYMIHX SRASCTCH cayyail, xoraa
MANLIER NAPAMETD ANIACTCH MHOXHTE/IEM TIPH MPOK3IBOAHOL, HanpiMep,

pe' = f(z.y), ¥ =g(z,y).
Jnech HET HENMPEPEIBHON 3MBHCKMOCTH OT 4 NPH J — {0, H PELISHNA HMEIOT
ApYTHe CBOHCTBA, CM., Hanpwmep, [13], rn. 4, §6 u [15), . 10, §3,4.

HasectHo MHOTO paboT, B KOTOPHIX MOAPOGHO HCCAGAYIOTCA TAKHE CYYAM,
L ]

§ 25. Nepeobie udTerpansi

IlepBbie HHTErpANH NMPHMEHSIOTCA NMPH HCCASAOBAHHM M pellieHMMN
cucreM auddepeHMANEHLX YPABHCHHH. 3HaHHE ORHOTO TEPBO-
IO MHTErpaia no3BojfdeT YMEHBMIMTE YMCAO HEHIBECTHHX (hyHKuMi
B HAHHO# CHCTEME. 3HAHHEC N HE3ABMCHMHX NEPBHX HHTErpanos
CHCTEMEI ,

z, =fte,...,2,), i=L...,n

(¢.2y-.-,2,) €Dy, f1s---»Fn €CY)

FIO3BOAAET NOAYYHTE pelreKue 3Tol cHeTeMs 663 HHTETPHPOBAHHA.

B npuxAaaHEIX 331a4aX NEPBHE MHTCTPANE! JacTO MMeT Gu-
3WICCKHIt CMBICH: 3aKOH COXPAHCHMA SHEPIVM, 3aKOH COXpAaHEeHHs
KOJHYECTBA OBMXCHHA — 3TO MEPBHE HHTEIPANH YpABHEHHH ABK-
KEHMA MeXaHWYeCKOH CHCTEMEL.

(31

@ Hepewm unmezpansom cucremul (31) B obnacta D C D, Hasu-
paerca Qynkuusa v(t, 2,,...,2,) € C!, coxpangiouas MOCTORKHOE
3HAYCHHE ROONL KaxXmoH npoxomsuieH B D HETerpaasHOH Kpupoi
cucreMul. (MHoraa nepsHM MHTETDANOM HA3HBalOT He QyHXUMIO
v(t, 2,,...,2,), a coorsowenue v(t, z,,...,2,) =¢, r1e ¢ — Npo-
H3BOABHAA NOCTOAHHAL.)
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§ 25. flepevie unmezpanyt

[eomeTpuueckuit cMuicn nepsoro uHrerpana. Iycrs dv/0z,; # 0
ANA HEKOTOpOro. § M ¢ — moboe W3 3HAYCHHIN, NMPHHMMAEMEBIX
Gynxumeit v B oGaacru D. Torma pasencrso v(t,z),...,%,) = ¢
onpenensieT B npoctpaHcTee £, 2,,..., %, R-MESPHYIO NTOBEPXHOCTD,
UEAUKOM COCTOAMIYIO H3 MHTEIDANLHBIX KPHBEIX cucteMH (31). To
€CTh Yepe3 KaXIylo TOYKY NOBEPXHOCTH HPOXOAMT HHTErpaAbHas
KPHBas, JIEXALAsA HA NOBEPXHOCTH.

HoxaxeM 310. [TycTh TOUKA P JISKHT KA MOBEPXHOCTH v = C.
Toraa 8 310l TOuke v = ¢. Ha uHTerpansHo#t KpHpBoii, mpoxonsmeit
yepe3 3TY TOUKY, Nepeil MHTETPaN v COXpaHSeT MOCTOSHHOE 3HA-
yeHHe — 3HAYCHHE ¢. 3HAYUT, 9Ta KPUBAd NEXUT HA MOBEPXHOCTH
v =4a. '

TpeGoanue, ¥robbi QYHKUMSA v Knacca C', coxpansna nocto-
AHHBIC 3HAYCHHS BIONS MHTETPANBHEIX KPHBHIX cucTeMBl (31), paB-
HOCHJILHO TOMY, 4TO €€ MOJNHaA NpOM3BOAHAA B CHAY cHCTeMH (31)
paBHa HYNIO, TO eCTh

S v v
- +‘-’;—z—;fl(t,zl,...,a:,,)+...+$:f,(t,zl,...,zu)mo. (32)

at

JhoBoli mepsatit muTerpan cucremsl (31) ymopneTsopAeT ypasHe-
Huwo (32).

3HaHuMe NepBOro HHTETPaNa, Y Kotoporo 8v/8z; # 0 ins Kaxo-
ro-HHOYAE §, MO3BONSET CBeCTH CHCTeMY (31) K cCHCTEME ¢ MEHBLIIMM
YHCAOM HeMIBECTHRIX dyukupit. s 3TOro paspeimiacM paseHCTRO
v{t,2,...,2,) = c (BOSMOXHO, B MeHbIIIeH OGNACTH) OTHOCHTENb-
HO Z; M NOACTARASNEM MONYICHHOS BHIDAXECHHE T; Yepe3 OCTANbHBE
fniepeMeHHHeE B ypaBHeHHd cucTeMs (31), KpoMe §-10 ypaBHEHHs.

IZ' Jnsi moboit pynxumn ¢ € C! u niepsoro HHTErpana v (Wim
HECKONIPKHX TEPBHIX WHTEIPANiOB vy,...,1¥,) CAOKHas GyHums
e(v@,z,,...,2,)) (cootBercrsento, (v,,...,v,)) ToXe nocto-
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Inasa 5. fuddepenyupyemocms peuienus no napasempy

AHHA BIOME KaXA0H MHTerpanbHoi KpHBOH CHCTEMH, 3HAYHT, ABIIA-
ercs fIepBRIM HHTETpanoM. I1o3roMy nepeHX HHTErpanoB GeCKOHETHO
MHOTO.

Mepbhie MHTETPANIN V), ... , ¥, CHCTEMH (31) HaINBAIOTCA Hesa-
aucummmu (WIH gyrryuonasio nesagucumuimu) B obnactu D, ecnn
B Kaxo# ToUKe 370# 06AACTH AT MATPHU (8v;/02:) i . pim1,...n
paseH k.

OyHKIMOHANTBHAA HESABKCHMOCTh OTIHYACTCS OT JMHEHHOM.
M3 nuneitnolt sapucuMocti dynkituit v, ..., v, cnenyer nx QyHk-
LMOHANBKASN 3aBHCUMOCTE (TOTAA CTPOKH MATPMLEL, CM. BHILIE, JIH-
HeflHO 3aBHCHMBI M ec paHr McHemie k), O6paTHOe HeBepHO, Ha-
npuMep, dynkuun v, =t -2, ¥ v, = (f - a:l)2 dyHxunoHanLHO
3aBHCHMH, HO HHEliHO He3aBHCHME B mobo# obnacTH. ~

Caenyiomias H3BeCTHAs TEOPEeMa HEOMHOKPATHO ApHMeHsAeTCH
B §§ 25, 26.

Teopema O HeasHbt QyHNuMax, Jowa cucmema ypasnenud
iWyse -t 2)=0, i=1,...,n (z€R®, m>21). (33)

dyunyuu ; € C' & oxpecmmocmu mowy M(y, = Yy, .., ¥, =
Ysr Z = %), @ 8 3moll movxe pasencmsa (33) esmonnmomca
u sxobuan det (89,/8Y;); ;=1 n 7 0. Tozda 8 Hexomopod oxpecm-
Hocmu mouKy z, cucmeny (33) MoXwo paspewims OMHOCUMENLNO
Yys o+ Yy, MONHEE, Cyujecmsyom maKue HenpepuigHsie QyHKyuu
y(2) ...,y (2), ymodnai=1,...,n

505(91(3).---,9’,,(2);2) Eos y‘(zo)=ym, i= l,...,ﬂ.

Taxas cucmema dynryuil y,(2), ... , y,(z) eduncmsenna u y; € C",
" = 1’ [ N

-
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§ 25. Nepssie unmezpansi

Teopema 4. B oxpecmmocmu mobod moyku M(ty, 2, - .. , 2,0)
obnacmu D, cywecmeyiom n He3a8UCUMbIX NePEbIX UWmezpanos
cucmenst (31).

HQowasemenscmeo. Jns moGo#t 1ouxu (8, ¢, ..., ¢,) € D, note-

opeme 2 § 5 cymiecTayeT SAMHCTBEHHOE MPOXOANINEE Yepes 3Ty
TOMKY pelreHHe cucTemst (31)

z=ptc,....6), i=1...,n (34)
B cuny crencTeus TeopeMul 1 §23 ¢, € C'. Tax xax

ity eps.-n)=¢, i=1,...,m,

10 npn £ = 1, Matpuua (8¢,/d¢;); ;.. , — SHAHWIHAA K €€
AeTepMMHART — AK0OWaH yHKUMHA @, . v+s¥Pp — PaBEH 1.
l'lo TeOpeMe O HESBHHIX QJyHm.u-mx, IIe Tenmeph HANO B3ATH

=¢,i=1,...,n, 2=(,2,,...,%,), cacremy (34) MoxHO
paspemun OTHOCHTENIBHO €\, ..., ‘n B HEKOTOPO# OKPECTHOCTH
TouKH M

g =vtz,...,2,), i=1...,n (35)

TMokaxeM, 910 QYHKIMM v; — HE3ABHCHMBIC NICPBHIE HHTE-
rpanbl cucteMs (31). TTo Teopeme 0 HeABHEX GYHKLIMSAX v; € cl.
Yucaa ¢, ..., €, — OZHH M TE X& BO BCEX TOYKAX HHTETPAIb-
Ho#t KpHBoOit, npoxomawie#t yepes TouKy (¢, ¢, - .. , ¢,). 3HaUMT,
GYHKUNH v; HOCTOSHHE! BAOIb HHTETPANLHHX KPHBHIX W SIBJISI-
10rcH nepsaiMiE HHTerpanaMu. Tlpu moGoMm duxcuposasHoM §
(rGmu3u &) cuctems dynkumtt (34) u (35) BaaumHo 0GpaTHH,
TIOSTOMY TNPOM3BEICHHE HX KKOGHAKOB PABHO ERHHMLE:

Al 'Az = l,’

A, —-det(api) ; A, dct(av‘)
0¢; /) ij=1, .. 0%, /) iid1..m
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Inasa 5. fudpdepenyupyemocms pewienus no napamempy

. 3HauMT, A, # 0, paHT MaTPHIIH (mijaz’-) PABEH B, H TIEPBHE

HHTETpank v, ..., ¥, HE3aBHCHMBL

Teopema 5 (0 NOAYYEHHUN PEIIEHNA C NOMOLLLIO NEPBLIX MHTErpa-
nor). flycme v,...,v, ~= He30BUCUMbIE Nepebie UNMeZpansl Cu-
cmewmes (31) 8 obnacmu D, flyeme movxa M(ty, &g, ..., Z,) € D
u ¢ =v(M), i=1,...,n. Toada pewenue cucmemss (31) ¢ na-
sansusiMu ycnosusmu x,(t,) = 2, i = 1,...,n, onpedensemcs,

KaK HeRBHGR hyHKHUR, CucmeMoll ypasHenuil

v(t,2,...,2)=¢, $=1,...,n (36)

Hoxazamenscmeo, OTH YDABHEHHA YIORNETBOPAOTCA B TOYKe M,
H B 970# Touke det (8v;/82,); ;). . o # 0 B CHIY He3aBUCUMO-
CTH TEPBBIX MHTETPANOB. I{o TEOpEME O HEABHEIX (BYMKUMAX
cucreMy (36) B HEKOTOPOI OKPECTHOCTH TOYKH M MOXHO Da3-
PEUTHTh OTHOCHTENEHO &), ... , &, 1

z; =g ¢,...56), F=1,...,m (37
Oynkunu (37) yroaersopmior cucteMe (36), TaK KaK NONyueHH
13 Hee. C Jipyroit CTOPOHH, pemeHHe cucTeMH (31) yrosneTBo-
paet (36) npu ¢ = i, B cray PLGOPA MOCTOAHHEIX €, ..., C,.
Ouo yaoraersopaer (36) u npu Apyrux ¢, TaK XaK NepBHE HH-
Terpansl MOCTOAHHE BAOAL PelllcHMA, BoneAcTRHe enuHCTBEH-
HOCTH HeABHOH ¢yHKUMH 310 pelliecHHe HMEELT KOOP/AHHATH T,
copnanaioume ¢ dyHxumuaMu (37). [

3adawu Onn ynpammenud:
[12], §19, Ne 1061-1064, 1066.

Teopema 6. Loru v),...,v, — Hesasucumbie nepsbie uKmezpa-
not cucmemst (31) & oxpecrmocmu U mouku M* {8y, 23, ..., 2}),
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§25. Nepsvie unmezpanst

mo sobfod nepewili usmezpan w cucmensi (31) & wewomopoii
oxkpecmuocmu mouxuy M* ssasemcs ywryueil om wux, mo ecms
w=F(,...,v,), F€ c.

Howazgmensemso. Tlycts Touka M(ty, 249, ..., %) EU H ¢ =
v,(M), i =1,...,n. Tora, kaKk B JIOKa3aTeNLCTBE TEOPEMEL 3,
cucreMa (36) onpenenster pewenne (37) cuctemut (31). Takue
pelieHnd 3anoNHAIT HeKOTOpYIo OKpecTHOCTs Uy C U ToukH
M*. Bnosb KaXI0TO B3 3THX peIleHMI KMeeM w = const, TO €CTh

w(t, ot ey sC)eee s PpllrCpsoens6y)) =
= 0(tyy 9,00 €12 G s Lol Cire e 1 6)-
OGo3Haunm npasylo 4acts uepe3 F(c,,...,c,), Torma F € ct.

Tepexona ot ¢;,...,€, K &;,...,%, HK.¥,...,9, COMACHO
(37) u (36), nomysaem

wit,z,,...,2,) = .

= F(vl(t, Lpsee- s Bp)rere s Ul @y . e ,:c,,)). [ |

@Aﬂepnue HATETpanM asTonoMaol cacrempl. CHCTEMA
o= fi@perz,), =100 (f....f,€CY)  (38)

YROBJIETBOPSIET YCAOBMSIM TEOpEMH 4 W MOZTOMY B OKPECTHOCTH
oGOk TOUKN MMEeT 1 He3aBHCHMBIX MePBLIX MHTErpanoB suzaa (35).
Tak Kak B cucreme (38) ¢yHxkuum f; He 3amuear or £, To yacTo
GHIBAIOT HyXHbI NEPBLIC MHTEIPANEL, HE coaepXKautue £,

TeopeMa 7. B oxpecmuocmu mobol neocoboli mouxu cucmema (38)
umeem 1 — 1 HeqeuCUMbIX NEPBLIX UHMe2panoe, He codepwauiux t,
mo ecms uneoujux 8ud vi(z;, ..., 2,).
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Inasa 5. Judpepenyupyemocms pewesus no napamempy

|

Hoxazamenccmeo. Tycts Touka B(z,,, ... , 2,,) — Heocobad, TO
€CTb B Helt X014 6ut onHo f; #0, Hanpusep, [ (2q,. .., %) #0.
Torua f, # 0 n B Hexoropoit oxkpectHocTH U 3T10it TOUKM,
Jlena Ba n-oe ypaBHeHHE OCTAILHLIE YPaBHEHHA CHCTEMBI (38),
nonydaem B U

dz; _ fi2p...,2)
dz, [f.(2;....2,)

TTo Teopeme 4 3Ta CHCTEMA B HEKOTOPOH OKPECTHOCTH TouxH B
MMeeT © — | He3aBMCHMHIX NePBEIX HHTErpalos v;(2y,...,2,),
i=1,...,n—1, OHM NOCTOSHHEI BIODb peleHui cucTemsl (39),
TO €CTH BAONB TPaeKTOpHit crcreMu (38). SHAYHT, OKH ABNAIOTCS
NepBEIMK MHTerpanaMu cucTeMil (38). HeaapucuMocTs epax
HHTEIPAIOB v; CHCTeMHl (39) osHavaer, 4To paHr MaTPHLIL
(99,/02;); ;.1... a1 PABEH 1 — 1. Orciona cneayer, 10 W AN
cucTeMBl (38) 9TH mepBhie MHTEIPATH KE3aBHCHMHEL. [ |

i=1,...,n—1  (39)

3ameuanne. B Teopeme 7 HeAL3A OTOPOCHTL YCNOBHE €B OKPECTHO-
€™M HeocoBOH TOuKM», Hanpumuep, npk n == 2 B OKPECTHOCTH 0COGOH
TOMKH THRZ Y302 U GOKYCA HE CYULCTBYeT Hi OIHOTO NePBOrO KHTe-
rpana supa v(a:,, 2,). B camom pene, y Takoi Toukn P ects oxpect-
HocTs W C R?, uepes KaXayio TOHKyY KOTOPO# NPOXOAHT TPAGKTOPHS,
crpeMawanca k P npu £ — 0o (mau npu £ — —o0). MipeAnonomus,
470 B HeKOTOPOR okpecTHOCTH U C W cyiecTayer nepebtii wHTerpan
v(z,, 2,). Toma v(z,,2,) = ¢ = const Ha TPaeKTOpUM, CTPeMA-
ujedics x Touxe P, (lo wenpepuenoctn, v(P) = c. 3waunt, Ha 8cex
TPaeKTOpUAX, cTpensimuxcs K P, umeem v(z,, 2,) = ¢ = o(P), 10
ect v = ¢ & okpectrocTh Toukk P. Tora Sv/82; =0 (j = 1,2),
paur marpuund (9v/8z,, 8v/dz,) = rang(0,0) = 0 < 1, u nepsuiit
HHTETPan ¢ = C He ABNAGTCA HEIABMCHMBIM,
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§25. Nepavie uwmezpanst

Cummerpuanas Gopma cucresss gH(PEepeHUNATBHEIX YpaBHe-
HM# — 370 TAKaz 3aNKCh CUCTEMH, B KOTOpO# HH ONHO H3 TIepeMeH-
HbIX HE B3ATO 32 HE3ABUCHMOE MEPEMEHHOS, NOITOMY B YPaBHCHHA
BXOOSAT He NpOM3BOTHEE, a In(ybeperuuany. Hanpumep,

dz, dz, dz

Lolzgn2ys ..., 2,) = Sz, 2. ,2,) A 1.z zhen,2,)

(40)

-— cHCTeMa B cuMMetpMaHOit dopme. Ecnm oGosHaunThk o0y
BeIH4UHY Beex apoGeii-uepes df, To cuctema (40) mpuBeaeTcs K aB-
TOHOMHOH CHCTCME

d—g—‘- = fi( @, 2)s..02,), i=0,1,...,0.
B obnacru, rae xakag-nuGo W3 GyHKumi f; He paBHa Hymo, CH-
creMa (40) paBHOCHIEHA CHCTEME dz;/dz; = f,-/f,-, i=0,,...,n;
j # 4 (¢ duxcuporano, f; #0).

OGpatHO, cucTeMy (31) HOPMATBHOTO BHAA2 MOXKHO 3AITMCATH
B cHMMeTpHHOH dopme (40), pasB 2, =1, f, = 1.

CHMMETpHYHAA 3AITHCh CHCTEMBl 4Y4CTO OGNIEIYACT OTHICKAHME
MIEPBHX HHTETPANOB.

El O pemernnn meaunelubix cucreM, OTLICKATD pellleHHe ¢ MOMO-
IUEK KOHSYHOTO YHCAA AcHCTPH YAASTCH NHILS IS HEKOTOPHIX He-
CHOXHBIX cucTeM, TIpH HCKMOYEHHH HEH3BECTHRIX HEMOCPERCTBEHHO
H3 DAHROH CUCTeMH ITONYYAETCA YpaBHEHMe ¢ IIPOHM3BOAHEIME Bosee
BHICOKOTO MOPAAKA, PELIATE KOTOPOS GHIBACT He Jierye, YeM AaHHYIO
CHCTEMY.

Yanuie yraercs pelINTh CHCTEMY ITYTEM OTHICKAHHMA HHICTPHPYC-
MHIX KOMOMHAUMU. Himezpupyeman xomGunayus — 310 UK KOMOH-
HAUMA ypaBHeHHI CHCTeME, COAEpXAIAf TOXBKO ABE MepeMcHHEIC
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Inaea 5. fludpdepenytipyemocms peilierus no napamempy

BOJIMYHHBL H NpeACTARAAIOMAA cobOi muddepeHLIHANLHOS YpaBHe-
HHE, KOTOPOE MOXHO PelIMTH, WM TAaKas KOMOHHALMSA, ofe JacTH
KOTOpO# ABNAIOTCA MONHEIMM JHGbeperumManaMu. Y13 xaxnod wH-
TErpHpyeyoit KOMGHHALINK MOAYYAETCA TePBHIt MHTETpan JAHHOM
cucreMul. TIpy HCKMOYCHHH HEH3BECTHHIX 3 BAHHON CHCTEMM C TIO-
MOIIBIO NEPBLIX KHTETPANOB NOPAAOK MPOM3BOAHBX He NOBRIMIACTCH,

_____________________________ 1

1 Tpumep 5. HaitTi pewienua cucTeMb |

1 I
dz dz

: e ___ 2% @1) !

1 2z g 224yi4z

L e e e e e == J

Peitenue npumepa. [lpe nepsuie apoGH NANT HHTEFPHPYEMYID KOM-
Gunaumwo dz/z = dy/y. Ovcoga y = c,x. [lance MOXHO KnH
HCKAMUTD 3 W3 CUCTEMBI, NOACTABHE Y = C,&, AW WCKTL ETOPYIO
MHTEIPHPYeMYI0 KOMGHHALIMIO. nepuuﬁ nyTL faeT

& _ % 144

x fiicritz a-z' ==(1+ )+
Ivo ypasHexue — nuHEHHOR OTHOCHTRALHO 2. Pewas ero, nonyyaem
z = ¢,z + (1 + )7, IO PasencTBo BMECTe C Y = €,Z PaeT
pelueHHa CUCTeMbI, He neXaime 8 NAOCKocTH 2 = 0, Ecnu xe 2 = 0,
TO U3 PaBEHCTBA fiByX NOCAeAHHX ApoGed & (41) umeen

dz 2
= .|- - z= + z=10). 42
dg =y ' QY t+Yy ( ) (42)

EcaM Xe MCKaTs BTOPYIO HHTErPHPYEMyI0 KOMEUHALMIO, TO yAOGHO
HCNONL30BaTL HIBECTHOR CBONWCTBO pasHslx Apobei:

o &tat..ta, e
b b b,’ b +b+...+b, b
(BennynHb @; W b; MOXHO YMHOXWTL HA OAHO M TO Xe k).
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§ 26, Ypaswenus C 4acmuuiMU NPOUEOOHBIMU NEPEO20 NOPROKA

B AaHHOM NpUMEpe MOXHO HANKCATL, CTAPAACH NOAYUKTE NOAHNH
anddepetuman,
dz _2zdr ydy dz _dz=2zdz-2ydy
T 2% % z+@+y z-z—y
Nocneguas apobb ects noawwi auddepenynan. Ona paexa nepeoi
Apolu dx/z. 310 — MuTerpupyeman xomGuuaums. U3 Hee nonyvaem
eue ofuH nepeMi HHTErpan

z—2? -y
T = cz (43)

ITOT nepBLIA MHTErpan U panee NoAydeHHMH ¥/ = ¢, HelaBw-
CHMEL, TaK Kak B (43) BXOAMT Z, 3 B paHee NOAYYEHHIH — HE BXOMT.
®opuyntl (43) w y/2 = ¢, parwT pewenwe cuctenn (41) npu  # 0.
Npu 2 = 0 umeen eue pewerne (42). «

3a0ayu Oan ynpaxuenuil:
[12), §19, N0 1146-1160,

§ 26. VYpasHeHua C 4aCTHLIMM NPOH3BOAHBIMK
nepsoro NOpAapaKa

Taxue YpapHEHUst PACCMATDUBAKOTCA B KYpce o0rIxHOBeHHBIX Inddhe-
PCHIHANBHEIX ypasHeHilt NoToMY, YTO HX pellieHue CBOUNTCH K pe-
WEHHUI0 CHCTEeM OOLIKHOBEHHHIX AH(WpepeHUHANBHEX YpaBHCHHIA.
VpaBHeHHA ¢ YACTHHIMH MPOM3BOJHEIMH Gofiee BRICOKONO Nopsaaxa
PACCMATPMBAIOTCSE B OTASNBHOM KypCe,

IE PaccMoTpHM NHHEHHOS ONHOPONHOE YPABHEHHE

8z oz
Gl"'""—+...+8

— = 44
8zl ] 82" 0’ ( )
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fnase 5. Juipdepenuupyemocms petienun no napasempy

rae 2(z,,...,%,) — uckomas GpyHKuus, a @,,...,a, — H3IBECTHHE
dymsumn or #,,...,2,. Cuuraen, yt0 a; € C' (i = 1,...,n),
al+...+al #0.

4

Teopema 8. Pywyus z € C! sansemcn pewenuen ypasrenun (44)
mo20a u monsko moda, K020Q OHQ ReASemCA He codepxauium i
nepawm unmezpanom cucmemsl (3decs =} = de,/dt)

z,=a,(2,..., %), ..., z,=a,(e,...,z,). (45

JBonasamenscmso. Ji06oit nepsaiit nHTerpan v cucteMul (45) yao-
BACTBOpAET ypasHeHuIo (32), rne reneps f; =a; (i=1,...,n).
To ycnoruio 8v/8t = 0, noaromy (32) cosnaaaer ¢ (44).
O6parno, ecnu dyHKunst z € C' ynosnersopser ypaeHe-
HHo (44), TO NOAHAA NPOM3BOAHAA OT Z B CWIY CHCTEMH (45)
paBHa nepoit 9acTu (44}, 3nauuT, paBHa Hymo, Toraa GbyHKumua 2
NIOCTOAHEA BAGAB PeIteHHH CHCTeMBI (45) M ABNAETCH ee MePBHIM
HHTETPanoM. ' [

Rewma 3. flycms a,(z,,...,=,) € C', a, # 0, v nepsse unmezpa-
aot v, ...,2,) B=1,...,n— 1) cucmemst (45) nesasucumst
8 obnacmu D, To20a ama cucmema c800umca « cucmene

dx‘ _ a‘ .

&, a (i=2,...,m), (46)

U me We v; — He3Ia8ULCUMbIE nepsbie uNme2panst u onR Hee.

HAoxazamenscmso. OYHKUMM v; NOCTOAHHE BIOAL TPACKTOPHI
cucreMul (45), To ects REonb pemeHuit cucremsl (46). Tlo-
ITOMY ©; — nepane MHTerpanH ang (46). Tlepasie HHTErpanH
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§ 26. Ypasrenus ¢ 4acmnuiMu NPOUIBOTHLIMU NEPBO20 NOPAOKG

YAOBRETBOPAIOT YpaBHeHHIO (32), To ecTs B HauleM cy4ae

i i ‘

a,a;-l-+...+a—-= . 47

TMepare HuTerpansl cHcTeMH (46) Ke3aBMCHMBI, 6CTH PaHT

© MATPHIH A = (81:;/83,)?5,,_,,.,_; , papeH n — 1, a g cucre-
Sdye ol

MH (45) He3aBHCHMM, eCIM DaHT MAarpHUH A, paBeH n — 1.
Marpiua A, nonyuaercs moGannenueM K A cronbua v, /0z,
(i=1,...,n—1). Tak xaK @, # 0, 10 B cuny (47) ator cTonGew
eCTh IMHeiiHAA KOMGHHALIHA OCTANBHELX CTONIOLOB MATPHIM A.
TloaTOMY paHTM MaTpHLL A 1 A, coBnagaloT (PAHT MATPHIH —
YHCHO NMMHEHHO He3aBHCHMEBIX cmnﬁu.on), M H3 HE3IABUCHMOCTH
Ugsoors U, A CHCTEMBE (45) creyeT HX HE3ABHCHMOCTD H 1A
cucreMH (46). n

Teopema 9. Ecmi v(z,,...,2,) (i=1,...,n— 1) — wesasucu-

Mbie nepevie unmezpanst cucmemsi (45) & obsacmu D, mo & oxpecm-
nocmu aoboll mowky M € D obuee pewenue ypaswenun (44)
umeent sud

z= F(ul(w,, ORI 1 PO TR ( T zn)), (48)
20¢e F — npoussamsnan ¢yuxyun xnacca C'. To ecms e smod
oxpecmwociu opuyna (48) codepwum sce pewenus ypasHewus
(44) u monsKo ux.

Jowasamenscmso, Tipu moGott F € C' dyuxuns (48) nocroanua
BAOAL pellieHMa cucTeMut (45), nMoaTOMY ABASETCH €€ MEpPBRIM
HurerpanoM. ITo Teopeme 8 dyHKuMA 2 — pellieHHE ypasHe-
Hus (44).

OGpaTHo, ecai GYHKUMS 2 — pelenue yparHeHus (44) u
a,(M) # 0, 10 o TeopeMe 8 OHA SARMAETCA MEPBLIM HHTETPAAOM
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frasa 5. [ludppepenyupyenccms peusenus no napamempy

cucreM (45) u (46). Torna no Teopeme 6, NpUMeHEHHOH K cucTe-
Me (46), natinerca Takas dynxums F € C, uro B okpectHOCTH
ToukH M vMeen papencTso (43), e v,, ..., v, , — He3aBHCH-
MBEIe TIePBhIE HHTEIPANK cHCTeME (46) wim (45), 310 Bee paBHO
no neMme 3. Ecmu xe ¢,(M) = 0, a,(M) # 0, T0 u3mMeHHM
HYMQRAUHIO TaK, T106H @, (M) # 0, [ |

IE Ksazusunelinbim HA3EIBACTCA YPABHEHHE
8z

z
al-bm+._..+a,,-b-;e—_= b, (49)
THE Gyyeeey8y b — ¢yuxunmcnacca ct orrnepeueuuux - TR S 1

B oGnacTd D; cunraeM, yro a1+ +a #0B D.
VYpapHenue (49) cpa3aH0 ¢ ABTOHOMHON CHCTEMOH ypaBHeHMit

#; =ayz,...,2,2) (i=1,...,n),
Z=bz,...,2,2).

3necs x = dz;/dt u 1. n. Tpackrophu cHcTemst (50) B NIPOCTPAHCTBe
Eyseen s &pyy 2 — IO JIHHHH, HAILIBACMBIC XAPAKMEPUCTIUKAMY YPAB-
Henna (49), a pewicHve ypasHenua (49) naobpaxaercs n-mepHoH
rioBepxHOCTRIO 2z = f(Z,,...,%,). Cuuraem, yto f € C' B obnactu
D, CR", aTouxn (2,,... a:,., z) CDCR™,

(50)

Teopema 10. flosepxnocme z = f(z,,...,2,) AENAEMCA pewlenuem
ypaswenun (49) moada u monsxo mo2da, K02da OHG YesuKOM cocmoum
u3 xapakmepucmux., To ecmb vepes Kaxoyio MOYKY NOBepXHOLMU
npoxodum xapaKmepuCImuKa, YeSUKOM AEKOLLAR NG NOBEPXNOCITI,

JHoxazamenscmso, ECIH TMHHA — XADAKTEPHCTHKA, JEXKAAS HA
TIOBEPXHOCTH, TO B KAXIOH TOUKe IMHHH BEKTOP ([ ,. .., fg »—1)
HOPMANIH K TOBEPXHOCTH OPTOTOHAJICH KACATGNLHOMY K 3IT0H
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§ 26. Ypasnenus c yacmummMU NPOU3ISOOHEIMU NEPBO2O NOPAOKT

aArHuM Bekropy (@), ..., a,,b). FIX ckanApHOe NpOM3BeACHHE
PaBHO HYO:

a g +...taf; —bd:1=0. - (51)

EcnM yepes KaXayio TOYKY MOBSPXHOCTH NMPOXOANT TAKAS JIMHHS,
TO 3TO PABEHCTBO BEIIONHEHO HA BCEH NMOBEPXHOCTH, TO ECTH 110-
BEPXHOCTS 2 = f{(2,,...,%,) YIOMICTBODAET YpaBHCHHIO (49).

O6parHo, ecnu nosepxuocts P(z = f(z,,...,2,)) yro-
BACTBOpPACT YPaBHeHHIO (49), TO B KaXAOH TOYKEe NOBEPXHOCTH
BaNoIHEHO (51), To ecTh BekTOp (8;,...,a,,b) oproroHancH
HOPMaNM K MOBEPXHOCTH, JHAYHT, KACACTCA MOBEpPxHOCTH. Ta-
KM 00pasoM, Ha TOBSPXHOCTH P onpeleneHe none xaca-
TeNBHHX BEKTOPoB. TToKaXeM, YTO Yepe3 MPOHIBOJBHYIO TOYKY
M(z, ..., %, %)) € P npoxogut Aexamas Ha P TpackTopHa
2TOr0 BeKTOpHOIO NoisA. B obnacTH ¢ — APOEKUHH MOBEPXHO-
¢ P Ha IIOCKOCTb 2, ..., &, — PACCMOTPKM CHCTEMY

g =a,(2),. . 2, J(Zy,-.02)), =100 (52)
Yepes TOUKY (2,9, - . . , £,9) € G TIPOXOIMT PElICHHE 2, = z,(¢),
ooy &, = 2,(8) o10H cHcTeMuL, Jlunua L
o, =2\(1),.... 2, =2,(8), 2= flzi(2),..., 2, (8)

nexur Wa nosepxsoetH P(z = f(z,,...,%,)) ¥ npoxomr
yepes Touky M. Hokaxem, uro L — xapakrepucruka. ITeppbim
n ypapHeHHsiM cHcTeMit (50) oHa ynomnersopseT B cuny (52)
¥ papencTsa z = f(z,,...,%,) Ha P. lanee,

0= L =3 a2 1y 2) 2

iml ‘ i=l1

Toeepxsocts z = f(z,,...,2,) YIOBACTBOPACT YPABHCHHIO
(49), noaromy nocnegHas cymma paeHa b(z,, ..., z,, 2). Hrax,
»
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Inasa 5. [lupdepenyupyemocms pelsenus no napamempy

JuHKA L yROBIETBOPAECT H MOCACAHEMY YPABHEKMIO CHCTEME

(50), 1O ecTh ABNAETCA XAPAKTEPHCTHKON,

Teopema 11, Ecau v(2,, ..., T,, Z) — nepssii umezpan cucmems!
(50) & obromnu D, u & mowwe M € D umeem v = ¢, dv/8z £ 0,
mo pasercmso v(E|,...,T,, 2) = ¢ 8 oxpecmiocmy moyxuy M
onpedensem wemswyno Qyrxyuo z(®,, ..., ,), ydoaremeopsougyo
ypaswenuw (49). .

Hoxasamenscmeo. Tlo cpoilcTBy nepporo HHTETpana & =

0,
8 | s0)
TO €CTh
a +...+6,— 80 b—— (53)
19z, "9z, | 0z
Hns wesrolt dynxumn z(z,, ..., ®,) B OKPECTHOCTH TOMKH M
"_‘__ﬁ & L a
89:‘_ 8z Tt

MoaroMy, Aens paBEHCTBO (53) Ha —~8v/8z, nonyyaeM, 4ro 1a

HeaBRas GYHKUMA yIORIETBOpAET ypasueHmo (49),

Teopema 12 (06 06wem et KBAIMAHHERHOTO YPaBHEHNA).
yems vz, ..., 2,,2), 8= 1,...,n, - Kaxue-nubo He3aBuUCUMNE
nepssie unmezpanst cucmemst (50). Qywxuyus 2(z,,...,z,) s6ns-
emca pewenuem ypaswenun (49) 8 oxpecmuocmu movku M csoe20
2pagpuna, mo2da u monsko mo2da ona ydosaemeoprem paseHcmay

Floz) .. 20y 2)see 020000, 2,,2)) =0 - (54)

npu xaxod-nubo Qywxyuu F € C' maxot, ymo F = 0, F,#0
8 movxe M.
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§ 26, Ypaswenus ¢ 46CmHbIMU NPOU3EOONLIMY NEPBO2D NOPAOKA

—-
Boxasamenscmeo. Jesan uacts B (54) npn moboit dyukuuu # € C'
NOCTOAHHA BAC/B TPaexTOPui cucTeMst (50), IHAYHT, ARNACTCH ¢ nep-
suiM HETerpaioM. Tipu F(M) # 0 papencteo (54) onpeaenser s6aH3n
roaxi M uespHy© dyHKnMIO 2(2,, ..., Z,), YIORICTBOPAIONIYIO IO Te-
opeme 11 ypasnennw (49).
Moxaxem, yto dopMyna (54) COAEPXHT BCe PEHICHWS ypaBHe-
i (49). Mycrs, wanpumep, a,(M) # 0. Torna 6au3n Touxn M
XAPAKTEPHCTHKH ypasHeHMa (49) YAORTETBOPAIOT CHCTEME
dz;, a dz _ b
E“'a_l (l—2,...,ﬂ), E]—a—l. (55)
Miyers z = f(z,,...,2,) € C' — noBoe pemeHme yparHe-
Hua (49), M(zy, ..., 2,4, 2,) — TOYKa Ha ero rpaduxe. PeurcHue

CHCTEMH (55) ¢ HAYATIBHLIMY YCHOBHAMM
zlz)=c, (i=2,...,n),
(o) = Hz g 0000 08) + 0o (56)

0oBo3HaunM
z, =256, ..00¢,,,) (i=2,...,n), (57)
z=9,,(@,.0....0,,)
Mpu 2, =2, ¢; =2, (i =2,...,m), ¢, ,, =0 2 (57) nonyyaem
Touxy M. B arofi Touxe axobuan det(dp,/dc),,, =1 B cuny

(56). B Hexoropolt okpecTHocTH Touxu M cueteMy (57) no Teopeme
O HeABHHIX QYHKUMAX MOXHO PA3PELIKTS OTHOCHTENBHO €), ..., C, 4}

g=wlz,...,2,,2), i=2...,n+1l (58)

Kak B 2OKA3ATeALCTBE TEOPeMBbl 4 NOKAIWBACTCH, YTO GyHKUMH
w, — nepBHe HHTerpan cueTembi (55). Mopepxmocts w, (2, ...,
z_,z) = 0 cosnanser ¢ RaHHO#} nopepxHOCTLIO * = f(2,,...,,), TAK
KaK OHH 00e COCTORT H3 XApaKTepHCTHK — pemeHui cueremu (55)
¢ MAYANLHHMH YCROBHAMH (56), rae €1 = 0. Ilo Teopeme 6 nHaliperca
Taxan dynxuna F € C',urow,,, = F(y,,...,v,).38¢cb v,, ..., v, —
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Inasa 5. fuddepenyupyemocms pewenun no napamempy

HEJABHCHMBLE MEPBREC WHTEIPaThi cucteMd (55) wan (50), 310 Boe

PaBHO MO JNeMMe 3 (BeMMy NPUMEHATH MOXHO, W60 cuctemu (50)

u (55) ceomares x (45) u (46), ecak nonowwme 222, b=a_ ).
MokaxeM, wro Bw_ /2 # 0 B Touxe M. B arolt Touke 2, = &,

(i=1,... M) u s cury (58) u (56)
W, (®g s pa2) =, == @y e By
Caepoparenstio, 8w, /8z =1# 0 B1ouRe M, u
' ]

3amevanne. B cnyyae, xorga z BXOAMT TOALKO B OAMM 3 NEPBbIX
HHTErPanos, HanpuMep, TOALKO B v, , BHECTO (54) MOMHO HanMcaTs
v,(2,...,2,,2) =
= H(v(z,..., 9";)_’ e Upg(@y,.2)),  (59)
me H ¢ ¢! — npow3sonbHaf QyHkywa, Paszpeman, ecam Bo3-

MOXHO, 3TO ypaBHeHHe OTHOCHTENbHO Z, nony4uM obilee pewenuwe
_ ypasHenna (49) e ABHOM Buge.

3adauu Onn ynpaxnenud:
[12], §20, N2 1167-1188, 1211, 1213, 1215, 1216.

Iz_l 3apaua Komm ansa xBaswinHeiiHoro ypasHenua. Yrobu ynpo-
crith GOPMYNUPOBKHM, OTPAHHYHMCSA Cy4aeM, KOraa nekoMad dyHk-
LS # 3ABHCHT TO/IBKO OT IIBYX MEPEMEHHbX T H .

TpeGyerca HaliTh fOBEPXHOCTS 2 = f(z, ¥), YIORNETBOPIOLIYIO
YPABHEHMIO

a, (2, ¥, Z)‘gé + ﬁz(za . z)'g';" = b(’i ¥ 2)

W APOXOAAIRYIO yepe3 nuHuIo L
z= ?'»';(8), y= #’z(’): z= #’3(3)-
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§ 26. Ypasnenus ¢ 4acmubiMi Npou3sOoHNMU NepBo20 NOPAIKa

ITpennonaraeM, YTO AaHHLe
byuknuu e, Y b, ¥, ¥,, ¥;
npusamnexar C°.

Tlonpaysce reoMeTPHIECKHM
CMHCIOM XAPAKTEPHCTHK, MOX-
HO TNpemiOXHTL Takoit Ccrocob
NMOCTPOSHHA pelieHMsA  33Aa4M
Kouu, Yepes Kaxnyio TONKY NH-
uuu I Hamo npoBecTH Xapaxre-
pHCTHKY. Echu H3 2THX XapakTe-
DHCTHK COCTABMTCR IMiaaxas No-
BepxHocTh 2 = f(z,y) € C', 10
OHa H Oymer pelleHHeM 3ana4qu
Kouu (puc. 31).

F¥ Y

Puc. 31

Teopema 13. flycms #a dyze L, (8, < 3 < 8,) aunuu L

]
e ¥

¥

To2da 8 wewomopoii oxpecmuocmu xkaxdod moviu dyzu L, cyweonsy-
em edurcmeennoe peiuenue 3adaqu Kowns.

0, (60)

Boxasamenscmao, TaK Kak @, a,,b € C' u @ +a #£ 0, 10
yepes Kaxaylo 104ky (¥,(s), ¥,(s), ¥,(s)) myrn L, mpoxomur

ETHHCTBEHHASA XapaKTepPHCTHKA

z=pt0), y=pslto) z=pslte). ()

@Oyuxuxd (61) yaorneTsopAlOT cucTeMe ypaBHeHuit supa (50)
(tae teneps n =2, &, = y) U HAIYANLHHM YCIOBHAM

=8, Y=8a, z=b (62

229



faasa 5. [Juiddepentyupyemocms pewerus no napasempy
| 4
‘}01(0’3)=¢|(3)! fp2(0,8)=‘$2(8), 503(0s3)=¢3(3)° (63)

TToBEPXHOCTD, COCTOAINAA M3 TAKHX XaPAKTEPHCTHK, BHPAKAETC
dopmynamu (61), rue ¢, <E < ¢y, 8, < 8 < 8,. Takny 06paiom,
(61) ecTs napaMeTpuyecKoe 3a8aHHE HCKOMOH NIOBEPXHOCTH.

Tlokaxem, Y10 B OKpecTHOCTH MoGOH Toukm oyrm L, a1y
MOBEPXHOCTb MOXHO 3aMHCATH B BHae 2 = f(z,y). daa 3Toro
HAl0 PaspellIMTh NEpBile npa ypapHeHus B (61) oTHOCHTENLHO
t, ¢ u noacrabuts B TpeThe. PyHKIHU @; € C' no Teopeme 1
§23. Ypasnenna (61) yaornersopsiorcs B moGoil Touke Ha xyre
L, B cuny (62). B 310#t Touike cornacHo (62) =} =a,, ¢, = a,,
a B cuny (63) (), = ¥i; (v,), = 93, nosromy sxobuaH
(v (0, o % £0
et (@) e ¥
no yerosuio (60). 3HAYKT, B OKPECTHOCTH 3ITOI TOUKH IO Te-
opeMe O HedBHNX (GYHKIMAX neppsie aBa ypasHeHusa B (61)
MOXHO DPazpelllNTh OTHOCHTENBHO i, & H NONy4HTs QYHKIHH
t=tz,y) € C', s = s(z,y) € C. Moacrapnsia ux B Tpe-
The ypapHeHue (61), monyuaeM MCKOMOE DELIEHHE B BHAE 2 =
@,(t(z, ¥), 8(z, y)) € C'. Cymecrsosanue pemenns 5OKa3aHo.

Ero, CIMHCTBEHHOCTE CACAYET M3 TOI0, 4TO JIK00E pellie-
HHE eCTh MOBEPXKOCTh, COCTOAIIAT M2 XAPAKTEPHCTHK, 3HAMMT,
uMerowmas sun (61). Bénuau moGoit rouxu ayrn L, dynkuuu
t(z, y), 8(x, ¥), cM. BHILLIE, ONPERENAIOTCH ONHOZHAYHO, IOITOMY
pELICHHE Z — TOXE, ||

=

Teomerpurgeckuil cvbica yeaosus (60). Bexrop (a,, ¢, b) Kacaer-
CA XapaKTepHCTHKY, a BeKTop (¥, ¥, ¥3) — aunuu L. Yenonue (60)
OOHAYAET, YTO NPOSKUMH (a,, a,) ¥ (P}, ¥}) 3THX BeKTOPOB Ha MOC-
KOCTh &,y He KO/UIHHEAHH. CNEfOBATeLHO, NIPOCKUMN THHUH L
¥ NEPeCeKAINIIMX €€ XAPAKTEPHCTHK He AQDKHE KACATHCS APYT APYTA.
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§ 26, Ypasnenus ¢ yacmubiNu NPoU3BOOHBINY NEPBO20 NOPAOKA

| Sttt 1
Npumep 6. Haiit obuee pewenwe ypaerenna
9z bz _ s 3
25 gy =27 V. (64)

a TaloKe NoBepXHOCTb Z = (2, ¥), YROBRETBOPAIOLIYID 3TOMY

]
i
)
|
]
]
|
: YPABHEHNIO it NPOXOAALLYIO HEPEe3 ANHHIO
|

|

Peuienue 'npunepa. Mwwem B cUNMETPHYHOH GOpMe CHCTeMy ypas-
HeHNE, ONPRACAAIOWYIO XAPAKTEPHCTHKH

dz dy dz

z ¥y z-z-y

Haxopnm HelaBHCHMBIE nepenie wHTerpantl (nopobno npumepy 5)
Yy z+2t+yt

e v z -
Cornacuo (59), obuee pewenne ypasHewna (64) MOXHO Hanucams
e Bufie

#a!(%), z=—z’—y2+z,f(%),

me f € c! — NPOM3BONbHAA YHKUWA.

YroGt HAATH NOBEPXHOCTD, NPOXOAAUYIO Yepe3 AWHHD (65), Ha-
RO cHayana w3 ypaeHeHui {65) n (66) HCKAIOYUTL 2, ¢, Z ¥ NOAYUUTL
PaBENHCTBO, KOTOPOG MOMET COAGPMATL TONLKO €, M . fina 3Toro
MOXHO, Hanpusep, M3 ypaeHeHit {65) BuPa3uTL ¥ W 2z uepe3 z
¥ NOACTABHTL 3TH BMPAXEHUS B (66)

(66)

-2 142
y=1-=, z=2a=-—-a:2; =¢, +




§ .
fnasa 5. Huddepenyupyemocms peiuenus no napamempy

Hckniouana & U3 ROCRCAHNKX ASyX paseHCTR, NOAYHAEM

= 1 .
g=¢g+1+ o +1
Noacrasnsa CIOAQ BMECTO ¢, , €, NepBUIE UNTErpany (66), nothe ynpo-
HEHHA NOAYYAEM UCKOMOE pelieHHe:

z+y

z=-2 -y +r+y+ (z+y>0) «

3adavu dns ynpamuenui:
[12), § 20, Ne 1189-1210, 1212, 1214,

e——

O HeIHHCHHHMX YPABHEHHAX ¢ UACTHLIMM INPOH3BOMHMMHE TNEPBOTO
NOPANKA K METOAAX HX peuieHHA M. [6], §65; [9], rn. 9; [18), §8.

Yaapese sonnnt, B 3anave Komy nas xpasunHHeHHONO ypaBHeHuA
¢ YACTHHIME TIPOH3BOAHBIME GLIBACT, YTO pellieHMe Xiacca C' cymiecTsyer
TONEKO B HeXOoTopolt okpecrHocTH nuuuu L, a B 60abmett ofnacty Moxer

HEé CynICCTBORATD.

L T e T T T P PR R ——
: Mipumep 7. Paccmotpum 3apavy Howu |
|
az 8z
! — — = - l
‘ :_ 5 %52 0, 2(0,z)=~amtgz. (67) J

Petienue npumepa. XapakTepucTUKM YAOBAETBOPAIOT CHCTeM@ YpaBHeHWR
(50), To ecto ® pannoM cmyvae ¥, = 1, 2}, = z, z, = 0. NosTomy
3 =¢, dzfdt =z = ¢, 2 = e f +¢;. InaUNT, XaPAKTEPUCTHKN — NpRAMLE
AuHMN, BRonb Kamaok U3 HUX Z MOCTOANHO — TO ME, YT B HAYANbHOA Touke
z = ¢, ¢ = (0 xapaxrepuctiin. B 3104 Touke 2 = —arcig® = — arcig ¢,,
{z] < x/2. Noatomy Ha ecell xapanTepucTHRe Uneen

z=iz—-gz, |z|<§. {63)
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§ 26. Ypaowenun ¢ HOCMHLINUG NPOUIBOOHBIMU NEPBOZO NOPAOKA

Npu noGom nocrosnnon £ < 1 dyHkuma @(z) = 82 — 1g 2 KOHOTOHRKO
yGuieaer ¢ pocrom z, nosvomy ypaesenwe (68) onpeaenser wenpepbiBHyO
Gynxgpo 2(2, 2) (=00 < 2 < 00, § < 1) — pewenne 3agaum (67). «

Ipu moBom nocroanHom ¢ > 1 Gyuknua z(z) = £z ~ tg z Ha UHTEp-
pane |z| < #/2 cnauana yOrBaer, 3a7eM BO3DACTAET, AAnee ONATs yOLIBaer.
B Touxe 2z, = —arccos (¢™'%) ona WmeeT noKanLHE MUHHMYM, PABHBLH
#(z,) = —-¥(t), tme $(¢) = tarccos (¢71/2) — VI—T1, a B TOUKe 2, = -2, —
noxalbHB MAKCHMYM, paBHEH 2(z,) = () > 0. Cnenoparentro, npH
moboM £ = const > | He cymnecTRYeT 0AHOZHAYHON HeNpepoigHoH QYHKIINK
z(t, z) (—00 < z < %), ynornereopaomeit papetcTsy (68). Dto 3HaYHT, YTO
pemeHne 3aaa4u (67) Hens3n HeNpepuBHO NPOACIIKHTL Ha obaacTs ¢ > 1,
-¥(t) <=z <¥(1).

B HEKOTODHIX HIMYCCKHX 3ATAYAX, HANPHMED, B 3a08YaKX O NBIKS-
HHH 3308 ¢ SONLIIMMK CKOPOCTAMM, TOXE BCTPEYAIOTCA NMoJoSHHe SRTSHHUN
(HecymecTBOBaHYE HEMPEPHBHOTO PelieHNA). B Takmx cnywasx Bo3HHxaT
PAIPHDHEE PEHICHHS — YIAPHHE BONHH, CYUIECTBOBIHNES KOTODHX MOXTBED~
XKIACTCA OMMTAMH H HAOmOIeHWAMH. 11 pACYETA NBHKEHIS YIAPHEIX BOMH
HCNONBIYIOTCA He ToAbKo AKddepe HINANbPHBIE YPABHEHHS, HO H (pmtneclme
COOBPAKENHS — 3AKOH COXPAHEHHA MACCH M T. 1.

Monpofues 0 paspuBHBIX pemeHuAX cM. [6], § 64; [10], r. 8.
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